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XXXL ON TH£ £L£CTROMAaN£TXC WAV£43UBFAC£.

iPkU. Mag., June. 1885, p. 397, S. 5, voL 19.]

Maxwell showed {Ehatrkity and Matjndim, vol. ii., art. 794) tliat his

equations of electromagnetic disturbances, on the assumption that the
electric capacity varies in different directions in a crystal, lead to the
IVesDel form of wave-surface. There is no obscurity arising from the
ignorad wave of normal disturbance, because the very existence of a
plane wave requires that there be none. In fact, the electric displace-
ment anil the magnetic induction are both in the wave-front, and are
pcrj^endicular to one another. The magnetic force and induction are

uamllel, on account of the constant permeability; whilst the electric

force, though not parallel to the displacement, is yet perpendicular to
the magneae induction (and foree) ; the normal to the waTe-front^ the
electric force, and the displacement being in one piano. The ray is also
ill this plane, perpendicular to the electric force. There are of course
two rays for (in general) every direction of wave-normal, each with
separate electromagnetic variables to which the above remarks a])ply.

It is easily proved, and it may be legitimately inferred without a
formal demonstration, from a consideration of the equations of induction,
that if we consider the dielectric to be isotropic as regards capacity, but
eolotropic as regards permeability, the same general results will follow,
if we translate capacity to permeability, electric to magnetic force, and
electric disj)lacement to magnetic induction. The three principal

velocities will be (c/i,)-*, (c/a2)"*» *^ ^ ^® ^^'^ constant value
of the capacity, and fi., /x^, ft. are the tnree principal permeabilities.

The wavehcurface will be of the same character, only differing in the
ooostsnts.

But a dielectric may be eolotroi)ic both as regards capacity and
permeability. The electric displacement is then a linear function of
the electric force, and the magnetic induction another linear function
of the magnetic force. The principal axes of capacity, or lines of
pmlldism of electric force and displacement, cannot, in the general
CSM^ be assumed to have any necessary relation to the principal axes of
peraieability, or lines of parallelism of magnetic force and induction.
* B.E.P.—VOL, II, A

Digitized by Copgle



3 ELECTRICAL PAPEB8.

Disconnecting the matter altogether from the hypothesis that light

consists of electromagnetic vibrations, we shall inquire into the condi-

tions of propagation of plane electromagnetic waves in a dielectric

which is eolotropic as regards both capacity and permeability, and
determine the equation to the wave-surface.

For any direction of the noimal (to the wave-front^ nndenUiod) there

arc in general tiro normal velocities, i.e.^ there are two rays diflnrently

inclined to the normal whose ray-velocities and normal wave-velocities

arc different. And for any direction of ray there are in general two
ray-velocities, t.«., two parallel rays having different velocities and
wave-fronts.

In any wave (plane) the deetrie disi^aonnent and the magnetic

induction must be always in the wave-front^ ie., perpendicular to the

normal But they are onlv ezoeptionally perpendiculsr to one another.

In any ray the electric force and the magnetic force are both perpen-

dicular to the direction of the ray. But they are only exceptionally

perpendicular to one another.

The magnetic force is always perpendicular to the electric displace-

ment, and the electric force perpendicular to the magnetic induction.

This of course applies to eiuer wave. If we have to rotate the plane

through the normal and the magnetic force through an angle 6 to bring

it to coincide with the magnetic induction, we must rotate the plane

through the normal and the electric displacement through the same
angle 0 in the same direction to bring it to coincide with the electric

force, the axis of rotation heing Ihe normal itseIC

In the two waves having a common wave-normal, the displaemnent
of either is parallel to the inductimi of the other. And in the two rays

having a common direction, the magnetic force of either is parallel to

the electric force of the other.

Nearly all our equations are symmetrical with respect to capacity and
permeability; so that for every equation containing some electric

variables there is a corresponding one to he got by ex^anginj; electric

force and magnetic force, etc. And when the forces, inductions, etc.,

nro eliminated, leaving onlj- capacities and permcabilitie", these may be

exchanged in any formula without altering its meaning, although its

immediate Cartesian expansion after the exchange may be entirely

different, and only convertible to the former expression by long

processes.

If either fi or c be constant, we have the Fresnel wave-surface.

Perhaps tlie most important case besides these is that in which the

principal axes of permeability are parallel to those of capacity. There
are then six principal velocities instead of only three, for the velocity

of a wave depends upon the capacity in the direction of displacement
as well as upon the permeability in the direction of induction. For
instance, if p^, f^^t And are the principal permeabilities and
capacities, and the wave^ionnu be parallel to the common axis of /a^

and Cp the other principal axes are the directions of induction and dis-

placement, and the two normal velocities are (''.2/^0)"* and {f^j^o^'^-

The princij>al sections of the wave-surface in this case are all ellipses
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ON THE BLBCTROMAONBTIC WAVB-SURPACB. 8

(instead of ellipses and circles, as in the onesided Fresnel-wave) ; and
two of these ellipses always cross, giving two axes of single-ray velocity.

But should the ratio of the capacity to the permeability be the same for

all the axes {h-Jc^^ i^c^ = iJ^c^)t the wave-surface reduces to a single

ell^eoid, and any liiM is an optic ads. There is hut one irelocity, and
no particular polarisation. If the latio is the same for two of the axes,

the third is an optic axis.

Owing to the extraordinary complexity of the investigation when
written out in Cartesian form (which I began doing, but gave up aghast),

some abbreviated method of expression becomes desirable. I may also

add, nearly indispensable, owing to the great difficulty in making out

the meaning and mutual connections of very complex formuln. In &ct
the transition from the velocity equation to the wave-surface by proper

elimination would, I think, baffle any ordinary algebraist, unassisted by
some higher method, or at any rate by some kind of shorthand algebra.

I therefore adopt, with some simplification, the method of vectors,

which seems indeed the only proper method. But some ot the principal

recnlts wfll be Ailly expanded in Cartesian Ibrm, which is easily done.

And since all our equations will be either wholly scalar or wholly vector,

the investigation is made independent of quaternions by simply defining

a scalar product to be so and so, and a vector product so and so. The
investigation is thus a Cartesian one modified by certain simple abbre-

viated modes of expression.

I have long been of opinion that the sooner the much needed intro-

dnetion of quaternion methods into practical mathematical investigations

in Physics takes place the better. In fact every analyst to a certain

extent adopts them : first, hy -vN-riting only one of the three Cartesian

scalar equations corresponding to the single vector equation, leaving the

otlKTs to be inferred ; and next, by writing the first only of the three

producLb which occur in the scalar product of two vectors. This,

systematised, is I think the proper and natural way in which quaternion

methods shoidd be graduaUy brought in. If to this w e further add the

use of the vector product of two vectors, immensely increased power is

given, and we have just what is wanted in the tridimensional analytical

investigations of electromagnetism, with its numerous vector magni-

tudes.

It is a matter of great prac^cal importance that the notation should

be such as to harmonise with Cartesian formulae, so that we can ^ass

bom one to the other readily, as is often ieq|ttired in mixed investiga-

tions, without changing nntation. This condition does not appear to

me to be attained b^ Professor Tait's notation, with its numerous letter

prefixes, and especially by the -S before every scalar product, the

negative sign being the cause of the greatest inconvenience In transitions.

I rarther think Siat Quaternions, as applied to Physics^ should be
established more by definition than at present ; that scalar and vector

products should be defined to mean such or such combinations, thus

avoiding some extremely obscure and quasi-metaphysical reasomng,

which is quite unnecessary.

The first three sections of the following preliminary ccmtain all we
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4 BLECTRICAL PAPEBS.

wml as regards definitions ; most of the rest of the preltmiDiry conaittt

of developmentB and refeienoe-formiila^ whieh, wm they given later*

in the electromagnetic problem, would incoiiTMiieatly mtetmpt the
argument, and much lengthen the work.

Scalars and Vectors.— In a scalar equation every term is a scalar, or

algebraic quantity, a mere magnitude ; and + and - have the ordinary

signification. But in a vector equation every term stands for a vector,

or directed magnitude, uid 4> and - are to be onderatood aa com-
pounding like yelocities, foroea, eta Putting all Teefeort npon one aide,

we have the general form

A+B+C +D+ ... =0;
where A, B, are any vectors, which, if n in number, may be repre-

sfTit^^d, since their sum is zero, by the n sides of a polygon. Let A^^

A^i A.^ he the three ordinary scalar components of A referred to any
set of three rectangular axes, and similarly for the other vectors. This

notation aevea multiplieation of letters Then the above equatton
atanda for the three aeuar eqnationa

^1 + ^1 + Ci + Z>i + ...

A, + B, + C,+ D,+ ...

The - »\<^n before a vector simply reverses its direction—that is,

negatives its three components.
According to the above, if i, j, k, be reetangolar vectoia of unit

length, we have
A-i^i+j^,+k^3, (1)

etc. ; if Aj, Ao, A^ be the components of A referred to the axes of
i, j, k. That Is, A is the mm of the three vectors iAi, ^Ap iLd^ of
lengths y/j, A.^, parallel to i, j, k respectively.

ifrtilar Producl.—We define AB thus,

AB==A^B^+A^.2 + A^B^, (2)

and call it the scalar product of the vectors A and B. Its magnitude is

that of A X that of B x the cosine of the angle between tbeoL Thus,
by (1) and (2),

^,-Ai. ^,-Ak;
and in general, N being any unit vector, AN is the scalar component of
A paraUel to N, or, briefly, the K component of A. Similarly,

k2»l,

because i and i are parallel and of length unity, etc. And
ij = 0, jk-0, ki = 0,

because i and j, for instance^ are perpendicular. Notice that AB*BA.
We have also

a A* A» .A=^=^,.eta,

and ^or A-i =^ = ^^et<.
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ON THE BLBCTROMAONKnC WAVE^URPACB. 6

Thus A~' haa the same direction ai A; its length is the reciprocftl of

that of A.

Fedor Product,—"Wt define VAB thus,

VAB = i(^2^3 - A,B.,) +KA,B, - A,B,)+k{A,B, - A,n,), (3)

and call VAB the vector product of A and B. Its magnitude is that of

A X that of B X the sine of the anglu between them. iU direction is

perpendieular to A and to B with the usual oonventional relation

between positive directions of translation and of rotation (the vine

qrttem). Thus,
Vy=k. Vjk-i. Vki-j.

Notice that VAB = - VBA, the direction being reversed by reversing the

order of the letters; for, exchauging A and B in (3), we negative

each term.

Hamillon's y.—The operator

^=*s+Jrf^-^^d. •<*>

may, since the differentiations are scalar, be treated as a vector, of

coarse with either a scalar or a veetor to follow it If it operate on a
scalar P we have the vector

,dP .-V

'Si ^''rf.
•<»)

whose three components are dP/dx, etc. If it operate on a vector A,
we havoi by (2), the scalar product

dx djf dz'

and, by (3), the vector product

The scalar product VA is the divergence of the vector A, the amount
leaving the unit volnmei if it be a flux. The vector product (7) is the
curl of A, wliich will occur below. There are three remarkable theorems
relatiug to V, viz.,

^'^--Pi-j^V/Vto, (8)

jA<i8-||B(<8 (9)

|J(W8-jjJv(Wi>. (10)

Starting with P, a single valued scalar function of position, the rise

in its value from anv point to another is expressed in (8) as the line-

Integral, along any une joining the points, of VPcis, the scalar product
of yp aiid dM, the vector element of the curve.

Then passing from an unclosed to a closed curve, let A be any vector

fionction of position (single-valued, of course). Its Une-int^gial round
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6 ELECTRICAL PAPERS.

the closed curve is expressed in (9) as the surface-integial over kdj
sui&oe bounded by the curve of another vector B, which =WA. BdB
is the scalar product of B and the vector element of smfiMse dBy whoee
direction is defined hy its unit normal.

Finally, passing from an unclosed to a closed surface, (10) expresses

the surface-integral of any vector C over the closed surface (normal

positive outward), as the volume-integral of its divergence within the

included space.

Linear Fecior Operators.—If H be the magnetic force at a point, B the

induction, X the electric force, and D the displacement, aU vectors, then

B = /iH, and D = cB/47r (11)

express the relation of B to H and of D to E in a dielectric medium.
If it be isotropic as regards disj)lacement, c is the electric capacity ; and
if it be isotropic as regards induction, /x is the magnetic permeability

;

< and are then constants, if the medium be homogeneous, or scalar

functions of position if it be heterogeneous.

We shall not alter the form of the above equations in the ease of

eolotropy, when c and p. become linear operators. For instance, the

induction will always be /iH. to be understood as a definite vector, got

from H another vector, in a manner fully defined by (in case we want
the developments) the following equations (not other wise needed). Let

ifj, and B^, be the components of H and B referred to any
rectangular axes. Then

^2 = + /VA + /^23^3. [ U2)

where /Xj^, etc., are constants, which may have any values not making
HB negative ; with the identities fx^^ ~ H-n* ^>

B^ = fi-^ JI^, Br, = /X ,// ^3 = /Xg//., (13)

when the components are those referred to the principal axes of per-

meability, fi^ ftj being the principal permeabilities, all positive.

Inverse Operators.—Since B = /xH, we have H = /a"^B, where /x~^ is the

operator inverse to fu When referred to the principal aaces, we have

"-h '^'h
<">

But vhen referred to any rectangular axes, we have

by solution of (12). The accents belong to the inverse coefficients.

The rest may bo written down symmetrically, by cyclical changes of

the figures. In the index-surface the operators are inverse to those in

the wave-surface.

Conjugate PfopeHif,~-TbA following property wiU occur frequently.

A and B being any vectors,

Af^-BM, (16)
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ON THE ELBCTROMAGNBTIC WAVE-SURFACE. 7

or the scalar product of A and fiB equals that of B and /lA. It only

requires writing out the full scalar products to see its truth, which

nralte from the identities fi^^ = f^^, etc. Similaily,

A/icB = fiAcB = c/aAB, etc.,

AB-Aftfi-*B-/iAA^-iB, etc,

where in the first line c is another self-conjugate operator.

D is expreaaed in terma of 1 similarly to (12) by ooaffieifliita c^^, c^^

etc ;
or, as in (IS), by the principal capacities Cj,

Theorem .—The following important theorem will oe reqniied. A and
B being any vectoiSi

H^fi.^li^YAB = /iV/xA/zB (17)

For completeness a proof is now inserted, adapted from tliat given by
Tait. Since VA6 ia perpendicular to A and B, by definition of a vector

product, therefore

AVAB - U, and BVAB - 0,

by definition of a scalar product. Therefore

A/i^-iVAB^O, and Bfi/A-^VAB-O,

by intiodneing •> 1. Hence

pAfT^YAB^O, and mB^'^VAB-O,

by the coujugate property ; that is, /a'^VAB is perpendicular to fiA. and
to jiB. Or

V^YAB-VM/iB,
wbere A is a scalar. Or

AVAB-^VfiA/iB,

by operating by /i. To find h, multiply by any third Tietor 0 (not to

be in the same plane aa A and B), giving

AOyAB-*OfiV/&A/iB;

therefore ^"
^^^^St*

by the coujugate property. Isow expand this quotient of two ^^calar

produeta, and it will be found to be independent of what vectors A, B, G
may be. Choose them then to be i, J, k, three unit vectors parallel to

the piincipal axes of^ Then

—kV^ ririr»

by the 1, j, k properties before mentioned. This proves (17).

T^nntfmnaUon-Fortmila.--The following is very useful. A, B, G
being any vectors,

VAYBG- B(GA) - G<AB) (18)

Here CA and AB are scalar products, merely set in brackets to se})arate

distinctly from the vectors B and C they multiply. This formula is

evident on expansion.
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~
. The Eqmtwm of Induction.—£ and H being the electric and magnetic

forces «l ft point io ft dielectric, the two eqnatiaiis of indnetioti m
[toL l, p. 449, equfttiona (22), (23)]

curlH = cE, (lU)

-curiJ8»/*H; (20)

c and /X being the capacity and permeability operators, and curl standing

for VV as defined in equation (7). Let V and Qt be the electric and the

magnetic current, then

r=di(/4ir. Qt^iAlU, (21)

The dot, as usual, signifies differentiation to the time. The electric

energy is E'-B/Sir per unit volume, and the magnetic energy H/^H/Sw

per unit volume. If A is Maxwell's vector potential of the electric

current, we have also

curiA=/*H, B = - A. (21a)

Similariy, we may make a vector Z the vector potential of the magnetic

current, such that [voL L, p. 467]

-cnriZ-dS, (22)

The complete magnetic enei^ of any current qr>tem may, by a
ivell'known transformfttion, be ezpresaed in the two ways

r=i:H/xH/8;r = 2iAr,

tlie - indicating snnimaUdii througli all space. Similarly, the electric

energy, if there be no electi itication, may be written in the two ways

If there be electrification, we have also another term to add, the real

electros/('//r energy, in terms of the scalar potential and electrification.

And if there be impressed electric force in the dielectric, part of G will

be imaginary magnetic current, analogous to the imaginary electric

current whidi may reulace a system of intrinsic magnetization.

PkoM fFave,—^Let there be a plane wave in the medium. Its direction

is defined by its normal. Let then N be the vector normal of unit

length, and z be distance measured along the normal. II / be the

velocity of the M avo front, the rate the disturbance travels along the

normal, or the component parallel to the normal of the actual velocity

of propagation of the disturbance, we have

if the wave be a positive one, as we shall supposOi giving

applied tf> H or E.

Next, examine what the operator W or curl becomes when, as at

present^ the disturbance is assumed not to change direction, but only
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magnitude, as we pass along the normal. Apply the theorem of Version

(9) to the elementary rectangular area bounded by two sides parallel to

jS of length a, and two sides of length b perpenaicular to £ and in the

time plantt u M and the nonnal N. Since its uea Is ab, end 6« nn^,

end the two sides b eontribnte nothing to the Kne-integra], we find that

curl-VK^ : (24)

applied to 1 or H or other veetors^ in the eaae of a plane wave. Uaiiig

tbi% and (S3), in the equations of induction (19), (20), they become

xnadE (IE

vsf - v^.
dz az

Here, since the ^-dititrentiation is scalar, and occurs on both sides, it

may be dropped, giving oa
VWH» -gcK, (26)

VKB- e/iH (26)

The induction and the displacement are therefore necessarily in the
wave-front, by the definition of a vector product, being perpendicular to

N. Also the displacement is perpendicular to the magnetic force, and
the induction is perpendicular to the electric force.

Indej:-i>urJ(ue,—Let *

(27)

be a vector parallel to the normal, whose length is the reciprocal of the

normal velocity «. It ia the vector of the index-surface. By (25) and
(26) we have

dB--V8H, therefore -l-^-^VaH; (28)

Mid fJiEm VsE, therefore U^fr^YOL (29)

Now use the theorem (17). Then, if

w-lh/S/V (80)

* [In order to secure the advantsM of Uaek letters for vootora, I have cbangetl

tfaoaotatioii thus s—TlMOfiginsl# IS bows; pisr;/9isb('yi8ff; and* is a.]

Digitizuu by C(.)0^1e



i6 SLBcnacAL papebs.

be the products of the principal permeabilitieft uid capacitiea, tha

theorem gives, applied to (28) and (29),

-nE = Vc8rH, (31)

7KH = \V8/iE (32)

Putting the value of H given by (32) iD (28) fint> and then the Talae

of S giTen bj (31) in (29), we have

-mE = c-iV8V/i8fiE, (33)

- tiH -^-^VsViWH. „j (34)

To these apply the tranefonnation-formiila (18), giving

- mcB = /x8(8/iE) - /xE(8/48), (33a)

and -nfiR^c6{BcE) - cE(ac%), (34a)

where the bracketed quantities are scalar ])roduct8. Put iu this form,

{ {Bfj^)fi
- mc )E = /i8(8/xE), (36)

{(8c8)c-fi^)H=c»(scH), (36)

and perform on them the inverse operations to those contained in the

{ }'8» dividkig also by the scalar products on the right sides. Then

-=7— » (37)

a^^CsesiT-V
^^^^

Operate by c on (37) and hy /x on (38), and transfer all operators to the

denoniinatOFS on the right Then

8'^E
=
(8/x8K-'-

~y

^"^-r r^i- ^ »y (^)

(It should be noted that, iu thus transferring oiMTators, care should

be taken to do it properly, otherwise it had better not be done at all.

Thus, we have by (37),

Ka,c——^—— , or bi»c{(8^)/«-inc}~^i«a»^ (8/x8)/x-7«C * W-^fr- J #—

»

and the left c and the right fi are to go inside the
{ }. Operate by c~*

and then again by {}^^ thus cancelling the
{
}~\ giving

fxB = {(B/x8)/tx - OTc}c"^bj.

Here .we can move inside, giving

;»a-{(Bj«8)/«;-i-i»}bii

and now operating by it may he moved inside, giving

B-{(lfia)c-»-jw|*-i}bi,

as in (39).)

V
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We can now, by (39) and (40), get as many forms of the index-

equation as we please. We know that the displacement is perpendicular

to tlie normal, and so is tbe induction. Hene«

8bi = 0, 8bo = 0, (41)

where b, and b, are the above vectors, in (39) and (40), are two
equivalent equations of the index-surface.

Also, operate on (39) by 8/«:~^ and on (40) by St/i"^ and the left

members beoome onity, by the conjugate property ; hence

/iSt-ibi-1, cafi-%=\ (42)

are two other forms of the index-equation. (41) and (42) arc the

simplest forms. More complex forms are created with that surprising

esse whicb Is cfaancteristie of these opentos ; bat we do not want any
more. When expanded, the different forms look very different, and no
one would think they represented the same sarfsee. This is also true

of the corresponding Fresnel surface, which is comparatively simple in

expression. In any equation we may exchange the operators fi and c.

Put 8 = Nr~^ in any form of index-equation, and we have the velocity-

equation, a quadratic in t;^ giving the two velocities of the wave-front.

Aiid if we put Nv* p, thus makmg p a vector parallel to the nonnal of
length equal to the velocity, it will be the vector of the surface which is

the locus of the foot of the perpendicular from the origin upon the
tangent-plane to the wave-surface.

By (33a), remembering that a is parallel to the normal, we see that

cStj /iX, and /xN are in one plane f

or N, and fi'^cR are in one plane.

And by (34a),

/iH, «N, and eE are in one plane ^ ...

or H, N, and e^^fiS. are In one plane. J

These conditions expanded, give us the directions of the electric force

and displaoementi the magnetio force and induction, for a given noimsl
We may write the second of (43) thus,

NV? ? = 0i (46)

and the second of (44) thus,

(46)

arid as these ditToi nnly in the substitution of B for D, we see that the

induction of either ray is parallel to the displacement of the other; that

is, the two directions of induction in the wave-front are the two
directions of displacement.

i%s PTaf^Swfau,—Since the velocity-surface with tbe vector p«>i;N

is the locus of the foot of the perpendicular on the tangent-plane to the

wave-eux&ce^ we have, if r be the vector of the wave^uriace,

p»-f. («)
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But s the vector of the index-surfacG being Nv'^^'po'^, we have, by

(47X diving it by t;",

r«l (48)

To tiud the wave-surface, we must therefore let 8 be variable and
eliminate it between (48) and any one of the indez-equations. This is

not so easy as it may appear.

General eonaiderations may load us to the conciusioii that the equation

to the wave-surface and that to the index-surface may be turned one
into the other by the simple process of inverting the operators, turning

e into and /x into /x'^ Although this will be verified later, any fonn
of indez-eqnatiGn giving a oonranondinc form of wave by inTonnon of
operators, yet it must be admittea that this requires pnxn. That it is

true when one of the operators « or fi is a constant does not prove
that it is also true when we have the inverse compound operator

{{Bcs)f^L~^ -nc~^}~'^ containing both c and /*, neither being constant. I

have not found an easy proof This will not be wondered at when the

similar investigations of the Fresnel surface are lefened ta Professor

Tait, in his "Qoatemions," gives two methods of finding the wave-
snrfiuse; one from the velocity-equation, the other from the index-
equation. The latter is i-ather the casit-r, but cannot be said to be very
obvious, nor does either of them admit of much simplification. The
difficulty is of couree considerably multiplied when we have the two
operators to reckon with. I believe the following transition from index

to wave cannot be made more direct^ or shorter, except of coarse by
omission of steps, which is not a real diortening.

Given

=b,=

Bbi«0 <50)-(41)4w

18- 1 (51)-(48)K»

Lliminatii s and ^et an equation in r. We have also

fist^ib, = l, (d2) = (42)6w
which will assist later.

By (49) we have
8-{B/tg}r% - m/A-^b,. (63)

Multiply by bj and nse (50) ; then

0^{sf^){h,c-%)-wih,f.~%) (64)

By differentiation, s being variable, and therefore bj also,

0« 2{dBt»a)ihjC'%)+ 2{BiJ*){dhiC-%) - S^dt^f^'^}. (66)

Also, differentiating (63),

and multiplying this by 2bj gives

2b,<i8 = 4((iafi8)(b,c-^b,) 2(flf«X^V"'^) - 'M^if*~%)* ...(66)

= b. = ,.....^_^__, (49).(39)*«
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SQblraefc (55) from (66) and halve the molt ; thm obtaining

bjrfs = (rf8/i8)(bic-ibi),

or {bi-(bic-ibi)fi8}ri8 = 0 (57)

In the last five equations it will be understood that rfs and dh, are

differential vectors, and that (/s/xs is the scalar product of ds ana
etc ; also in getting (56) from the preceding equation we have

bi(ic-»bi»bic-ybi=rfbic-ibi, etc.

Equation (57) is the ezpreinon of the molt of <lifferentiating (50),

d(8b,)«>ifBbi -f 8en», «0,
with c^bj eliminated.

Now (57) shows that the vector in the {} is perpendicular to (to, the
vftfiation of s. Bat by (51) we also have, on did'erentiation,

idB^O. (58)

Hence r and the {} veetor in (57) muit be paiaUeL This giyes

Ar«bi-(b^c-ibi)/x8 (59)

where h is a. scalar. If we multiply this by c'^b^ and use (52), we
obtain

«->bi-0; (60)

or, by (49), giving bj in terms of dl,

rE-O, (61)

a very important landmark. The ray is perpendicular to the electric

Similarly, if we had started from—instead of (49), (50), and (52)—
the corresponding H equations, vis.,

witli of course the same equation (51) conuecting r and s, we should

have arrived at

h^T*\i^^-(h.^-%)cB; (62)

k' being a constant, corresponding to (59) ; of this no separate proof is

needed, as it amonnts to exchanging fi and c and turning X into H, to

make (39) become (40). And from (62), multiplying it by fr%,
we arrive at

r/*-%-0, or rH-0, (63)

corresponding to (61). The ray is thus perpendicular both to the

electric and to the magnetic force. The first half of the demonstration

is now completed, but before giving the second half we may notice some
other properties.

Thus, to determme the values of the scalar constants h and K
Multiply (59) by 8, and use (50) and (51) ; then

A = - (b,/:-'b,)(8/i8) - - M»(V'^l).
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the second form following from (54). Insert in (59), then

r=/*^ <64)

gives r explicitly in terms of /xs and bp the latter of which is known in

terms of the former by (49). Multiply this by fi'^bp using (50) ; t)ien

r/4-»bi (66)

Similarly we shall find

A'--ii(baC'ib,), (66)

e*""*- '-S-ii?6^'
a&d, oorrosponding to (65), we shall have

Tc'%= -n-1 (68)

Now to resume the argument, stopped at equation (63). Up to

equation (59) the work is plain and straightforward, according to rule

in fikct, being merely the eliminatioa of the differentiidii and the ffetting

of an equation between r and i. What to do next is not at all obvious.

From (59), or from (64), the same with h eliminated, we may obtain all

sorts of scalar pro lncts containing r and bj, and if we could put bj

explicitly in terms of r, (CO) or (65) would be forms of the wave-surface

equation. From the purely mathematical point of view no direct way
presents itself; but (61) and (63), considered physically as well as

mathematically, guide ns at onoe to the second half of the transfonna-

tion from the index- to the wave equation. As, at the commencement,
we found the intl action and the displacement to be peqiendicular to the

normal, so now we find that the corresponding forces are perpendicular

to the ray. There was no difficulty in reaching the index-equation

before, when we had a single normal with two values of v the normal
velocity, and two rays differently inclined to the normal There should
then be no ilitHculty, by parallel reasoning, in arriving at the wave-
SOrfiMe equation from analogous equations which express that the ray
is perpendicular to the magnetic and electric forces, considering two
parallel rays travelling with different ray-velocities with two differently

inclined wave-fronts.

Now, as we got the indez-eqna^on from

VNH= - /v B, (25)

VNE= i?/xH, (26) bis

we must have two corresponding equations for one ray-direction. Let
M be a unit vector defining the direction of the ray, and w be the ray-

velocity, so that

r=wM (69)

Operate on (25) and (26) by VM, giving

VMVNH= - rVMcE.

VMVNB- t;VM^.
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l^ow QM (he fonnnla of tmufonnAtion (IS), giving

H(H][)-H(][N)- 'vVUcB,
V(E1[)-S(ICN)- vVM/iSL

Bot HM-O and 1H»0, m proved before. Also «*I0(]IK), or the

wmve-Teloeitj is the nomud eomponent of the rey-velocity. Henee

H = uVMcE, (70)

-B = tt7VM/iH, (71)

which are the required aiudogaes of (25) end (26). Or, by (69),

H-YnJB^ (72)

-1-VrfiH (73)

are the anaiosuea of (28) and (29). The rest of the work is plain.

BlMnating a and H iuooesrively) we obtain

0 = E + Vr/xVrcE,

0 = H + YTcYTfxE

;

and, using the theorem ( 1 7), these give

0 = B + wVr\>-ir/i-i<:B,

which, osing the tiansformation-formnla (18), become

0»E+f»/x"*r(/A"*rcE) - /i-icE(r/*-*r)m,

0•H +iic-»r(<f-irfiH) - c-i/iH(rc-»r)n

;

or, rearranging, after operating by fi and c respectively,

{{Tfx-'^r)mc - /x}E = ffir(/A~^rcE),

{(rc-»r)f*/i - c}fi«>iir(rir/iH).

i^'ww^r'"

These give us the four simplest forms of equation to the wave. For,

since rB - 0 « iH, we have

rgi»0, rg,-0 (76)

Alao^ operating on (74) by /I'^te and on (76) by c'hii we get

fThcg^^l, c-»r/«g,-l, (77)

two other forms.

g, and gj differ from bj and merely in the change from s to r, and
in the inversion of the operators. The two forms of wave (7G) are

analn'jous to (41), and the two forms (77) analogous to (42), inverting

operators a,nd putting r for 8.

SimOarly, if the wave^arface equation be given and we require that
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16 BjLBCT£ICAL PAPEBS.

of the index -surface, we must impose the same condition n^l M before,

and eliminate r. This will lead us to

8^-51 = 0, 8/^1- -ifH (78)

corresponding to (60) and (65) ; and

8/ig2 = 0, scgTa- -n, (79)

corresponding to (63) and (68); and the first of (7S) and (79) are

eqaivdoiit to

or the diaplieement and the induction ate perpendicnler to the normal.

This completes the first half of the process ; the second part would be

the repetition of the already given investigation of the index-equation.

The vector rate of transfer of energy being VBH/^tt in general, when
a ray is solitary, its direction is that of the transfer of energy. It seems
leaeonaUe, then, to define the direction of a ray, whether the wave is

pUme or not, as perpendicular to the electric and the magnetic forces.

On this understanding, we do not need the preliminary investigation of

the index-surface, but may proceed at once to the wave-surface by the
investigation (69) to (77), following equations (25) and (26).

The tbllowing additional useful relations are easily deducible :—From
(25) and (26) we get

S-5!gf ; (80)

and from (72) and (78),

<«^>

Also, from either set^

EE = H/iH, (82)

expressing the equality of the electric to the magnetic energy per unit

volume (strictly, at a point).

Some Cartesian Ejmanuoiu,—^In the important case of parallelism of
the principal axes or ei^acity and permeability, the full expressionB for

the index- or the wave-surface equations may he written down at once

from the scalar product abbreviated expressions. Thus, taking any
equation to the wave, as the first of (76), for example, rg^ = 0, being

given in (74), take the axes of coordinates parallel to the common
principal axes of c and fi; so that we can employ r^, c^, the principal

capacities, and /i., /x^ /x^ the principal ^rmeabilities in the three com-
ponents of g|. We then have, x,ff,z bemg the coordinates of r,

^
, J .5=0 (SZ)

fjt jfi

where Ffi^'r«— + i- +
f*i I': f^i

In (83) we may exchange the c's and /i's, getting the second of (76).

Similarly the first of (77) gives

(r/*-ir)c,-i»-i/i, (r/*-»r)cj-w-i/*, (r^-ir)c,-OT-»/i, '
'^ '
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as another form, in which, again, the ^t's and
'

's may be exchanged (uot
foigetting to chaiige m into n) to eive a fourth form.

These ledaee to the Fresnel sm&ce if either

Let "0 to find the sections in the phme ». The first denominator
in (83) gives

representing an ellipse, semiaxes

The other terms give

an ellipse, semiaxes v^-^ = {CjU^-^ and ~ (''a^i)
~ Similarly, in the

plane x the sectimis are empses whose semiaxes are r^^, r^^, and v^^

where for brevity and in the plane the ellipsiBS

have semiaxes rj|, and rjg, v^^^

In one of tlie principal planes tAvo of the ellipses intersect, giving
four places where the two members of the double surface unite.

If cJfJii=cJfjL^= cJfjL^ we have a single ellipsoidal wave-surface whose
et^uation is

Now, of course, v^^^v^^ ete»

'Wiien the // and c axes are not parallel, we cannot immediately write
down the full expansion of the wave-surface equation. Proceed thns:

—

Taking rg| = 0 as the equation, let

7? = m(r/x-ir), and a=i»"*g,;

then, by (74) and (76),

where r»(i&;-/A)a. (86)

is a scalar. If Oi, a^, are the three components of a referred to

any rectangular axes, and x^y, e the components of r, we have, by (86)
and (12X

~ = i^i -t^K+ (i?^32 - M32>»j+ (-^aa - /*a8)S *

from which a,, a, may be solved in terms o{x,f,z; thus

B.B.P.—VOL. XL R

Digiiizeu by Google



18 ELECTRICAL PAPERS,

where, bj using (15),

and the rest by symmetry. Then, since

ra = 1
4- i/a.t + ^ff 3 = 0,

WG get the full expansion. A need not be written fully, M it goes out.

The equation may be written symmetrically, thus,

0« 1 + f»»(r/*- ir)(K- ir) - {ic*(c^

+

- ^e^^ + ...

where the coefficients of y\ ji^, yz, and zx are omitted. Here m—lt^/^y^
and n^c^c^; whilst

where rf„ are the inverse coefficients. See equation (15). The
expansion of r/A"'r is exactly similar, using the inverse /i coefficients.

If in (87) we for every c or /x write the reciprocal coetticieuts, we
obtain the equation to the indez^sarfiuie; that ia, suppoaing s then
to be the components of 8 instead of r. And, since 8v»N, the unit
waye-nomal, we have the velocity-equation as follows, in the general
case^

+2JVii\r^<4f<.+4f4-^,/4-<iirf.)+...}. (88)

in which N-^, ^^^^ components of N, or the direction-cosines

of the normal. To show the dependence of upon the capacity and
permeability perpendicular to N, take iVi = l, N^ = Oy iVg = 0, which
does not destroy generality, because in (88) the axes of reference are
arbitral^. Then (88) reduces to

^ - (4/4, + 4/4 - 2r4/4,)»2 + {c^ - d?)(/4/4 - /^S) -0.

Wheu the /x and c axes are parallel, and their principal axes are those

of reference, we have

0
=
^ .?f + - v'[Ni{v^n+ ti)+ + + NtifiM+ (89)

where N/iN = /i,A7 + yu,m + fx^Nl

with a similar expression for NcN, and ~ ic^H-i)
~ etc., as before.

The solution is

= iiV?(4 + 4) +W(4 + 1-?,) + iN-(n, + ,i)±hsrx, (90)

where X^N^u^ + iVX + - 2{N^N.Xu^+ N^Niu^u, + A^W.^tt,),

in which u^^f^-^ Wi-f^-i^ ti,=t?,-4 (91)
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Take tt|a(^ or cjfi^^cjii^; the two velocities (aquAred) are then

reducing to cue velocity v^^ when = 1.

If, further, u^ = 0, or t<j = 0, making cjfj^'=cjfji^ = c^fi^f X=0
always, and

f^-A?t^+^^5,+^^^. *
(92)

is the siiiji;ie value of the square of velocity of wave-front.

Directions of £, H, aiid B.—We may expand (45) to obtain an
equation for the two direetkma of the induetioii loid displaoementb

II1118, siDce

^ = iit^ Z>. +1^,+ eU>,) +j(4A +4^.+4^,) + k(4iA + 4i>.

+

the determinant of the coefficients of i, j, k equated to zero gives the

roijuired e<iuation. When the principal axes of /* and c are parallel,

tile L-quaLiou greatly simplifies, being then

0^^,^,^^. (93)

where arc the same differences of squares of principal velocities

as in (91), For />p etc., write i>j, etc. ; and we have the same tMjua-

tiou for the induction directions. For iA, etc., write c^E^y etc., and the

resulting equation gives the directions of B. For etc., write

ete., and the reenlting equation gives the directions of H.

NoU m UMmr Operakn mi EamUtm's OuNe, (June 12th, 1892.)

[The reason of the ease with which the transformations concerned in

the above can usually be effected is, it will be observed, the symmetrical

property AeB«BoA of the scalar prodncts. But when a linear operator,

say <^ is not its own co^jugyite, some change of treatment is required.

Thus, let

where the nine e's are arbitrary. We may then write

whero the operator i/ only differs from c in the exchange of Cj, and c^^.

Digiiizeu by Google



20 ELECTRICAL PAPEBS.

etc. It is now that is conjugate to D, whilst t» is the operator

conjugate to c. It may be readily seen that

where / is the self-conjugate operator obtained by replacing t^^ and
etc., in c by half their siimB, and 6 is a certain vector whose oomponents
ate half their differences. Thus,

/a«J(D

+

W), VeE« 1(D - jyX

Hie conjugate property of scalar prodacte Is now

That is, in transferring tlie operator from B to A, we must simultane-

ously change it to its conjugate. Another way of regarding the matter
is as follows :—If we put

we see^ by the above, that

D = di=i.CiE+j.C2B+k.C3B = (i.Ci+j.C2 + k.Cg)B,

ly= (/B«= Cj . iE -h Cj.jE -f Cj.kE = (Cj.i -h Cj.j + C3.k)E,

from which we see that r'E is the same as E/*, and cE the same as Ec'.

In the case of AcB, therefore, we may regard it either as the scalar

product of A and cB, or as the scalar product of Ar and B. This
is equivalent to Professor Gibbs's way of regarding linear operators.

That is (converted to my notation),

c-i.Cj+j.Co-f k.c.j

is the type of a linear operator. It assumes the utmost generality when
i, j, k sUiud for any three independent vectors, instead of a unit

rectangular systenL Ptofessor Gibbs has consideirably developed the
theory of linear operators in his Vector Analysis.

The generalised form of (17) is got thus:—Let and w be any
vectors, then, as before, we have

Oa vVvw= va-^Vvw,

0 -»wVvw- wcc'^Vvw,

where ibe last foxms assert that ^'^Yvw is perpendicaUur to yc and
or parallel to Vvt^c ; that is,

wVvw = cVc'vc'w ; (A)

from which, by multiplying by a third vector u, we find

which is an invariant.

Hamilton's cubic equation in c is obtained by observing that since

(A) is an identity, c bebg any linear operator, it remains an identity
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when c is changed to c-g, which changes c' to - 7, where
f7

is a
scalar constant For c - fj is also a linear operator. M siting this sub-

stitution in (A) and expanding, we obtain

(i» - + -^)Vvw

««Vc'tc'w - <7(V(/v(/w + cVv'w + cYc'vw)

+ ficYvw + Vvc'w + Vc'vw) - ^r^Vvw,

where m, are the coefficients of y', - gr, and y- in the expansion of

the left member of in given by (B). Comparing coefficients we see that

^ and go out The others give (remembering that we are dealing

with an identity),

Vc'vc'w + c(Vvr'w + Vc'vw) = Vvw,

cVvw + (Vvc'w + Vc'vw) = WgVvw.

Operate on the first by c and second by (^^ and aubtract. Thia eliminates

the vector in the brackets, and leaves

cYc'icf'W - c^Vvw = //(j Vvw - wioC^Vvw,

where the fiist teim on the left is niV?w. So we have

m- f»iC + 111^ - «^ 0, (C)

which is Hamilton's cable.

Ifwe start instead with the coigogate operator ^ we shall arrive at

///Vvw = f/Vcvcw, where mf=^^Sj^^ :

and then, later, to the cubic

where i»' etc, come from m, etc., by exchanging c and r'. But it may
be easily proved that 7n = m', and we may infer from this that = m\

and m^ = m!^y on account of the invariantic chanictcr of in being pre-

served when c becomes c-g. In fact, putting c = / -f Ve and c' =f- Ve,

where/ ia self-conjugate, we may independently snow that

_ . fuYfYfw , cuVcV'W c'uVc'vc'w

u\ vw uV vw u V vw

m, - - ttV/v/w -H vV/w/u+ wV/u/Y^^^ * uVvw

uVvw

^ -f/vVwu 4-/wVnv ^ ^j^j^ ^^^^^^ ^^.^^

So in HamSton's cable (C) we may change e to ef, leaving the m's
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unchanged; or else in the lu's only ; or make the change in both the c^a

and the m% without affectiDg its trath.

If the pessage from (A) to (C) above be compared with the corre-

sponding transition in Tait's Quaternions (3rd edition, §^ 158 to IGO) it

will be seen that that rather difficult proof is simplified (as done above)

by omitting altogether the inverse operations </)"^ and {<i>
- ^)"^ and the

auxiliary operator x ; especially x» perhaps. One is led to think frona

Frofeuor Tait's proof that the o^eet of the investigation is to solve

the problem of inverting
<f>. But the mere inversion can be done by

elementary methods. In Gibbs's language, if a, h^ 0 is one set of
vectors, the reciprocal set is t/, given hj

aVW cVaF
On this understandings we may expand any vector d in terms of
a, b, 0 thus :

—

d-a.a'd + b.b'd + c.c'd.

Similarly^ if 1', m', is tlie set reciprocal to 1, m, n, we have

r - I'.lr+ m',mr+ a'.iir.

If, then, it be given that

d- ^r) «- ». Ir+h.mr+ e.nr,

we see that Ir-aM, etc., so that

r = (^-i(d) = 1'. a'd + m'. b'd + n'.c'd

inverts (This is ( (luivalcnt to Tait, § 173.)

We see by (A) and (B) that the inverts of u, v, W arc c' x inverts of

en, cv, cw ; or c X inverts of ^/u, c'v, </w. The cubic (C) may be written

"SWwTf'* " wc-iw')} -<!|c- vcv'+ wcw')},

if u', v', w' are the inverts of u, V, w (or the reciprocal set). In this

identity the operators r and r-i ma}- be inverted. When that is done
we see that the m of c is the reciprocal of the m of c"^.]

Note on Modifieatum of Iniex-egwUum v^ien c and fi are JRalatumal,

[Let and /a' be the conjugates to c and /i. Then, by (A), (B), in

last note,

mVvw= fi'XiJViiw = /xV/i'v/x'w,

where = /i,/t.^/i3 + e/Aye,

if /X,, /A,, /l^ arc the principal peniieal)ilities of //,,, the st lt conjugate

operator such that /A=/4.Q + Ve. With this extension of meaning, we
snail have (treating c and n similarly),

- E = c-^VsH, - »E - Yr'sc'H, - wE = c" iVbV//8//E,
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where the first pair replace (28), (29), the second pair (31), (32), and
the third pair (33), (34). Then

- rncB =/8(8/x'E) - /i'E(s/'/8),

- n/iH = (/&(ac'R) - c'fl(flc's)

lepkoe (33a) and (34a), and

B /8 H </8

leplaee (37a), (38a) ; from which two forms of iadex-eqnatioii eorre>

apoDding to (41) are

B 8

We obtain impossible values of the velocity for certain directions of the
nonnaL That is, there could not be a plane wave under the circum-
stances.]

XXXU. NOTES OS NOMENCLATUBE.

[The iUtctrician, Note 1, Sep. 4, 1885, p. 311 ; Note 2, Jan. 26, 1886, p. 227

;

Note 8, Feb. 12, 1886, p. 271.]

Note 1. Idkas, Words, and Symboia

However desirable it may be that writers on electrotechnics should
use a common notation, at least as regaids the frequently recurring

magnitudes concerned— m Inch notation shoukl not be a difficult matter
to arrange, provided it ]>e kept witliiii practical limits—it is perhaps
more desirame tlmt they .should adopt a common language, witliin tlie

same practical limita, of course. For whilst the use of certain letters

for certain magnitudes requires no more explanation than, for instance,

"Let us call the currents (7,, etc.," it is otherwise with the language

used when speaking of the magnitudes, as more elaborate explanations

are needed to identify the ideas meant to be expressed.

As regards electric conduction ctirrents, there is a tolerably uniform

usage, and a fairly good terminology. It is seldom that any doubt can
arise as to a writers meaning, unless he be an ignoramus or a para>

doxist) or have unfortunately an indistinct manner of expressing nim*
self. I would, however, like to see the word " intensity," as applied to

the electric current, wholly abolished. It was formerly very commonly
used, and tlier*' was an t^inally comnion vaguciH'Ss of ideas prevalent.

It i> >utlitient to speak of the current in a wire (total) as "the current,"

or ''the strength of current, and when referred to unit area, the

cnrrentdensity. (In three dimensions, on the other hand, when eveiy-

thing is referred to the unit volume, and the current-density is meant
as a matter i^counM, it is equally sufficient to call it the current)
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It is a matter of oooBidentble practical advantage to have single words
for names, instead of groups of words, and it is fortanate that the exist-

ing conduction-current terminology admits of very practical adaptation

this way. Thus, "specific resistance" may be well called "resistivity,"

and specific conductance "conductivity," referring to the unit volume.

Uesiativ'ity is the reciprocal of conductivity, and resistance of conduct-

ance. Wlien wires are in parallel, their oonduetanees may be more
easy to manage than their resistances. We have also the convenient

adjectives " conductive " and " resistive," to save circumlocution.

Passing to tho subject of magnetic induction, there is considerable

looseness prevailing. There is a definite magnitude called by Maxwell
*'the magnetic induction," which may well be called simply ''the

induction." It is related to the magnetic force in the same manner as

currentHlensity to the eleetric force. (B = iiH.) The ratio fi is the
magnetic permeability." This mav be simply called the permeability,

since the word is not used in any other electrical sense. Induction :ind

permeability may not be the best names, but (apart from their being

understood by mathematical electricians) they are infinitely l)etter than

the long-winded "number of Hues of force" (meaning magnetic) and
** conductivity for lines of force," the uae of which, though defensible

enough in merely popular explanations, becomes almost absurd when
the electrotechnical user actually goes so far as to give them (quantita-

tive expression. Conductivity should not be u.'^ed at all, save m poinir

ing out an analogy. It has its own definite meaning.

"Permeability," however, does not admit of such easy adaptation to

different eireumstanoes as conductivity. Permeability referring to the
unit volume, the word permeance is suggested for a mass» analogous to

conductance. We have also the adjective "permeable." By adding,

moreover, the prefix "im,'' we get "impermeable," "impermeability,"

and " impermeance," for tho reciprocal ideas, sometimes wanted. Thu.s

impermeability, the reciprocal of fi. would stand for the long-winded

"snecific resistance to lines of magnetic force." (The permeance of a

coil would be JL^4ir, if L is its coefficient of scuf-induction. In the
e3cpTes8ion7»}ZC'-^ for the magnetic energy of current C in the coil, 4ir

does not appear, whilst it does m the form T= h magnetomotive force x

total induction through the circuit ~ 4'Tr. It is iirC that is the magneto-
motive force, and LC the indnrtion through the circuit. Thus we have
oppositely acting 47r'8. I may here remark that it would be not only a

theoretical but a great practical improvement to have the electric and
magnetic units recast on a rational basis. But I suppose there is no
chance of such an extensive change.) It must be confessed, however,
that these variou.^ words are not so good as the corresponding con-
duction-current words.

But now, if, thirdly, we pass to electric displacement, the analogue of

magnetic induction (noting by the way that it had better not be called

^e electric induction, on account of our already appropriating the word
induction, but be called the displacement), the existing terminology is

extremely unsatisfactory; and, moreover, does not readily admit of

adaptation and extension. Corresponding to conductivity and perme-
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ability we have " specitic inductive capacity," or "dielectric constant,"

or whatever it may be called. 1 usually call it the electric capacity, or

the capacity. It refers to the unit volume. But here it is very unfor-

tunate that it 18 not this apectfie ca|>acity c (say), but c/4ir, that is the

capacity of a unit cube condenser (such that charge = difference of

potential x capacity), i), the displacement, is the charge (+ or

according to the end), and we have I) - cKjA-n-^ E being the electric

force. We may get over this trouble by putting it thus, I) = sE, and
calling 6 (or (7 4a-) the specific capacity. Then the capacity in bulk is

got in the same manner ai eondnetanoe from conductivity.

Supposing we have done this, there is still the trouble that capacity

giyee the extremely awkward inverse '* incapacity," and the adjectives
" capacious " and " incapacious," besides not giving us any words for

use in bulk, like conductance and resistance. And, in addition, the

word capacity is itself rather objectionable, as likely to give beginners

entirely erroneous notions as to the physical quality involved. It is

not that one dielectric absorbs electricity more readily than another.

Electric disphusement is an elasHe phenomenon : one dielectric is more
yielding (electrically) than another. The reciprocal of 8 above is the

electric elasticity, measuring the electric force required to produce the

unit (lisplaoement. Thus s should have a name to express the idea of

elastic yielding or distortion, and its reciprocal also a name (not strings

of words), and they shonld be readily adaptable, like conduetivity, etc
(Perhaps also a Mtter word than permeability might be introauced,

although, as we see, it is tolerably accommodative.) Displacement
itself niii^bt also be replaced by another wor<l less suggestive of bodily

translation
;

although, on the other hand, it harmonises well with
*• current," the displacement being the acciunuiated current^ or the
current the time-variation of the displacement.

All tiiese things will get right in time, perhaps. Ideas are of primary
importance, scientifically. Nezt^ suitable language. As for the nota-

tion, it is an important enough matter, but still only takes the third

place.

NoTK 3. On the Bisb and Pbooress of Nomenclature.

Id the beginning was the word. The importance of nomenclature
waa recognised in the earliest times. One of the first duties that

devolved upon Adam on his installation as gardener and keeper of tiie

aoological collection was the namin<; of the beasts.

The history of the nice is repeated in that of the individual. This
grand modern generalisation explains in the most pcicntitic manner the

fondness for calling names displayed by little children.

Passing over the patriarchal period, the fall of the Tower of Babel
and its important effects on nomenclature, the Egyptian sojourn, the

wanderings in the d^rt^ the times of the Kings, of the Babylonian

captivity, of the minor prophets, of early Christianity, of those dreadful

middle ages of monkisii learning and ignoranee, when evolution worked
backwards, and of the Elizabethan revival, and coming at once to the

middle of the 19th century, we find that Mrs. Gamp was much im-
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pressed by the importance of nomenclature. " Give it a name, I beg.

Saircy, give it a name !
" cried that esteemed lady. She even went so

&r as to give a name to an entirely fietitiouB penonage—^Mn. Hams,
to wit—who has many scientific representatives.

Having thus fortified ourselves by quoting both ancient and modem
instances, let us consider the names of th<» electrical units.

A really practical name sliould be siiort, preferably monosyllabic,

pronounced in nearly the same way by all civilised peoples, and not

mistakable for any other scientific unit. If, in addition, it be the name,
or a part of the name, of an eminent scientist^ so much the better.

This is quite a sentimental matter ; hnt if it does no harm, it is needless

to object to it. But we should never put the sentiment in the first

place, and give an unpractical name to a unit on account of the

sentiment.

Ohm and volt are admirable; farad is nearly as good (but surely it

was unpractical to make it a milHon times too big—the present micro-

farad should be the farad)
;
erg and dyne please me ; watt is not quite

so good, but is tolerable. But what about those remarkable results of

the Paris Congress, the ampere and the coulomb 1 Speaking entirely

for myself, they are very unpractical. Coulomb may be turned into

coul, and is then endurable ; this unit is, however, little used. But
ampdre shortened to am or amp is not nice. Better make it p^re;

then it will da Now an additional bit of sentiment comes in to support

us. Was not Amptee the father of electrodynamics 1

It seems rather unpractical for the B.A. Committee to have selected

10^ c.g.s. as the practical unit of K.M.F., instead of 10^. This will

hardly be appreciated exc<'pt by those who make theoretical calculations;

the awkward thing is LiiaL the pere is one tenth of the c.g.s. unit of

current I suppose it was because the present volt was an approxima-
tion to the E.M.F. of a Daniell ; that is, however, a very strong reason

for making the practical unit much smaller; !)ecause the E.M.F. of a
cell has now to be given in volt'? and tenths, or hundredths also. How
awkward it would have been if the olim had been made 10^^ c.g.s., so as to

approximate to the resistance of a mile of iron telegraph wire. The ohm
and volt should be the same multiple of the c.g.8. units^ both 10' for

example. Then use the millivolt or centivolt when speaking of the

B.M.F. of cells. The present 112 volt would be 112 millivolts. Speak-

ing from memory, Sir W. Thomson did object to the 10^ volt at the
Paris Congress.

Mac, toni, bub, and dick are all jj;ood names for units. Tom and mac
(ulural, ma.\}, have sentimental reaauus for adoption ; bob and dick may
also at some future time. I have used tom myself (no offence, I hope)

for six years past* to denote 10' cg.s. units of self or mutual electro-

magnetic induction coefficient. (Sonae reform is wanted here. Co-

ethcient of self-induction, or of elt ( {r(.magnetic capacity, is too lengthy.)

The advantafje is that L toms divuicd bv K ohms trives L/R seconds of

time. But it is too big a unit for little coils ; then use the miilitom

;

or even the microtom for very small coils. This applies to fine-wire

coils. The c.g.8. nnit itself would be most suitable for coils of a few
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turns of thick wire. If it is called the torn, theu the kilotom or mega-
tom will come iu useful for tine-wire coils.

A name should certainly be given to a unit of tbis quantity, wheUier
!i be torn, or mac, or any other practical name. Also, names to a unit

of magnetic force (intensity of), and of magnetic induction.

There is also the question of th«» names, not of the units, but of the

physical magnitudes of wliicli they are the units, })Ut it is too large a

question to discuss here except in the most superticial manner. It is

engrained in the British nature to abbreviate, to make one word do for

two or three* or a short for a long word. And quite right too. We
have much to be thankful for; in the application of this general remark,
f'onsidcr what frightful names might have heen given to the electrical

units by the Germans. But, on account of tliis national, and also

rational t*;ndeucy to cut and clip, it is in the higliest degree desirable

that as many as possible of the most important physical magnitudes
should be known, not by a long string of word^ but by a single word,
or the smallest number possible.

Thus, I find myself frequently saying force, when I mean magnetic
force, and even then, I mean the intensity of magnetic force. The
context will generally make the meaning plain. P>ut it is necessary to

be very careful when there are more forces than one iu question.

(This use of force as an abbreviation is^ of course, quite distinct from
the frequent positive misuse of the word force, to indicate it may be
momentum, or energy, or activity, or, very often, nothing in particular,

the misuser not being able to say exactly what he means ; nor <lncs it

mucli matter.) It would be decided!}' better if such a quantity as

"intensity of magnetic force" had a one-word name, for people will

abbreviate, and sometimes confusion may step in. This remark applies

to most of the electromagnetic magnitudes.
There is an important magnitude termed the magnetic induction. I

call it often simply "the induction"; but in doing so, carefully avoid

calliiiir any other (juantity "the induction" (sometimes the electric dis-

play ineiit is called tiie electric induction), liut there is an unfortunate

thing here, which somewhat militates against "the induction," or even

**the magnetie induction" being a thoroughly good name for the mag>
nitnde in question. This is, that besides being a name of a ])hysical

magnitude, the word induction has a widespread use, in a rather vague
manner, in connection with transient stntes in general, whether of the

electric or of the magnetic field, exemplified, to take an extreme

example, when a man explains something complex by saying it is

caused by "induction," and so settling^ the matter. If this vague

qualitative use of induction were got rid of, then as a name for a
physical magnitude it would be unobjectionable. As it is, it is a
question whether the physical magnitude should not have a name for

iteelf alone.

" Kesistivity " for specific resistance, and "conductance" for what is

.sometimes called the conductibility of a wire, t.e., not its conductivity

(specific conductance), but the reciprocal of its resistance, are, I think,

as I have renuurked before, quite practical names.
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Note 3. The ImvcrAsCE or a Ontcurr.

In my first note, amongst other things, I remarked that whilst the

conduction-current terminology admitted of the words reslstiTity and
oonductance being coined to make it mora oomplet^ the tenninology in

the allied casea of magnetic induction and electric displacement was
unsatisfactory.

As regards the former, the following appears to me to l>o practical

First, abolish the ^vonl ])ermeabiHty, and substitute lufluctivity. We
then have i>' = /ii/, when B is the Induction, and /x the Inductivity,

showing liow the Induction is related to the magnetic force JJ by the
specific quality of the medium at the place, its in&ctmty.
Now conductivity and conductance are mathematically related in the

same manner (except as regards a Att) as inductivitjr and what it is

natural]}' suggested to call Inductance.

The Inductance of a circuit is what is now called its coefficient of

self-induction, or of electromagnetic capacity.

Thus the quantities induction, inductiyity, and inductance are happily

connected in a manner which is at once concise and does justice to their

real relationship. When the mutual coefficient of induction of two
circuits is to be referred to, it will of course be the mutual inductance.

XXXilL NOTES ON TH£ SELF-INDUCTION OF WIRES.

[The Electrician, 1886 ; Note 1, April 23, p. 471 ; Note 2, May 7, p. 510.]

Note 1. Wc read in the pages of history of a monarch who was
"supra (frammaticam." All truly great men are like that monarch.

They have their o>vn grammars, syntaxes, and dictionaries. They
caunoL be judged by ordinary standards, but require interpretation.

Fortunately the liberty of private interpretation is conserved.

No man has a more peculiar grammar than Prof Hughes. Henee, he
is liable, in a most unusual degree, to be misunderstood^ as I venture to

think he has been by many, including Mr. W. Smith, whose interesting

letter appears in The Electrician^ April 16, 1886, p. 465, and Prof. H,
Weber, p. 451.

The very first step to the understanding of a writer is to find out what
he means. Before that is done there cannot possibly be a dear com-
prehension of his utterances. One may, by taking his language in its

ordinary significance, hastily conclude that he has either revolutionised

the science of induction, or that he is talking nonsense. But to do this

would not be fair. Wc must not judge by what a man says if we have

good reason to know that what he means is quite different To be quite

ndr, we must conscientiously endeavour to translate his language and
ideas into those we are ourselves accustomed to use. Then, and then
only, shall we sec what is to be seen.

When Prof. Hughes speaks of the resistance of a wire, he does not
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always mean what common men, men of ohms, volts, and farads, mean
by the resistance of a wire— only sometimes. He docs not exactly

define what it is to be when the accepted meaning is departed from.

Bat hj « stody of the context we may arrire at aome notioii of ita new
meaning. It is not a definite quantity, and most be varied to suit

drcnmstances. Again, there is his " inductiye capacity " of a wire.

We can only find roii<^hly what that means by piittinir together this,

that, and the other. It, too, is not a definite qnantit \ , bnt must Im;

varied to suit circumstances. It is not the coefiicient ul self-induction,

nor is it any quantity defining a specific quality of the wire, like

oondnctivity, or indaetiWty. It is a complex quantity, depending on a
great many things, but which may, to a first rough approximation, be
taken to be proportional to the time-constant of the wire, the quotient

of its coefficient of self-induction by its resistance. Bearing these two
things in mind, we shall be able to approximate to Prof. Hughes's
meaning.
Owine to the mention of diseoTeries, apparently of the most revolu-

tionary Kind, I took great pains in translating Prof. Hughes's language

into my own, trying to imagine that I had made the same experiments
in the same manner (which cnnld not have hapj)ened), and then asking

what are their interpretations ^ The discoveries I looked for vanished

for the most part into thin air. They became well known tacts when
put into common language. The satisfaction of getting verifications,

however, even in so roundabout and rough a manner, is some compen-
sation for the disappointment felt I venture to think that Prof.

Hughes docs not do himself justice in thus deceiving us, however
unwittingly, and that possibly there has been also some nusa])preliension

on his part as to what the laws of self-induction are generally supposed
to be.

I have faOed to find any departure from the known laws of eleetro-

magnetism. In saying this, however, I should make a reservational

remark. There may be lying latent in Prof. Hughes's results dozens of

discoveries, but it is impossible to get at them. For consider what the

mere existence of ohms, volts, and farads means ? It means that, even
before they were made, the laws of induction in linear circuits were
known, and very precisely. To get, then, at new discoveries requires

very accurate comparison of experiment with theoiy, by methods whidi
enable us to see what we arc doing and measuring, in terms of the
known electromagnetic quantities. This is practically impossible, on
the basis of Prof. Hughes's papers. We can only make very rough
verifications. I have had myself, for many years past, occasional

azperienee with induction balances of an eact nature—true balances

of resistance and induction—and always found them work properly.

Bai, in the modification made by Prof. Hughes, the balance is generally

of a mixed nature, neither a true resistance nor a true induction balance,

and has to be set right by a foreign impressed force, viz., induction

between the battery and telephone brandies. By using a strictly

simple harmonic E.M.F., as of a rotating coil, we may exactly formulaic

the conditions of the false balance, and then, noting all the retistancea^
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^t<^, concerned, derive, thonj^li in a complex manner, exact information.

Or, it' we use true balunccs, any kind of E.lLF. will answer.

To illustrate the falsity of Prof. Hnghes's balances and the difficulty

of getting at exact information, he finds the comparatiTe force of the

extra r inrcnts in two similar coils in series to be 1*74 times tiiat of a
single coil. From the context it would appear that this *' comparative

force of the extra-currents " is the same thing as the former *' inductive

cajxicity " of wires. Now, the coefficient of self-induction of two similar

coils in series, not too near one anotlier, is double that of either, whilst

the time-constant of the two is the same as of either. This can be
easily verified by true balances.

The most interesting of the experiments arc those relating to the

effect of increased diameter on what Prof. Hughes terms the "inductive

capacity " of wires. My own interpretation is roughly this. That the

tiuic-coustant ot a wire first increases with the diameter, and then later

decreases rapidly ; and that the decrease sets in the sooner the higher

the conductivity and the higher the inductivity (or magnetic perme-

ability) of the wires. If this be correct, it is exactly what I should have
expected and predicted. In fact, 1 have already described the pheno-

menon substantially in The Eledrkmn
;

or, ratlier, the j)henomenon I

described contains in itself the above interpretation. In The Ekdrician

for January 10, 1885, I described how the current starts in a wire. It

begins on its boundary and is propagated inward. Thus, during the

rise of the current it is less strong at Sie centre than at the bounduy.
As regards the manner of inward propac^ation, it takes place according

to the same laws us the propagation of imignetic force and current into

cores from an enveloping coil, whicli 1 have described in considerable

detail in Tlie EUdi-icum [Reprint, vol. 1, Art. 28. See especially § 20j.

The retardation depends on the conductivity, on the indnctivity, and on
the section, under similar boundary conditions. If the conductivity be
lii^h enough, or the indnctivity or the section be large enough, to make
the central current appreciably less than the boundary current during

the greater part of the time of rise of the current, there will be an

apparent reduction in the time-constant. Go to an extreme case. Very
rapid short currents, and large retardation to inward transmission.

Here we have the current in layers, stnmg on the boundary, wesk in

the middla Clearly, then, if wo wish to regard the wire as a mere
linear circuit, which it is not, and as wo can only do to a first apy roxi-

mation, we siiould remove the central j)art of the wire— that is, increase

its resistance, regarded as a line, or reduce its time-constant. This will

happen the sooner the greater the indnctivity and the conductivity, as

the section is continuously increased. It is only thin wires that can be
treated as mere Unes, and even they, if the speed be' only great enough,

must be treated as solid conductors. I ought also to mention that the

influence of external conductors, as of the return conductor, is of

importance, sometimes of very great importance, in niodifyin!^ the

distribution of current in the transient state. I have had for years in

MS. some solutions relating to round wires, and hope to publish them
soon.
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As a general assistance to those who go by old methods— rising

current inducing an opposite current in itself and in parallel conductors

—this may be tisefol. ParaUel carrents are said to attract or repel,

according as the currents are together or opposed. This is, however,
meclianical force on the conductors. The distribution of current is not
affected by it. But when currents are increasing or decreasing, there is

an apparent attraction or repulsion between them. Opj)Ositely going
currents repel when they arc decreasing, and attract when they are

increasing. Thus, send a current into a loop, one wire tihe return to
the other, both being close together. Daring the rise of the current it

will be denser on the sides of the wires nearest one another than on the
remote ?idos. Tt is an apparent force, not between currents (on the
distance-action and real motion of electricity views), but between their

accelerations.

NoTB 3. I did not expect to return to the snbject, and do so because
Prof. Hughes has apparently misunderstood my statements. On p. 495
of Th^ Eh'iridun for April 30, 1886, be sav!^:—"Mr. OHver Heaviside
points out tliat upon a close examination it will be found that all the

effects which I have described are well known to mathematicians, and
consequently old. A regard for accuracy compels me to point out that

I did not niuake the statement he credits me with ; nor, to avoid any
hypercritieism, is the above a correct sammaiy of the many things that
I pointed out.

I said, "The discoveries I looked for vanished, for the most part,

into thin air. They became well-known fuels wlien put into common
language." Observe here my "for the most part" as against Prof.

Hughes's "alP; and that I said not a word about mathematicians in

the whole letter. An immediate consequence of my statement is

another, namely, that some, although a minority, of the results were
not well known. Tliere is a material difference between what I said

and what Prof. Hughes makes me say. In another ]>lace I said that I

had "failed to find any departure from the known laws of electro-

magnetism," and then proceeded to give my reasons for it. This
statement indndes the well-known facts as well as those which are not
well known.

It may be as well that I should illustrate the difference between well-

known facts and those that are less known, or only known theoretically.

The influence of the form of a thin wire (a linear conductor), and of its

length, diameter, conductivity, and inductivity on the phenomena of

salfindttcfcion is well known. The various relations involved form the

ABC of the subject. So are the effects of concentration of the current,

and of dividing it, or spreading it out in strips, w ell known. There is

another influence that is well known, that is scarcely touched upon by
Prof. Hughes. The self-induction depends u])()n the distribution of
indtictivity, that is, in another form, of inductively magnetisable matter,

outside the current^ as well as in it, in a manner which is quite definite

when the magnetic properties of the matter are known.
It is not to be inferred that verifications of weU-known facts are of no
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value

—

t}ttA depends upon cnrcamstuices. To be of any use, we must
know what we are measuring and verifjing. The theory of self and
mntaal indaction in linear circuits is :ilmost a branch of pure mathe-
matics, po simply are the quantities related, and so exactly. It furnishes

a most remarkable example of the dependence of complex phenomena
on a very small number of independent variables, by ignoring minute
dielectric phenomena. In getting verifications, then, it is first necessary

to emi)Iuy a correct method. I have elsewhere [The Eledridant April 30,

1886, p. 489 ; the next Art. 33] shown the approximate character of Prof.

Hughes's method of balancinir. and pointed out exact methods. Next,

it is necessary to put results in tenus of the quantities in the electro-

magnetic tlieory which is founded upon tlie well-known facts ; how
else can \\c know what we are doiu^, and see how near our verifica-

tions go!
Coming now to results that are not well known, there is the thick-

wire cfTect, depending on size, conductivity, inductivity, place of return

current, etc. This is, in my opinion, the really important ]iart of Prof.

Hughes's researches, as it, in some respects, goes beyond what was
already experimentally known. Having been, so far as I know, the

first to correctly describe (2%e Eledncian, Jan. 10, 1885, p. 180)

[Beprint, vol. L pp. 439, 440] the way the current rises in a wire, vi&,

By diffusion from its boundary, and the consequent approximation,

under certain circumstances, to mere surface conduction ; and believini:

Prof. Hughes's researches to furnish experimental verifications of my
views, it will be readily understood that I am specially interested in

this ellect ; and I can (in anticipation) return thanks to Prof. Hughes
for accurate measures of the same, expressed in an intelligible form, to

render a comparison with theoiy possible if it be practicable. I send

with this a fii'st instalment of my old core investigations applied to a

round %vire with the current longitudinal. [Section 26 of "£lectrO'

maf^netic Induction," later.]

There are also intermediate matters where one can hardly be said to

be either making verifications, except roughly, or diseoveries; for

instance, the sel^induction of an iron-wire coil. Theory indicates in

the plainest manner tliat the self-induction coefficient will be a much
smaller multiple of that of a similar copper-wire coil than if the wires

were straightened. Magnetic circuits are now getting quite popularly

understood, by reason of the commercial importance of the dynamo.
But there is really no practical way of carrying out the theory com-

pletelyi as the mathematical difficulties are so groat. Hence, actual

measurements of the precise amounts in various cases of magnetic
circuits are of value, if they be accompanied by the data necessary for

comparisons.

Tliere is, hnwrvir, this little difficulty in the way when transient

currents are employed. Iron, by reason of its high inductivity, is pre-

eminently suited for showing the thick>wire effect We may not,

therefore, be always measuring what we want, but something else.

•
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XXXIV. ON THE USE OF THE BRIDGE AS AN INDUCTION
BALANCE.

{TheSUariekm,AvAaSKl8M, p. 480.]

In coQDection with a paper "On Electromagnets, etc.," that I wrote
about six years ago [Reprint, Art. xviL, vol. 1, p. 951 which paper
dealt nuunly with the question of the influenoe of the electromagnetic

indnction of the lines and instruments on the magnitude of the signalling

currents, an influence whidi is of the greatest import.nicc on sliort lines,

and which (of the instruments) is, even on long lines, where electro-

static induction is prominent, of importance as a retarding factor, I

made a great many experiments on seU-iuduction, amongst which were
meMnrements of the indnctancee of various telegraph instraments, with
a view to ascertaining their practical values, and also the multiplying
powers of the iron cores. It was my intention to write a supplementary
paper givfn;^' the results and also further investigations

;
but, having

got involved, in the course of the experiments, in the difficult subject

of magnetic iuductivity, it was postponed, and then dropped out of

mind.
I used, first of all, the Bridge and condenser method described by

Maxwell, with reversal^ and a telephone for current indicator. This
was to get results at once, or by simple calculations, in electromagnetic

units. Next, I discarded the condenser, and used the simple P>ridge,

balancing coils against standard coils. Thirdly, I have used a differ-

ential telephone with the same object.*in a similar manner. The two
laet are very sensitive methods, and the verifications of the theory of
induction in linear conductors that I have made by them are numerous.
The whole of this journal would be required to give anything like a

full investigation of the various ways of using the Bridge as an induction

balance. I can, therefore, only touch lightly on the subject of exact

balaucts, especially as I have to remark upon faulty methods, approxi-

mate balances, and absolutely false balances. Prof Hughes's balance
Is sometimes fairly approximate, sometimes quite false.

Put a telephone in the branch 5, ball«ry and
interrupter in 6. Then, r standing for resistance,

/ for inductance (coetlicient of self-induction),

and X for /yr, the time-constant of a branch,

the conditions of a true and perfect balance,

however the impressed force in 6 vary, are three

in number, namely,

(1)

(2)

(8)

Their interpretations are as follows :—If the first condition is fulfilled

there will be no final current in 5 when a steady impressed force is put
in 6. This la the condition for a true resistance balance.

B.S.P.—^VOL. If. o
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If, in addition to tliis, the second condition be also satisfied, the

inteRral eztrarcnmnt in 6 on making or breaking 6 is seio, berides the

steady enrrent being zero. (1) and (2) together therefore give an
approximate induction balance with a true resistance balance.

If, in addition to (1) and (2), the third condition is satisfied, the

extra-current is zero at every moment during tlie transient state, and
the balance is exact, however the impressed force in ti vary.

Practically, take

ri = r2, and 1^ = 1^, (4)

that is, let branches 1 and 2 be of equal resistance and inductance,

^en Uie second and third conditions become identical; and, to get

pwfeet bslances, we need only make

rg-r^, and 1^ = 1^ (5)

This is the method I have generally used, reduciug the three con-

ditiona to two, whUst preserving exactness. It is also the simplest

method. The mntual induction, if any, of 1 and 8, or of 3 and 4, does

not influence the balance when this ratio of equality, risf^ is employed
(whether = or not). So branches 1 and 2 may consist of two

similar wires wound together on the same bobbin to keep their temper-

atures equal.

The sensitiveness of the telephone has ixen greatly exaggerated.

Altogether apart from the question of referring the sensitiveness to the

human ear rather than to the telephone, it is certainly, under ordinaiy

circumstances, often unable to appreciate the differences of the second

order, which vanish when the third condition is satisfied. Thus (1)

and (2) satisfied, but with (3) un.satisfi<Ml, will j^ive silence. Take, for

instance, = and = but diiiereut from and from then

silenee is given by

(6)

that is, by making the diflferences of the inductances on the two sides

of 5 proportional to the resistances. We can therefore get silence by
varying the inductance of any one or more of the four branches 1, 2, 3,

4, to suit equation (6). It is certain that we do get silence this way,

but it does not follow that silence is given by fxadhi satisfying (6), (and

(1) of course), because it is only a balance of integral extra-currents,

and other balances of this kind arc certainly quite false sonn tinies.

To avoid any doubt, it is of course best to keep to the legitimate and
simpler previously-described method.

There are some other ways of using the Bridge as an induction

balance in an exact manner, but they are less practically useful than
theoretically interesting. Pass, therefore, to other approximate, and to

false balances. Suppose we start with a true balance, and then upset

it by increasing the inductance of the branch 4. It is clear that we
ihomd never alter the already truly established resistance balance.

Now, besides by the exact ways, we can get approximate silence by
allowing mutual induction between 5 and any of the other five branches^

or between 6 and any of the other five branches, that is nine ways, not
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Mimting combinatioiiB. (Pat test coils in 5 and 6 with long leading

wires, so that they may be carried about from one branch to another.)

These approximate balances are all of the integral extra-current only,

and therefore imperfect, however nearly there may be silence. But the

sUenoes aie of very different values.

I find, using fine-wire coils, that mntnal indnction between 6 and 4
or between 6 and 3 gives silence (to my ear) with the trae resistance

balance, just like the approximate balance of equation (6) in which no
mutual induction is allowed.

These are only two out of the nine ways. All the rest are bad. If

the difference in the inductance of 3 and 4 be small, there is very

nearly sUenoe on using any of the other seven ways
;
but, the larger

this difference is made, the louder becomes the silence," and sometimes
it is even a very loud noise, quite comparable with the original sound
that was to be destroyed, even when the combinations 6 and 4 or 6 and

3, and the formerly-mentioned method give a silence that can be felt,

with the true resistance balance.

It is certainly a rather remarkable thing that the one method out of

these seven faulty ways which gave the very loudest sound was the 6
and 6 combination, which is Professor Hughes's method. I do not say
that it is always the worst, although it was markedly so in my experi-

ments to test the tnistworthiness of the method. And sometimes it is

quite fair. In fact, when the sound to be destroyed is itself weak, all

the seven faulty methods are aupaieutly alike, neaily true. But when
we exaggerate the inequality of mduetance between 3 and 4, whilst the

6 to 4 and 6 to 3 combinations keep good, the others get rapidly worse,

and differences appear between the^i.

I found that by increasing the resistance of the branch whose
inductance was the smaller, the sound was diminished greatly, in

the seven faulty methods. The coil of greater inductance had apparently

the higher resistance. That is, with a false resistanee balance we may
approximate to sQence. Such a balance Is condemned for scientific

purposes.

Although mutual indnction between G and 4 or G and 3 gave silence,

with true resistance balances, the experiments were not sufticieiitly

extended to prove their general tnistworthiness. There is, however,

some reason to be ^iven for their superiority. For, since the dis-

turbance in the telephone arises from the inequality of the momenta of
the currents in the branches 3 and 4, and of the electric impulses

arising in them when contact is broken in branch 6 (considering the

break only for simplicity), we go nearest to the root of the evil by
generating an additional impulse in 3 or 4 themselves from the battery

branch, oi the right amount.
The fbUowliig is an outline of the theonr of these appfozimate

balances. Let r^^r^^rjr^ first; so that^ C standing for current^ we have,

in the steady stat^

C, = C3 = C\rjr^ C, = 6',, (7,= ^4(1 + rjr,) (7)

The momentum of the current in branch 1 is l^C\, that m 2 is 1^02, and
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so on. Consider the break, and the integral extra-current that then

arises from l^C^ It is

'l^ 'l
- { '

l
+ + ' 6(^3 + '•4)/(^3 + ^4 + » 5) }

'

and {r^ + r^)l(r., + U + r^) is the fraction of this that goes through 5 ; so

thftt the integral current in 5 due to ZjC, is

h^iih + - { (^'i + »2)('a + '-4) + hi^-i + '2 + ''s +U^U
or {rg + 7-4 + r, + r^rjr^},

by making use of equations (1) and (7).

Treat the others similarly. The total ertnninrrent in 5 ia

without any mutual induction. So

gives approximate balance. This was mentioned before, and becomes

an exact balance with makes and breaks when a ratio of equality is

taken.

Now let tliere be mutual induction between 6 and 4, 5 and 4, and 5

and 6, the mutual inductances being M^, etc Treating these similarly

to before, we shall find the total extra-current in 5 on the break taking

place to be

+if^l + rjr^){l + rjr^)
}
t\ -r (fg + r, + + r^rjr^) (9)

The theory of the make leads to the same result—that is, as regards

the inleynd extra-current. Otherwise they are different So, using

(Hughes's method) the zero integral current is when

Using we have

Uiz^^Xi-'X^-x^)-¥MJi\-¥rJr^)^0,
Using we have

Uk^-^^A -^2- ^3) + i = 0 (12)

Practically employ a ratio of equality rj = r2,
/i
= ^2 5 ^^^^ make

branches 1 and 2 equal fixtures. Then these three equations become

h-h + ^M.Jl+rJr,) = 0 (10a)

M^{l+rjr,)~0, (11a)

/4-ig+2if^-0. (12a)

Thus the system has the simplost formula, as well as being
practically perfect. It is the same with M^y Either of these must
equal half the difference of the inductances of 3 and 4.

As (10a), or, more generally, (10) contains resistances, we cannot get
any definite results from I'rof. Hughes's numbt is without a knowledge
of the resistances concerned. Note, also, that (10) and (11) are faulty
balances; to improve them, destroy the resistance balance; of course
then the formula will change, and is likely to become very complex.

It will be understood that when I speak of false resistance balances
in this paper 1 do not in any way refer to the thick-wire phenomenon.
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mentioned in my letter [p. 30], which, from its very nature, requires

the resistance balance to be upset, or bo diffen^nt from what it would
be if the wire were thin, but of the same n al [i.e., steady] resistance.

The resistance balance must be upset in a perfect arrangement Nor
can there be a trae balance got, but only an approximate one, unless

a similar thick wire be employed to produce balance.

What T refer to here is the npsctting of the true resistance l>alatice

when there is no perceptible departure whatever from the linear theory.

The two effects may be mixed.

To use the Bridge to speedily and accurately measure the inductance

of a coil, we should have a set of proper standard coils, of known
inductance and resistance, togetlier \\ ith a coil of variable inductance,

i.e.y two coils in sequence, one of which can be turned round, so as to

vary the inductance from a minimum to a maximum. (The scale of

this variable coil could be calibrated by (12(z), first taking care that the

resistance balance did not require to be upset.) This set of coils, in or

oat of circuit according to plugs, to form say branch 3, the coil to be
measured to be in branch 4. Katio of equality. Branches 1 and 2
equal. Of course inductionless, or practically inductionless resistances

are also required, to get and keej) the resistance balance.

The only step to this I have made (this was some years ago) in my
experiments, was to have a number of little equal unit coils, and two or

three multiples; and get exact balance by allowing induction between
two little ones, with no exact measurement of the fraction of a unit

So long as we keep to coils we can swamp all the irregularities due
to leading wires, etc., or easily neutralise them, and therefore easily

obtain considerable accuracy. With short wires, however, it is a

different matter. The inductance of a circuit is a definite quantity.

So is the mutual inductance of two circuits. Also, when coils are

connected together, each forms so nearly a closed circuit that it can be
taken as such, so that we can add and subtract inductances, and localise

them definitely as belongint: to this or that part of a circuit. But this

simplicity is, to a great extent, lost when we deal with short wires,

unless they are bent round so as to make nearly closed circuit.s. We
cannot fix the inductance of a straight wire, taken by itself. It has no
meaning, strictly speaking. The return current has to be coniddered.

Balances can always be got, but as regards the interpretation, that will

depend upon the configuration of the apparatus. [Sise Section xxxviii.

of " Electromagnetic Induction," later.]

Speaking with diffidence, having little e.\j)crience with short wires, I

should recommend 1 and 2 to be two equal wires, of any convenient

length, twisted together, joined at one end, of course slightly separated

at the other, where they join the telephone wires, also twisted. The
exact arrangement of 3 and 4 will depend on circumstances. But
always use a long wire rather than a short one (experimental wire).

If this is in branch 4, let branch 3 consist of the standard coils (of

appropriate size), and adjust them, inserting if necessary, coils in series

with 4 also. Of course I regard the matter from the point of view of

getting easily tnterpretable results.
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The exact balance ( 1 ), (2), (3) above is quite special. If the branches

I and 3 consist of any combination of conductors and condensers, with

induction in manes of metel allowad, and bnmchM 2 and 4 oonsiBt of

an exactly equal oombination, in eveiy respect, there will never be any

enrrent in 6 due to impressed force in 6. And, more generally, 2+ 4

mtiy be only a copy of 1 + 3, on a reduced scale, so to speak.

P.8.—(April 27, 1886.) The great exactness with which, wlien a

ratio of equality is used, the il/,.^ and il/gg methods conform to tlie true

resistance balance, as above mentioned, together with liie almost per-

sistent departure of the if^^ (Hughes's) method from the true resistance

balance, led me to suspect that, as in the use of the simple Bridge

method, with no mutual induction, the thror' conditions of a true balance

are reduced to two by a ratio of equality, the same thing hapi)en8 in

the J/ju and M^,^ methods, but not in the M^y This I have verified.

In Hughes's system the tlii'ce conditions are

*4(«i + a?4-«2-a-8) + ^^5«(l +rjri){^+rjr^) = 0 (U)
- 1J, + M^{1, 4- + +g = 0. (1 5)

Now take li^l^, r^ = r^, ^s
= U> second and third are

eqniTslent to

^4 - +2MJJl + r,/r,)= 0, 2xjx^- 1 + IJl^

The second of these is a speruil relation that must hold before the first

is true. Hence the sound with a true resistanoe balance and the
necessity of a false balance to get rid of it.

But in the method the conditions are

+ ^-4 - - ;r3) + M,,,{ 1 + rjr^) = 0, (17)

hh-U, + M^{h + l^ = 0 .....(18)

Take = Ip i\ = = as before, and lu/w the second and third

conditions become identical, viz., .

agreeing with the previously obtained equation (12a).

Thus, whilst Hughes's method is inaccurate, sometimes greatly so,

we may employ the 3/^^ and M^^ methods without any hesitation^ pro-
vided a ratio of cfjuality be kept to. They will be as accurate as Uie
simple Bridge method, and the choice of the methods will be purely *
matter of convenience.

I have verified experimentally that the Hiu^hee system requires a
false resistance balance when, instead of coils, t&mt wues are used, the
branch of greater inductance having apparently the greater resi.stance.

I have also verified that this effect is mixed with the thick-wire etiect,

which last is completely i.solated by using the proper Mf.^ method or
the simple Bridge. Its magnitude can now be exactly measured, free

from the errors of a faolt^ method. That is, it can be estimated for

any particular speed of mtermittences or reversals, for it is not a
constant efieet balance a very thin against a very thick wire, so that
the effect ooeurs only on one aide.
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XXXV. ELECTBOKAGNEnO INDUCTION AND ITS
PROPAGATION. (Sboomd Half.)

{The Electrician, 1886-7. Section XXV., April 23, 1886, p. 469 ; XX\ 1., May
14, p. 8 (vol. 17) ; XXVII., June 11, p. S8 ; XXVIIL, June 25, p. 128 ; XXIX.,
•Tulv -i.^, p. 2\'2: XXX., August 6, p. 2o2 : XXXT.. Augxist 20, p. 296; XXXII.,
August 1:7, p. :UG ; XXMll., November 12, p. 10 (vol. IS) ; XXXIV., Deceinljer

24, 1886, p. 143; XXXV., January 14, 18S7, p. 211; XXXVl., February 4,

p. 281 : XXXVII., March 11, p. 31K) ; XXXVIII., April 1, p. 457; XXXlXo..
May 13, p. .1 (vol. 19); XXXlX/>., May 27, p. 50 ; XL., June 3, p. 79; XLI.,
June 17. p. 124 ; XLIL, July 1, p. 163; XUIL, July 15, p. 206; XLIV., August
12. p. 295; XLV., August 26, p. 340; XLVL, Ootobw 7, pb 460; XLVIL,
December 30, 18S7, p. 189 (vol. 20).J

SicnoN XXV. SoMB Noras on MAONsnsATioN.

Although it is generally believed that magnetism is molecular, yei

H is wall to bear in mind that all our knowledge of magnetism is

derived from experiments on masses, not on single mo]ecalea» or
molecular structures. We may break up a magnet into the smallest

pieces, and find that they, too, are little magnets. Still, they are

not molecular magnets, but magnets of the same nature as the

original; solid bodies showing magnetic properties, or intrinsic-

ally magnetised. We aze nearly as nr away as eyer from a mole-
coiar magnet To conclude that molecules are magnets because
dividine a magnet always produces fresh magnets, would clearly be

Unsonnd reasoning. For it involves the assumption tliat a molecule

has the same magnetic property as a mass, i.e., a large collection of

molecules, having, by reason of their connection, properties not

possessed by the molecules separately. (Of course, I do not define

a molecule to be the smallest part of a substance that has aU the
properties of the mass.) If we got ilown to a mass of iron so small
that it contained few molecules, and therefore certainly not possess-

ing all the prnporties of a larger mass, what security have we that

its magnetic property would not have begun to disappear, and that

their complete separation would not leave us without any magnetic

field at all surrounding them of the kind we attribute to intrinsle

magnetisation. That there would be magnetic disturbances round
an isolated moleciile in motion through a medium, and with its parts

in relative motion, it is difficult not to believe in view of the partial

co-ordination of radiation and electromagnetism made by Maxwell.
But it might be quite different from the magnetic field of a so-called

magnetic molecule— that is, the field of any small magnet This
efident mscnetisation might be essentially conditioned hj structurOi

not of sin^e molecules, but of a collection, together with relatire

motions connected with the structure, this structure and relative

motions conditioning that peculiar state of the medium in which
they arc immersed, which, when existent, implies intrinsic magnct-

idaLiou of the collection of molecules, or the little mass. However
this be, two things are deserving of constant remembrance. Ffisf^

that the molecular theory of ma^etism is a speeulation which it ia
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desirable to keep well separated from theoretical emboUiraents of

known facts, apart from hypothesis. And next, that as the act of

exposing a solid to magnetising inflnence is, it is scarcely to be
doubted, always accompanied by a changed structure, we should

take into account and endeavour to utilise in theoretical reasoning

on magnetism which is meant to contain the least amount of

hypothesis, the elastic properties of tlie body, speaking genciiilly,

and without knowing the exact couuecliou between them and the

mignetic property.

Hooke's law, Ut tensia, sic vis, or strain is proportional to stress,

implies perfect elasticity, and is the first approximate law on which
to found the theory of elasticity. But beyond that, we have im-

perfect elasticity, elastic fatigue, imperfect restitution, permanent
set.

When we expose an unmagnetised body to the action of a
magnetic field of unit inductivity, it either draws in the lines

induction, in which case it is a paramagnetic, is positively magnetised
inductively, and its inductivity is greater than unity; or it wards oft*

induction, in which case it is a diamagnetic, is negatively magnetised
inductively, and its inductivity is less than unity

;
or, lastly, it may

not alter the iield at all, when it is not magnetised, and its induc-

tivity is unity.

Kegarding, as I do, the force and the induction—^not the force and
the induced magnetisation—as the most significant quantities, it is

clear tliat the language in which we describe these eflects is some-

what imperfect, and decidedly misleading in so prominently directing

attention to the induced magnetisation, especially in the case of no
ittdnced magnetisation, when &b body is still subject to the magnetie
influence, and is as much the seat of magnetic stress and eneiigy as

the surrounding medium. We may, by coining a new word pro-

visionally, put the matter thus. All bodies known, as well as the

so-called vacuum, can be inductized. According to whether the

inductization (which is the same as "the induction," in fact) is

greater or less than in vacuum (the universal magnetic medium) for

the same magnetic force (the other factor of the magnetic eneigy
product), we tkye positive or negative induced magnetisation.

To the universal medium, which is the primary seat of the

magnetic energy, we attribute properties implying the absence of

dissipation of energy, or, on the elastic solid theory, perfect

elasticity. (Dissipation in space is scarcely within a measurable

distance of measurement.) But tiiat the ether, resembling an elastic

solid in some of its properties, is one, is not material here. Induc-
tisation in it is of the elastic or quasi-elastic character, and there can
he no intrinsic magnetisation. Nor evidently can there be intrinsic

magnetisation in gases, by reason of their mobility, nor in liquids,

except of the most transient description. But when we come to

solicis the case is different.

If we admit that the act of inductiiation nroduces a stmctoial
change in a body (this includes the case of no induced magnetisafcioii),
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and if, on removal of the inducing force, the structural chnnge

disappears, the body beliaves like ether, so fur, or has no inductive

reteutiveness. Here we see the advantage of speaking of inductive

rather than of magnetic retentiveness. But if, by reason of im-

pel feet elasticity, a portion of the changed structure remains, the

body iia.s inductive retentiveness, and has become an intrinsic

magnet. As for the precise nature of the magnetic structure, that is

an independent question. If we can do without ai>8uniin<^' any
particular structure, us for instance, the Weber structure, which is

nothing more than an alignment of ^e axes of moleculea^ a stmctnre
which 1 believe to be, if true at all, only a part of the magnetic
structure^ ao much the better. It is the danger of a too special

hypothesis, that as, from its detiniteness, we can follow np its

consequences, if the latter are partially verified experimentally we
seem to prove its truth (as if there could he no other explanation),

and 80 rest on the solid ground of nature. The next thing is to

predict unobserved or unobsenrable phenomena whose only reason

may be the hypothesis itself, one out of many which, within limits,

could explain the same phenomena, though, beyond those limits, of
widely diverging natures.

The retentiveness mav be of the most imstabic nature, as in soft

iron, a knock being suthcient to greatly upset the intrinsic magnetisa-

tion existing on first removing the magnetising force, and completely

alter its distribution in the iron ; or of a more or less permanent
diaracter, as in steel. But, wliether the body be para- or dia-

magnetic, or neutral, the residual or intrinsic magnetisation, if there

be any, must be always of the same character as the inducing force.

That is, any solid, if it have retentiveness, is made into a magnet,
magnetised parallel to the inducing force, like iron.

Until lately only the magnetic metals were known to show reten-

tiveness. Though we should theoretically expect retentiveness in

all solids, the extraordinary feebleness of diamagnetic phenomena
might be expected to be sufficient to prevent its observation. But,

first. Dr. Tumlirz has shown that quartz is inductively retentive, and
next, Dr. Lodge {Nature, March 25th, 1886) has published some
results of his experiments on the retentiveness of a great many
other substances, following up an observation of his assistant^ Mr.
Davies.

The mathematical statement of the connections between intrinsic

magnet i.'^atiou and the statu of the magnetic field is just the same
whetiier the magnet be iron or copper, para- or dia-magnetic, or is

neutral In fiust^ it would equally serve tat a water or a gas magnet,
were thegr poesiUe. That is^

curl (H - h) « 4irr, divB » 0

;

H being tlie magnetic force accordiiig to the equation B = /xH, where
fi is the induction and /m the inductivity, T the electric current, if

any, and li tiie magnetic force of the intrinsie magnetisation, or the
improsBcd magnetic force, as I have usually called it in previous
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sections where it has occurred, l)ecause it enters into all equations as

an impressed force, distinct from the force of the field, whose rotation

meMores the electric canent It is h and fi that are the two
concerned in intrinsic magnetisation and its field ; the quantity I,

the intensity of intrinsic magnetisation, only gives the product, viz.,

I = /ih/47r. It would not bo witliout some advantage to make h and

H the objects of attention instead of I and fi, as it simpliHcs iileas as

well as the formulae. The induced magnetisation, au extremely
artificial and rather onneoessary quantity, is (/i - 1) (H -h)/4fl'.

It will be understood that this system, when united with the
corresponding electric equations, so as to completely determine
transient states, requires h to bo {fiven, whether constant or variable

with the time. The act of transition of elastic induction into

intrinsic magnetisation, when a body is exposed to a strong field,

cannot be traced in any way by our equations. It is not formulated,

and it would naturally be a matter of considerably difficulty to do it
In a similar manner, we may expect all solid dielectrics to be

capable of being intrinsically electrized by electric force, as described
in a previous section. I do not know, however, whether any dielectric

has been found whose dielectric capacity is less than that of vacuum, or
whether such a body is, in the nature of things, possible.

As everyone knows nowadays, the old-fsshioned rigid magnet is a
myth. Only one datum was required, the intensity of magnetisation I,

assuming /a to be unity in as well as outside the magnet. It is a great

l)ity, reganh'd from tlie point of view of mathematical theory, which
is rendered far more dilHcult, that the inductivity of intrinsic magnets
is not unity. But we must take nature as we find her, and although
Prof. Bottomley has lately experimented on some very unmagnetisame
steel, which may approximate to /uial, yet it is perfectly easy to show
that the inductivity of steel magnets in general is not 1, but a lai^
number, though much less than the inductivity of soft iron, and we
may use a hard steel bar, whether magnetised intrinsically or not, as

the core of au electromagnet with nearly the same efiects, as regards
induced magnetisation, except as regards the amount^ as if it were
of soft iron.

Regarding the measure of inductivity, especially in soft iron, this is

really not an easy matter, when we pass beyond the feeble forces of
telegraphy. For all practical puri)oses n is a constant when the
magnetic force is small, and Poissou's assumption of a linear relation

between the induced magnetisation and the magnetic force is abundantly
verified. It is almost mathematically true. But go to larger forces,

and suppose for simplicity we have a closed solenoid with a soft iron
core, and we mac^netipe it. Let F be the magnetic force of the current.
Then, if tlir induction were completely elastic, we should have the
induction B=/xr. But in reality we have B = /ii(F + h) = ^H. If we
assume the former of these equations, that is, take the magnetic force
of the current as the msgnetic force, we shall obtain too large an
estimate of the inductivity, in reckoning which H should 1 > taken as
the magnetic force. This may be severu times as large as F. For, the
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softer the iron the more imperfect is its inductive elasticity, and the

more easily is intrinsic magnetisation made by large foiccs
; although

the xvtentiveuew may be of ft very infim nfttnre, yet whilst the force
F is on, there is h on alsa This over-estiiiiate of the inductivity may
be partially corrected by separately measuring h after the original

magnetising force has been removed, by then destroying h. But this

h may be considenibly less than the former. For one reason, when we
take oS F by stopping the coil-current^ the molecular agitation of the
heat of the induced carrents in the core, although the^ aro in suefa a
direction as to keep up the induced magnetisation wliilst they last^

is sufficient to partially destroy the intrinsic magnetisation, owing to
tlie infirm retentiveness. We should take oft' P by small instalmentSi
or slowly and continuously, if we want h to be left.

Another (^uantit^ of some importance is the ratio of the increment in

the elastio indnetion to the increment in the magnetic force of the

correntte This ratio is the same as ft when the magnetic force is small,

but is, of conrae, quite different when it is largo.

As regards another connected matter, the possible existence of
ma^etic friction, I have been examining the matter expenmentally.
Although the results are not yet quite decisive, yet there does appear
to be something of the kind in steel. That is, during the act ut m-
dactiTely magnetising steel by weak magnetic foice^ there is a reaction

on the magnetising current very closi ly resembling that arising from
eddy currents in the steel, but produced under circumstances which
would render the real eddy currents of quite insensible significance.

In soft iron, on the other hand, I have failed to obsrrve the effect. It

has nothing to do with the intrinsic magnetisation, if any, of the steel.

Bat as no hard and fast line can be drawn between one kind of iron

and another, it is likely, if there be snch an eft'ect in steel, where, by the
way, we should naturally most expect to find it^ that it would be, in a
smaller degree, also existent in soft iron. Its existence, however, will

not alter the fact materially that the dissipation of energy in iron when
it is being weakly magnetised is to be wholly ascribed to the electric

conents induced in it

P.S. (April 13, 1886.)—As the last paragraph, owing to the hypothesis

involved in ma^etic friction, may be somewhat obscure, T add this in

explanation. The law, long and generally accepted, that the induced
magnetisation is simply proportional to the magnetic force, when small,

is of such importance in the theory of electromagnetism, that I wished
to see whether it was minutely accurate. That is, that the curve of
magnetisation is, at the origin, a straight line inclined at a definite

angle to the axis of ab.scissa\ along which magnetic force is reckoned.

I employed a dififerential arrangement (ditferenlia! telephone) admitting

of being made, by proper means, of considerable sensitiveness. The
law is easily verified roughly. When, however, we increase the sensi-

tiveness, its accuracy becomes, at first sight, doubtfol; and besides,

differences appear between iron and steel, differences of kind, not of
mere magnitadei But as the sensitiveness to disturbing influences
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is also increased, it is necessary to carefully study and eliminai<3

thenL The prmciiMd dtttarbanees aie due to eddy eurrente, and to the

ariation in the resistance of the ezpeiimental coil with temperature.

For instance, aa rcganls the latter, the approach of the hand to the coil

may produce an effect larger than that under examination. The
general result is that the law is very closely tme in iron and steel,

it being doubtful whether there is any efl'cct that can be really traced

to a departure from the law, when rapidly intotmittent cnrrenta are

employed, and that the snpposed difference between iron and steel is

unverified.

Of roursf it will bo imdfrstond by scientific electricians that it is

necessary, if we arc to get results of scientific definiteness, to have

true balances, both of resistance and of induction, and not to employ an

arrangement giving neither one nor the other. He will also understand

th^ quite apart from the question of experimental ability, the theorist

sometimes labours under great disadvantages from which the pare
experimentalist is free. For whereas the latter may not be bound by
theoretical requirements, and can employ himself in making discoveries,

and can put down numbers, really standini; for complex quantities, as

representing the specific this or that, tliu former is hampered by his

theoretical restrictions, and is employed, in the best part of his time, in

the poor work of making mere yerifications.

Sbotion XXVI. Thk Transient State in a round wire with a
CLOSE-FITTING TUBE FOR THE RETURN CURRENT.

The propagation of magnetic force and of electric current (a function

of the former) in conductors takes place according to the mathematical
laws of diffusion, as of heat by conduction, allowing for the fact of the

electric quantities being vectors. This conclusion may perhaps be
considered very doubtful, as depending upon some hypothesis. ISince,

howcTcr, it is what we arrive at immediately by the application of the

laws for linear conductors to infinitely small circuits (with a tacit

assumption to be presently mentioned), it seems to me more necessary

for an o])jector to show that the laws are not those of diifusion, rather

than for me to prove that they are.

We may pass contiuuuusly, without any break, from transient states

in linear drcuito to those in masses of metal, by multiplying the

number ci, whilst diminishing the section of» the ''linear" conductors
indefinitely, and packing them closely. Thus we may pass from lioear

circuits to a hollow core ; from ordinary linear differential equations to

a partial differential equation ; from a set of constants, one for each
circuit, to a continuous function, viz., a compound of the function

and its complementary function containing the logaritlim. This I have
woriced out Though very interestine mathematically, it would occupy
some space, as it is rather lengthy. I therefore start from the partial

differential equation itself.

Our fundamental equations are, in the tbrm 1 give to them,

curlH = 4TG, -curlS=fiH, G^kR, (16)
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B and H being the elpctric and magnetic forces, C the conduction

current, k and /jl the conductivity and the inductivity. The assumption
I referred to is that the conductor has no dielectric capacity. Bad
conductors have. We are concerned with good conductors, whose
dielectric capacity is quite unknowii.
We are concerned with a special application, and therefore choose the

suitable coordinates. All equations referring to this matter will be

marked h. The investigations are almost identical with those given in

my paper on '* The Induction of Currents in Cores," in Thf Elrrii tnun

for 1884. [Reprint, vol. I., p. 353, art. xxvili.j The magnetic force

was then longitudinal, the current circular ; now it is the current that
is longitudinal, and the magnetic force circular.

The distribution of current in a wire in the transient state depends
materially upon the position of the return conductor, when it is near.

The nature of the transient state is also dependent thereon. Now, if

the return conductor be a wire, the distributions in the two wires are

rendered unsymmetrical, and are thereby made difficult of treatment
We, therefore, distribute the return current equally all round the wire,

by emplojring a tube, with the wire along its axis. This makes the

distribution symmetrical, and renders a compa^ati^'ely easy niatheniatical

analysis possible. At the same time we may take the tube near the

wire or far away, and so investigate the eil'ect of proximity. The
present example is a comparatively elementary one, the tube being

supposed to be close-fitting. As 1 entered into some detail on the

method of obtaining the solutions in ''Induction in Cores," I shall not

enter into much detail now. The application to ronnd wires with the

current longitudinal was made by me in The Elerfririan for Jan. 10, 1885,

p. 180, so far as a general description of the phenomenon is concerned.

See also my letter of April 23, 188G. IKeprint, vol. I., p. 440; vol. ll.,

p. 80.]

Let there be a wire of radius a, surrounded by a tube of outer radius

hf and thickness b~ a. In the steady state, if the current-density is F
in the wire, it is - rn-!{h- - a-) in tlie tube, if both be of uniform non-

ductiWty, and the tube or sheath be the return conductor of the wire.

Let 11^ be the intensity of magnetic force in the wire, and H2 in the

tube. The direetioii or the magnetic force is circular about the axis in

both, and the current is longitudinal. We shall have

flj . 2irrf, jy, - - 2irra«(f« - ft«)/r(ft«- ««), (26)

where r is the distance of thepoint considered from the axis. Test by
the first of equations (lb). We have

, 1 d««!.- ^r,

when applied to H.

Now let this steady current be left to itself, without impressed force

to keep it up, so that the ** eztra-enrFent " phenomena set in, and the

magnetic field subsides, the circuit being left closed. At the time /

Iftter, if the cunent^lensity be 7 at distance r from the axis, it will be

represented by y-2^J,(,ir)<^ (Zb)
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where is the sign of summation. The actual current is the sum of an

infinite series of little current distributions of the type represented, in

which At n, and jp «re constants, and JQ(nr) is tlie Fourier ^linder
fonetioii. We have

- -i-r^ — iiruJcy (4^)
r dr dr

'

Let djdt '=pt a eoDBtant, then » is given in terms ofp by

= - i-n-fikj) (56)

We suppose that k and fi. are the same in the wire as in the sheath.

Differences will be brought in in the subsequent investigation with the

sheath at any distance.

In (36) there are two sets of constants, the A*s fixing the dse of the
normal systems, and the n's or p's, since these are connected by (56).

To find the n's, we ignore dielectric displacement, since it is eIectro>

magnetic induction that is in ciuestion. This gives the condition

at r-6j (66)

ie., no magnetic force outside the tube. This gives us

Ji(7i*) = 0, (76)

as the determinantal equation of the n's^ which are therefore known by
inspection of a Table of values of the function.

Find the A*b by the conjugate property. Thus,

r);/^^Hr- f;r.>/^i.rW(t.-a.)

The full solution is, therefore,

y"PZ^2/--^«(»*)—'

giving the cnnent at time t anywhere.
The equation of the ma^etic force is obtained by applying the

second of equations (16) ; it is

^"^r^2/ - „aj|(n6jr"'
^^^^^

and the expression for the vector-potential of the current (for its scalar

magnitude A^^ that is to say, as its direction, parallel to the currc-ut,

does not vary, and need not be considered), is

This may be tested by

cnrlA-/»H; (126)
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curl being qows -djdr. In the steady state (initial), ^»0,

in the mn, and = ^^^I'V - J» + 2ft« log-\

in the sheath. Teat by (125) applied to (135) to obtain (26).

The magnetic energy being fiU'l^TT per unit voliune, the amonnt In

length I of wire and sneatb is, by (106),

To verify, this should equal the space-integral of ^^o7> using (116)

and (96). This need not be written. They are identical because

|Vo'(Myj rdr = ^'j^{ur) rdr = im^(nb),

so that we may write the expression for T thus,

The dissipativity being y-jk per unit volume, the total heat in length

/ of wire and sheath is, if p^k~\ the resistivity, and the complete

ariaUe period be included,

g-M2..r/(^-a.)}.S-^gi^y m
WTien / = 0, either by (146) or by easy direct investigation, the

initial magnetic energy in length I is

T.'^<^r{^^'^-^.^^^o^
giving the inductance of length I as

which may be got in other ways. This refers to the steady state. In
the transient state there cannot be said to be a definite inductance, as

the distribution varies with the time. The expression in (15^) for the

total heat may be shown to be equivalent to that in (166) for tlie initial

magnetic energy, thus verifying the eonservatiou of energy in our
system.

I should remark that it is the same formula (96) that gives us the

current both in the wire and tube, and the same formula (106) that

gives us the magnetic force. They are distributed continuously in the

variable period. It is at the first moment only that they are dis-

continuous, requiring then separate formulae for the wire and tube, i.e.,

senuratefinUe formuw, although only a single infinite series.

llie first term of (96) is, of course, the most important, representing
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the normal system of slowest subsidence. In fact, there is an extremely

rapid subsidence of the higher normal systems ; only three or four need
be considered to obtain aJmott a complete cnnre ; and, at a compara-
tivelj earlj stage of the sabsidence, the first normal sjrstem has become
hr greater than the rest. In fact, on leaving the current without •

impressed force, there is at first a rapid chanirf' in tlic distribution of

the current (and magnetic force), besides a rapid subsidt iic*'. It tends

to settle down to be represented by the first normal system ; a certain

nearly fixed dirtribntion, snbsidiug according to the exponential law of
a linear circuit.

To see the nature of the rapid change, and of the first normal system,

refer to Thf Ehrfrinnn of Aug. 23, 1884 [vol. I., p. 387], where is a

representation of the Jq and curves. In Fig 1, take the distance

OC, to be the outer radius of the tube, 0 being on the axis. Then the

curve marked is the curve of the magnetic force, showing its com-
parative stiengtn from the centre of the wire to the outside of the tube,

m the first normal system. And, to correspond, the curve id from 0
up to is the curve of the current, showing its distribution in the first

normal system.

1

? y
- Bj

0
V

We see that the position of the point with respect to the inner

radius of the sheath determines whether the current is transferred from
the wire to the sheath, or vice versa, in the early part of the subsidence.

If the sheath is very thin, so that the radius of the wire extends nearly

up to (\„ there is transfer of the sheath current (initial) from the slieath

a long way into the wire. On the other hand, if the wire be of small

radius compared with the outer radius of the tube, so that the tube's

depth extends from nearly up to Of there is a transfer of the original

wirOHSurrent a long way into the thick sheath. In Fig. 2 [vol. I., p^ 388]
are sliown the first four normal systems, all on the same scale as regards

the vertical ordinate, but we are not concerned with them at present.

Since -j»-^«4ir/i^/(n^)^

by (W), and -p'^ is the time-constant of subsidence of a normal
system, we have, for the value of the time-constant of the first system,

-p,-i--273ir^itt>,

because the value of the first nb, say n^b, is 3*83. Compare this with
the linear-theory Ume-constant LfBy where L is given by (176), and B
is the resistance of length I of the wire and sheath (sum of resistances,

as the current is oppositely directed in them). Let a~ Then

L-M28/J.
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We have also

H= 1 6//37rA-Z>-, therefore LjE =-211 iriikb\

so that the time constant of the first normal system is to that of the

, current in wire and tube on the linear theory as -27 to -21. But it is

only after the first sta<5e of the subisKicuce is over that this larger time-
constant Is vaUd.
We may write the expression for L thns. Let x= d/a» then

nearly the same as 2/J log a; when x is lai^ The minisiam is when
6 SB a; then L = J/i/. This is the least value of the inductance of a round
wire, viz., when it has a very thin and rloso fitting sheath for the return
current, so that tlie magnetic energy is couiined to the wire.

When bja is only a little over unity,

We have also B'^U^Iirka^l^-a^

and therefore L/B= irkfm^(=!!^^^^ - l).

Inespeetive of b/a hefng only a HtUe over unity, we have,

with ajb =
-jV,

LjR = •009(4a-/*yt62),

.» J» n '053 „ ,

1 0 .AOA

whilst tlic time-constant of the first normal system in all three cases is

The maximum of LjB with bja variable is when

(.r2-l)(a;2-^)/.r^-log.r,

X being h/a. This value of x is not much difi'erent from the ratio of the

nodes in the first normal system, or the ratio of the value of nr making
JAnr)=Otm the first time^ to tiiat making jQ(nr)»0. For the latter

Talue makes logx**465, and makes the other side of the last equation

be '4SG.

In the subsidence from the ste;uly state, the central part of the wire

is the last to get rid of its current. Hut the steady state has to be first

set up. Then it is the central part of the wire that is the last to get

its full current. To obtain the equations showing the rise of the

current and of the magnetic force in the wire and the tube^ we have to

reverse or negative the preceding solutions, and superpose the find
steady states. As these are discontinuous, tliere are two solutions, one

for the wire, the other for the sheath ; but the transient part of them,
which ultimately disappears, is the same in both. There is no occasion

to write tlicse out. •

If the steady state is not fully set up before the impressed force is

removed, we see that the central part of the wire is less useful as a con-

H.R.P,

—

TOV. TI. P
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ductor than the outer part, as the current is there the least. If there

are short contacts, as sufficiently rapid reversals, or intermittences, the

central part of the wire is pracLicall)' inoperative, and might be removed,

80 £ir as conducting the current is concerned. Immediately after the
impressed force is put on, there is set up a positive current on the out*

side of the wire, and a negative on the inside of tlic sheath, which are

then propagated inward and outward respectively. If the sheath be

thin, the initial (surface) wire-current is of greater and the initial

sheath-current of less density than the values Hnally reached by keeping

on the impressed force; whilst if it he the sheath that is thick the

reverse henaviour ohtaius.

This case of a close-fitting tube is rather an extreme example of
departure from the linear theory; the return current is as close as

possible and wholly envelops the wire-current. Except as regards dura-

tion, the distributions of current and magnetic force are independent of

the dimensions, i.e., in the smallest possible round wire closely sur-

rounded by the return current the phenomena are the same as in a big

wire similarly surrounded, except as regards the duration of the variable

period. The retardation is proportional to the conductivity, to the

inductivity, and to the square of the outer radius of the tube.

When, as in our next Section, we remove the tube to a distance, we
shall find great changes.

«

Section XXVII. The Variable Pkiiiod in a Round Wire with
A Concentric Tube at any Distance for the Kltuun
Current.

The case considered in the last Section was an extreme one of

departure from the linear theory. This arose, not from mere size,

but from the closeness of the return to the main conductor, and to

its completely enclosing it Practically we must separate the two
conductors by a thickness of dielectric. The departure from the linear

tlieory is then less pronounced ; and when we widely separate the

conductors it tends to be confined to a small portion only of the

variable period. The size of the wire is ihcii also of importance.

Let tiiere be a straight round wire of radius a^, conductivity A^, and
inductivity /Xp surrounded by a non-conducting dielectric of specific

capacity c and inductivity /x.^ to radius a,, beyond which is a tnbe of
conductivity and inductivity fi^ inner radius a, and outer Og. The
object of taking c into account, temporarily, will appear later.

Let the current be longitudinal and the magnetic force circular.

Then, by (16), if y is the current-density at distance r from the axis,

we shall have

\jr%"^''^^* ^^^^

in the condactors, and in the dielectric respectively ; the latter form

being got by taking y'^cEiiv, the rate of increase of the elastic

displacement
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A normal system of longitudinal coirentdensity may theiefore be
represented by

yi-AyfJi^n^T^ firomr»Otoa|'

y,-^/^(ngr)+J^o(V)» ^ f-fli*o«5 (1^*)

in the wiie^ in the insulator, and in the sheath, respectively, at a given
moment. In subsiding, frco from impressed forco^ each of these

expressions, when multiplied by the time-factor c**, gives the state at

the time / later.

Jj(nr) is the Fourier cylinder functior., aiul KJiiir) the cnmpleraentary
function. [For their expansions see vol. i., p. 387, equations (70) and

(71)]. The and Bb are constants, fixing the sise of the normal
functions ; the n's are constants showing the nature of the distributions,

and^ detennine.s the rapidity of the subsidence.

By applying to (196) we find

n/« - 4jr/zi^,;), »ii'--AViP*» »i = " ^r/ij^p; (206)

expressing all the n's in terms of the p.

Corresponding to the expressions (196) for the current^ we have the

following for the magnetic force :—

Ilr- -(W/Vl>'){^/i(»/) + ^^.'^i(V)}» <2U)

ff,- -(nJt^nP) M*^i(«»r) + ^s^,(n,r)}.j

where, as is usual, the negative of the differential coefficient of JJjs)

with respect to s is denoted by Ji{z) ; and, in addition, the negative of

the differential coefficient of A^c) with respect to z is denoted by K^{z).

These equations (216) are got by the second and third equations (16),

in the case of JJ^ and ; and in the case of by using, instead of

Ohm's law, the dielectric equation, giving

in the dielectric, E being the electric force. Of course dldt=p, in a
normal S]rstenL

We have next to find the relations between the five J*8 and A, to

make the three .solutions fit one another, or harmonize. This we must
do by means of the boundary conditions. These arc notliing more than

the surface interpretations of the ordinary equations referring to space

distributions. In the present case the appropriate conditions are con-

tinnity of the magnetic and of the electric force at the boundaries,

because the two forces are tangential ; the conditions of continuity of
the nonnal components of the electric current and of magnetic induc-

tion are not applicable, because there are no normal components in

question. If the magnetic or the electric force were discontinuous, we
should have electric or magnetic current-sheets.

Thus i/j and are equal at r = a^, and and are equal at

r»<iy These give, by (216),
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and (*»»a/fW^) { ^^•/i("/*2) + ^2^'i("2^2)

}

-{^tli^H^fefiM+B^iin^} (23ft

j^milarly, and E^ are equal at r»ap and JE^^ and are equal at
Tfrno^ These give, by'( 1 %),

(Ai^y,M'(^m^^ijM (24*)

and

Thus, starting with given, (226) and {2ih) give -^2 ^ terms
of j^i, and then (236) and (256) give ^» and ^3 in tenns of A^.
Similarly we might carry the system further, by putting more con-

centric tubes of conductors and dielectrics, or both, outside the first

tube, using similar expressions for the magnetic and electric forces

;

every fresh boundary giving us two boundary conditions of continuity

to connect the solution in one tube with that in the next. But at
present we may stop at the first tube. Ignore the dielectric displace-

ment beyond it^ t.tf., put ( - 0 beyond r= a^, because our tube is to

be the return conductor to the wire inside it. We may merely remark
in passing tluit although when such is the case, tliere is, in the stead}""

state, absolutely no magnetic force outside the tube, yet this is not
exactly true in a transient state. To make it tme, take c = 0 beyond
r—ag ;

requiring H.^ = 0 tit r—Og. This gives, by (2U),

A,J,M + B,K,M = 0. (26ft)

Now Ap and arc, by the previous, known In terms of Ay Make
the substitution, and wo find, first, that A^ is arbitrary, so that it,

when given, fixes the size of the whole normal system of electric and
magnetic force; and next> that the n*B are subject to the following

equation :

—

5^o(»A)^
r» /*2

where, on the left side, to save trouble, the dots represent the same
fraction that aj)pears in the numerator immetliately over them.
Now, the w's are known in terms of p, hence {27b) is the deter-

mmantal equation of the ps, determining the rates of subsidence of
all the possible normal systems. We have, therefore, all the informa-
tion required in order to solve the problem of finding how any initially

given state of circular magnetic force and longitudinal electric force in

the wire, insulator, and sheath subsides when left to itself. We merely
require to decompose the initial states into normal systems of the above
types, and then multiply each term by its proper time-factor to let

it subside at its proper rate^ To effect the decomposition, make use of
the nniveisal conjugate property of the equality of the mutual potential
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and the mutual kinetic energy of two complete normal systems, IL^ T^^

[vol. I., p. 523], which results from tiie equation of aettnty. We start

with a given amount of electric enei^ in the dielectric, and of magnetiG
energy in the wire, dielectric and sheath, which are finally used up in

heatinj]; the wire and shoath, ar-eordiDg to Jotilc's law.

it would be useless to write out the expressions, for 1 have no
intention of discussing them in the above general form, especially as

regards the intluencc of c. Knowing from experience in other similar

cases that I have examined, that the effect of the dielectric displace-

ment on the wire and sheath phenomena is very minute, we may put
c-=0 at once between the wire and the sheath. We mi^ht have done
this at the beginning? ; but it happens that although the results are

more complex, yet tlie reasoning is simpler, by taking c into account.

The question may be asked, how set up a state of purely louj^itudinal

eleetric force in the tuhe, sheath, and intennediate dideetncl As
regards the wire and sheath, it is simple enough ; a steady impressed
force in any part of the circuit will do it (acting equally over a complete
section). But it is not so easy as regards the dielectric. It requires

the impressed force to be so distributed in the conductors as to support

the current ou the spot without causing difference uf potential. There
will then he no dielectric displacement either (unless tnere be impressed
force in the dielectric to cause it). Now, if we remove the impressed
force in the conductors, the subsequent electric force will be purely
longitudinal in the dielecf n'(" ns well as in the conductors.

But practically we do not set up currents in this way, but by means
of localised impressed forces. Then, although the steady state is one of

longitudinal electric force in the wire and sheath, in the dielectric there

is normsl or outward electric force as well as tangential or longitudinal,

and the normal component is, in general, far greater than the tangential.

In fact, the electrostatic retardation depends upon the normal displace-

ment. But electrostatic retardation, which is of such immense import-

ance on long lines, is quite insignificant in comparison with electro-

magnetic on short lines, and in ordinary laboratory experiments with
dosed circuits (no condensers allowed) is usually quite insensible. We
see, therefore, that when we put c-0, and have purely longitudinal

electric force, w«> get the proper solntiona suitable for such cases where
the influence of electrostatic charge is negligible, irrespective of tlie

distribution of the original impressed force. Our use of the longitudinal

displacement in the dielectric, then, was merely to establish a connec«

tion in time between the wire and the sheath, and to simplify the
conditions.

(In passing, I may give a little bit of another investigation. Take
both electric and mai^netir induction into consideration in this wire and

sheath problem, treating them as solids in which tiie current distribution

varies with the time. The magnetic force is circular, so is fully specified

by its intensity, say H, at distance r from the axis. Its equation is, if

» be measured along the axis,

d \ d jr , , ; rV
. u
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in which discard the last term when the wire or sheath is in question ;

or retain it and discard the previous when the dielectric is ooiuddered.

The fonn of tho normal H solution is

fftmJ^{sr){J sin + B coB)mz€*^,

for the wire, where s' = - {iTryJcp + in^). The cnrrent has a longitudinal

and a radial component, say F and 7, given by

r = «<^o(^' ) sin + B co&)inz c'",

y = - inJ^(sr)(A cos - B sin)//?: e^'.

In the dielectric and sheath the Kq and A| functions have, of course,

to be counted with the Jq and Jy)
Now put c = 0 in (27ft). We shall have

Joiner) = 1 ; - n^^ {n ,r) = 0
; Kf^{n^) = log {n^r) ; - n^rKiin^ ) = 1

;

which will bring {27b) down to

J V_ W3 Jj(n./t.^)A7 II .^(1.^) -J^(n./!..)K^(n.^a.,)

the dcterminantal cc^uatiou in the case of ignored dielectric displace-

ment
To obtain this directly, establish a rigid connection between tlie

magnetic and electric forces atr=a, and at r = a^ thus. Since there is

no current in the insulatinf; space, the magnetic force varies inversely

as the distance from the axis of the wire. Therefore, instead of the
second of {2lb), we shall have

by the first of (216). Thus JL at r -^a.^ is known, and, equated to

at r«ao, gives ns one equation oetween A-f, A^ and ^3. Next we have

Hi meaning, temporarily, the value of at r<«a,. This, when
multiplied by /x^, is the amount of induction through a rectangular

portion of a plane through the axis, bounded by straight lines of unit
length parallel to the axis at distances (Zj and / from it; or the line-

integral of the vector-potential round the rectangle ; or the excess of the
vector-potential at distance r over that at distance a^j so, wheu
multiplied by p, it is the excess of the electric force at over that
at r. Thus the electric force is known in the insukting space in terms
of that at the boundary of the wire. Its value at r = (/., equated to

at r = a2 gives us a second e(iuation between Ai, A^, and'^3. The third
is equation (266) over again, and the union of the three gives us (286)
again.

We now have, if and are the actual current^endties at time i in
the wire and the sheath respectively,
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where B^ji\ -

in which only the A requires to be found, ao that when / - 0, the initial

state may be expressed. The decompoeition of the initial state into
normal systems may he effected by the conjugate property of the
vanishing of the mutual kinetic energy, or of the mutual dissiputivity

of a pair of normal systems. Thii^, in the latter cssei writing (296)
thus,

y^^
= ^Au, y^=^Ai't wc shall have

J a,

ttj, iy and u.,, r.y beinj; a pair of normal solutions.

\\ e can only get rid of those disagreeable customers, the A» and A'^

functions, by taking the sheath so Uiin that it can be regarded as a
linear conductor—{.«., neglect variations of current-density in it, and
oonsider instead the integral current (Except when the sheath and
wire are in contact and of the same material, as in the last section.)

Let be the very small thickness of the sheatli, and cvahiate (28ft) on
the supposition that is infinitely smalli so that and a, are equal

ultimately. The result is

the determinantal equation in the case of a round wire of radius a, with a
return conductor in the form of a very thin concentric sheath, radius

Notice that /X3, the inductivity of the sheath itself, has gone out
altogether ; that is, an iron sheath for the return, if it be thin enough,
does not alter the retardation as compared with a copper sheath,

prorided the differenee of conductivity be allowed for.

We may get (306) directly, easily enough, by considering that the
total sheath-current must be the negative of the total wire-cumnt|
which last is, by integrating the first of (296) throughout the wire^

«(^/iH)2inH2J,(«,<i,)€'-.

This^ divided by the volume of the sheath per unit length, that is,

by 2irtyi^ gives us the sheath current-density, and this, again, divided

by h.^ gives us the electric force at r = rt.>. Another expression for the

electric force at the sheath is given by the previous method (the

rectangle business). Equate them, and {30b) results.

We have now got the heavy work over, and some results of special

cases will follow, in which we uiall be materially assisted bv the analogy

of the eddy currents in long cores inserted in long solenoidal coils.

Section XXVIII. Some Special Results relating to thjc Rise
OF THE Current in a Wikh.

Premising that the wire is of radius conductivity /•,, inductivity

f^^^,
tliat the dielectric displacement outsiilc is ignored: and that the

sheath for the return current is at distance tta, and is so thin tliat
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variatiotii of current-density in it may be ignored, so that merely the
total return current need be considered ; that is the small thickness

of the sheath, and its conductivity, we have the detenninantal eqna-

tiou (306). Let now

is the external inductance per unit length, t.^., the inductance per

unit length of j^jfr/rtr^-current, ignoring the internal magnetic field. 7/j

and lij^ are the resistances per unit length of the wire and sheath

respeetiTely, and is the intmal Inductance per unit length, t.e., the

indnctance per unit length of uniformly distributed wire current when
the return current is on its surface, thus cancelling the external

magnetic field. We can now write (306) thus :

—

Jo(''i'^)=^i(»i^'i)|k«iW/*i) - (M-W^i)] ; (316)

and, in this, we have

2« ^224* ' 1 .(326)

From (3U>) we see that the two important quantities arc the ratio of

the external to the internal inductance, and the ratio of the external to

the internal resistance, ie., the ratios LJ^t^ and li^iliy

Suppose, first, the return has no resistance. Draw the curves

Vi = ^oi^Wii^) Mid y.^ = K-^o, /^ik
the ordinates y, abscisse which stands for n^a^. Their intersections

show the required values of x. The .7^/./j curve is something like the
curve of cotangent. If LJfx^ is large, the first intersection occurs with
a small vahie of r, so small that /„(r) is very little less than unity, so

tiiat a uniform distribution of current is nearly represented by the first

normal dititribution, whose time-constant is a little greater than that of

the linear theory. The remsininff intersections will be nearly given by
J^{x) = 0. On the other hand, decreasing LJfiy increases the value of
the first r ; in the limit it will be the first root of Jq(x) = 0. Thus, if

the wire be of copper, and the return distant (compared with radius of

wire), the linear theory is approximatetl to. If of iron, on the other

hand, it is not practicable to have the return surticiently distant, on
account of the large value of /x^, unless the wire be exceedingly fine.

Even if of copper, bringing the return closer has the same eSSect of
rendering the first normal system widely different from representing a
uniform distribution of current. It is the external Tnap;netic field that
gives stability, and reduces differences of current-density.

Next^ let the return have resistance. The curve n^ust now be

The effect of increasing from zero is the opposite of that of increas-
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ing Lq. It increases the first .r, and tends to increase it up to tliat given

by JAx) = 0 (not counting the zero root of this equation). Thus tliere

is a aonble dfect ptodneed. Whilst on the one nand the rapidity of

enbeidenee is increased by the resistance of the sheath, on the other the
wire-current in subsiding is made to depart more from the uniform
distribution of tlie linear theory. The physical explanation is, that as

the external field in tlic case of slir:itli of no resistance cannot di?!fijiatc

its energy in the sheath it must to tlie wire. But when the slieath

has great resistance the external tiold is killed by it j then the internal

field is self-contained, or the wiro-eorrent subsides as if /i(s)««0, with a
wide departure from uniform distribution. This must be marked when
the wire-circuit is suddenly interrupted, making the refcum-resistance
infinite.

Now, let there be no current at the time / = 0, when, put on, and
keep on, a steady impressed force, of such strength that the final

current-density in the wire is At time t the current-density F at

distance r from the axis is gi^en by

where the n^a^6 are the roots of equation (31//). And the total current

in the wire, say 6\, and with it the equal and opposite sheath-current,

will rise thus to the final value

It will give remarkably ditft-rent result", urcordinir as we tuk«' the

resistance of the wire very small and that of the shcaLh it, or con-

versely, or as we vary the ratio LJfi^. Infinite conductivity shuts out
the current from the wire altogether, and so does infinite inductivity;

the retardation to the inward transmission of the current being pro-

portional to the product fiik^a^. Similarly, if the sheath has no resist-

ance, the return current is shut out from it. In either of those sluittiug-

out ca^e^ the current becomes a mere surface-current, what it always is

in the initial stage, or when we cannot get beyond the initial stage, by
reason of rapidly reversing the impressed force, when the current will

be oppositely directed in concentric layers, decreasing in strength with
great rapidity as we pass inward from the boundary. But if both the

sheath and the wire have no resistance, there will be no current at all,

except the dielectric current, which is here ignored, and the two
surnce-currents.

The way the current rises in the wire, at its boundary, and at its

centre, is illustrated in " Induction in Cores." For the characteristic

equation of the longitudinal magnetic force in tx core jilaeed within a
long .solenoid, and tliat of the longitudinal current in our present case,

are identical. The boundary equations are also identical. That is,

(316) is the boundary equation of the magnetic force in the core, except-

ing that the oonstanta Lq/h, and BJRy Iiave entirely different meanings,
depending upon the number of turns of wire in the coil, and its

>_2_
_

{n^ + B.^J,(n,r,)IJ,(n,a,)Ii^

'»,"i"l - i?2/MiP+{/o('*i"i)Mi(«i"i)F

J (J?, 4-7?,)e" 7^,

Ufa';' 1 - iy/x,/)4- { Jo(»,f',)/y,(wy(,)}=''
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dimensions, and resistance. If, then, we adjust the constants to be

equal iu both cases, it follows that when any varying impxewed foree

acts in the circuit of the wire and sheath, tiie currant in the win will

be made to vary in identically the same manner as the magnetic force

in the core, at a corresponding distance from the axis, when a similarly

varying impressed force acts in the coil-circuit (which, however, must
have only resistance in circuit with it. not extenial self induction as

well). Thus, we can translate uur core-solutions into round-straight-

wire eolations, and save the trouble of independent investigation, in

case a detailed solution has been already arrived at in either case.

Refer to Fig. 3 [p. 398, vol. i., here reproduced]. It represents the

curves of subsidence from the steady state. The "arrival" curves are

got by perversion and inversion, i.e., turn the figure upside down and
look at it from behind. The case we now refer to is when the blieath

has negligible resistance, and when we take the constant I'o = ^/h>
which requires a near return when die wire is of copper, but a very

distant one if it is iron.

10

V

Kegarding iheni as arrival-curves, the curve h^lt^ is the linear-theory

curve, showing how the current-density would nse in all parts of the

wire if it followed the ordinarily assumed law (so nearly true in common
iine-wire coils).

The curve //„//,. shows what it really becomes, at the boundary, and

near to it. The current rises much more rapidly there in the first part

of the variable period, and much more slowly in the later part. From
this we may conclude that, when very rapid reversals are sent, the

amplitude of the boundary current-density will be far greater than

according to the linear tlu ory; whereas if they be made much sloM-er

it may become wMker. This is also verified by the separate calculatioii
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in " Induction in Cores " of the reaction on the coil-current of the core-

currents when the impreased force ie dmpto-harmonie, the amplitude of
the coil-current being levered at a low frequency, and greatiy increased

at high frequencies [p. 370, vol. i.].

The curve Ifjf^^ shows liow the current rises at the axis of the wire.

It is very far more slowly tlian at the boundary. But the important
characteristic is tlie preliminary retardation. For an appreciable

interval of time, whilst the boundary-current has reached a considerable

fraction of its final strength, the central current is infinitesimal. In fact

the theory is similar to that of the submarine cable; when a battery is

put on at one end, there is only infinitesimal current at the far end for

a certain time, after which comes a rapid rise.

Between the axis and tlic boundary tlie cuive.s are intermediate

between ii.//* at the boundary and IIqUq at the axis, there being pre-

liminaiy retaliation in all, which is zero at the boundary, a maximum
at the axis. It is easy to understand, from the existence of this practi*

cally dead period, how infinitesimally small the axial current can be,

compared with the boundary current^ when yery rapid reversals are
sent The formuhe will follow.

The fourth curve hfJiQ shows the way the current rises at the axis

when the return has no resistance, but when at the same time there is

no external magnetic field, or LJf^^ = 0. The return must fit closely

over the wire. We may approximate to this by using an iron w ire and
a clo.«e fitting copper sheritli of much lower resistance. There is pre-

liminar}- retardation, after which the current rises far more rapidly
than when L^ifi^ is finite.

That is, the edect of changing LJfji^ from the value 2 to the value 0
is to change the axial arrivaTcurve from //o/^q to hji^. Suppose it is a
copper wire. Then Lq^2 means Iog(a.^« j ) 1, or o^a, = 2-718. Thus,
removing the sheath from contact to a distance equal to 2-7 times the

radius of the wire alters the axial arrival curve from JlJl^^ to HqHq.
Now this great alteration does not signify an increased dejjurtnrc from
the linear theory (equal current-density over all the wire). It is

exactly the reverse, we have increased the magnetic energy by adding
the external field, and, therefore, make the current rise more slowly.

But the shape of the curve H^H^ if the horizontal (time) scale be suit-

ably altered, will approximate more closely to the linear-theory curve
Aj/ij. By takiuc the sheath further and further away, continuously

increasing the slowness of rise of the current, we (altering the scale)

approximate as nearly as we please to the linear-theory curve, and
gradually wipe out the preliminaiy axial retardation, and make the
current rise nearly uniformly all over the section of the wire, except at
the first moment. In fact, wo have to distinguish between the absolute

and the relative. When the sheath is most distant the (Mincnt lises

the most slowly, but also the most regularly. On the other hand, when
the sheath is nearest, and the current rises most rapidly, it does so with

the greatest possible departure from uniformity of distribution. .

If the wire is of iron, say /x^ 200, the distance to which the sheath

would have to be moved would be impracticably greats so that, except
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in an iron wire o£ very low iuductivity, or of exceedingly small radios
we cannol get the correot to rise accordiDg to the linetr theory.

The nmple-harmonic solutions I must leave to another Section. We
may, liowever, here notice the wateivpipe analogy [p. 384, vol. i.]. The
current starts in tlie wire in the same manner as water starts into

motion in a pipi*. when it is arted upon by a longitudinal dragging force

ai>piied to its l)oundary. Let the water be at rest in the tirst place.

Then, by applying tangential force of wuform amount per nnit area of
the boundary we drag the oatermost layer into motion instantly ; it, by
the internal friction, sets the next layer moving, and so on, up to the
centre. The final state will be one of steady motion resisted by surface

friction, and kept up by surface force.

The analog is useful in two ways. First, because auy one can form,

an idea of thia eommnnication of motion into the mass of water from ita

boundary, as it takea place so slowly, and is an everyday dot in one
form or another ; also, it enables us to readily perceive the manner of
propagation of waves of cuiTent into wires when a rapidly varying; im-
pressed force acts in tlic circuit, and the rapid decrease in the amplitude
of these waves from the boundary inwar<l.

Next, it ia naeM in illustrating how radically wrong the analog>'

really is which compares the electnc current in a wire to the corrent of
water in a pipe, and impressed k.m.f. to bodily acting impressed force

on tlie water. For we have to aj)ply the force to tlie boundary of the

water, not to tlie water itself in mass, to make it start into motion so
that its velocity can be compared with the electric current-density.

The inertia, in the electromagnetic case, is that of the magnetic held,

not of the electricity, which, the more it is searched for, tibe more un-
substantial it becomes. It may perhaps be abolished altogether when
we have a really good meehanical theory to work with, of a sufficiently

simple nature to be generally umlerstood and appreciated.

In our fundamental equations of motion

curl (e - £) » /*U, curlH= irF,

suppose we have, in the first place, no electric or magnetic energy, so
that E = 0, H = 0, everywhere, and then suddenly start an impressed
force e. The initial state is

B-0, H»0, curle-i^d.

Thus the first effect of 6 is to set up, not electric current (for that
requires there to be magnetic force), but magnetic current, or Uie rate

of mcreasc of the magnetic induction, and this is done, not by e, but by
its rotation, and at the places of its rotation. [A general demonstration
will be given later that disturbances due to impressed e or h always
have curl e and curl h for sources.]

Now, imagine e to be uniformfy distributed throughout a wire. Ita

rotation is aero, except on the boundary vhm it is numerically e,

directed perpendicularly to the axis of the wire. Thus the first effect

is magnetic current on the boundary of the wire, and this is propagated
inward and outward through the conductor and the dielectric ic&pec-
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tively. Magnetic current^ of course, leads to mAgaetic induction and
electric current.

Isow, in purely electromagnetic investigations relating to wires, in

whicb we ignore dielectric displacement, we may, for |>ut poses of
calculation, transfer our impressed forces from wheiovcr they may be
in the circuit to any other part of the circuit, or distribute them uni-

formly, so as to get rid of difference of potential, wliicli is much the
best j)]an. It is well, howevti, to rememlier that this is only a device,

similar in reason and in effect to the devices eni])loyed in the statics and
dynamics of supposed rigid bodies, shifting applied forces from their

points of application to other points, completely ignoring how forces

are really transmitted. The effect of an impressed force in one part of
the circuit is assumed to be the same as if it were spread all round the

circuit. It would be identically the same were then- no (lielectric

displacement, but only the magnetic force in question, When, however,

we enlarge the field of view, and allow the dielectric displacement, it is

not permissible to shift the impressed forces in the above manner, for

every special arrangement has its own special distribution of electric

energy. The transfer of oncrcry i^, of course, always from the source,

wherever it may be. The tii^t l iirct of starting a cui n nt in a wire is

the dielectric disturbance, dirccttnl in space by the wire, because it is a

sink of energy where it can be dissipated. But the dielectric liistuib-

anee travels with snch great speed that we may, unless the line is long,

regard it as affecting the wire at a given moment equally in every part

of its length ; and this is substantially what we ao when we ignore

dielectric displacement in our electromagnetic investigations, distribute

the impressed force as we j)lease, niul legard a long wire in which a

current is being set up from outsuie as similar to a long core in a
magnetising helix, when we ignore any difference in action at different

distances along the core.

Sbction XXIX. Oscillatory Impressed Force at one End of
A Line. Its Effect. Appucation TO Long-Distancb Tele-
phony AND TfiLEGRAPUY. .

Given that there is an oscillatory impressed force in a circuit, if this

question be asked— wliat is the effect produced ? the answer will vary
greatly according to the conditions assumed to j>revail. I therefore

make the conditions very comprehensive, taking into accimnt frictional

resistance, forces of inertiii, iuices of elasticity, and also the approxima-

tion to Burface conduction that the great frequency of telephonic

currents makes of importance. .

Space does not permit a detailed proof from beginning to end. The
results may, however, be tested for accuracy by their satisfying all the

conditions laifl down, most of which I have given in the last three

Sections.

The electrical system consists of a round wire of radins a^, conduc-

tivity X'j, and inductivity fk, ; surrounded by an insulator of inductivity
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fi2 and specific dielectric capacity c, to radius a^; surrounded by the

return of conductivity inductivity fi^ and outer radius The wire

and return to be each of length 1, and to be joined at the ends to make
a closed conductive circuit.

T.ct S 1)6 the electrostatic capacity, and Lq the inductance of the

dielectric per unit length of the line. That is,

^«2/*, log(aa/ai), 8^e{2 log{aJa^))-^ (336)

We have L^S^cfi^t^v'^; if 9 is the speed of undissipated waves through
the dielectric.

Let F be the surface-potential of the wire, and C the wire-current, or

total current in the wire, at distance x from one end, at time / The
diflerential equation of F is

'^f^^=(ie*i/p)Spr; (Mi)

where Ji' and 7/ nre certain even functions of whose structure will

l)e explained later, and p stands for d di. That of C is the same. The
connection between C and V is given by

^^^{i^+i/p)a (35ft)
ax

Both (346) and (351) assume that there is no impressed force at the

place considered. If there be impressed force c per unit length, add e

to the left side of (3;")//), and make the necessary change in (346), which
is connected with (356) through the equation of continuity

f =

But as we shall only have e at one end of the line, we shall not
require to consider e elsewhere.

Now, given (346) and (356), and that there is an impressed force

Fp sin n/ at the 2» 0 end, find V and C everywhere. Owing to 1^ and
1/ containing only even powers of j», and to the property ^^^a -n'
possessed hy p in simple-narmonic arrangements. It' and // become
constants. The solution is therefore got r^ily enough. Let

These are very important constants concerned. Let also

tan ^, = (l/nP-JtfQ)l(J{'P^l/nQ),]

tiin 6, = sin 2^//(c-2" - cuh 2Q}). f

Those make 6^ and 0.^ angles less than 90% Then the potential V at

distance x at time I is

r- V e-'-'^inlnt -Ox)+r C^Btt^ Qx + 0^)-€-'''sm{nl-Qx+ e^) ,3.,

.

.(376)

.(386)
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and the earrent C is

sin (it< 4. Qg^ ^ g,) + gin (nt -Qx-B^-k- m^,.
2 cos 2^0* J

Each of these consists of the sum of three waves, two positive, or from
x = 0 to = and on.' negative, or the reverse way. If the line were
infinitel\- long, we shouhl have only the first wave. But this wave is

rertected at j: = /, an^l the result is the second term. Keflection at the

x — 0 end produces ilie third and least important term.

The wave-«peed is w/^, and the wave length 2r/(?. As the waves
travel their amplitudes diminish at a rate depending upon the magni-
tude of P. The angles tf, and merely settle the phase^fferences.

The limiting case is wave-speed = i\ and no dissipation.

The amplitude of the current (half its range) is important. It is

c r^(5i»)* r^'"*'""+ + 2 COS8w~ ^n*
•*(iJ^+17%«r*L €««+€-"•- 2 cos 20^ J

'

at any distance x. At the extreme end a; = / it is

As it is only the current at the distant end that can he utOised there,

it is clear that (416) is the equation ftom which valuable information is

to be drawn.
It must now be explained how to get 11' and L', and their meanings.

Go back to equation (286), Section xxvii. [p. 54], whicli is the deter-

minautal or ditferenti&l equation when dielectric displacement is ignored.

We may write it

i^J^)

Wheu/> is djdt it is the ditiereutial e<juation ot the boundary magnetic

force, or of since they are proportionaL Separating into even and
odd powers ofp it will take the form, if we operate on C,

o^(R^+Up)a, (iih)

where R' and L' are functions of ]ar. To suit the oscillatory state, put
' for making R' and 1/ constants. They will be of the form

R'^^i:[ + Rfi, V = L,, + L{ + U.; (436)

where /f( depends on the wire, F'. on the return
; Z,f on the wire, Lf^

on the return, and Z„ on the interniodiate insidator. The forms of J!{

and L{ have been given by Lord ilaylcigh. Tiiey are, if g- = fi^ni li^,

where R^ steady resistance of the wire per unit length,
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(l +^- pri5-^i2'28Vo" •)'
]

to the l:\f!t of which I have added an additional term. The getting 01

the tonus of JH, and IJ^j dept'nding upon the return, is less eas}',

though only a question of long division. I shall give the f'ormulai

later. At present I give their mtimate forma at very high frequencies.

Let pa-TesiBtivity, and 9» frequency aBn/2T, then

U[ =^Wl, U=Jiiln. (456)

Tliese are also Lord liayleiirh's. For the return we have

^= Owl*, Tj^^Bl/n (466)
^2

I express B{ and in tonus of the rosiptivity rather than the

resistance of the wire and retuni Ijecause their resistances have really

nothing to do with it, as we see in especial from the Ji'!, formula. The
ita of the tube depends upon its inner radius only, no matter how thick

it may be, that is to say upon extent of conducting surface, varying

inversely as the area, which is 2ira, per unit length. The proof of (46d)

will follow.

Now, as regards the meanings. Let us call the ratio of the im])resped

force to the current in a line when electrostatic induction is igiiorahle

the Impedance of the line, lioni the verb impede, it seems as good a

term as Kesistance, from resist. (Put the accent on the middk e in

impedance.) When the Aow is steady, the impedance is wholly con-

ditioned by the dissipation of enei^y, and is then simply the resistance

/<V of the line. This is also sensibly the case when the frequency is

very low; but with greater frequency inertia becomes sensible. Then
{Ii- + L''n^)U is the impedance. Hero B and L are, in the ordinary

sense, the resistance and inductance of unit length of line, including

wire and return. When, further, differences of current^ensity are

sensible, the impedance is (B^- + L^'n^)H, This is greater or less than

the former, according to the frequency, becoming ultimately Ics'^,

especially if the wire is of iron, owing to the then large reduction in the

value of U as compared with L.

Now, when we fiu'thor take electrostatic inducliou into account we
shall have the above equations (346) and (356), in which and 2/ are

the same as if there were no static charge. The proof of this I must
also postpone. It is the only thing to be proved to make the above
quite complete, excepting (10//), which is a mere matter of detail. The
proof arises out of the short sketch I gave in Section xxviL of the

general electrostatic investigation, used there for illustration.

The impedance is made variable; it is no longer the same all along

the line, simply because the curtent^mplitude decreases from the place

of impressed force, where it is greatest, to the far end of the line.
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where it is least. The question arises whether we shall confine imped-
ance according to the above definition to the place of impressed force,

or extend its meaning. If wo confine the use, a new word must be
inyented. I therefore, at least temporarily, extend the meaning to
signify the ratio of to (7o anywhere.

It is very convenient to express impedance in oliins, whatever may be
its ultimate structure. Thus the greatest impedance of a lino is what
its resistance would have to be in onlt i that in steady flow the current

should equal that arriving at tiiu fur cud under the given circumstances.

It will usually be far greater than the resistance. But there is this

remarkable tmng about the joint action of forces ofinertia and elasticity.

The impedance may be far less than in the electromagnetic theory.

That is, f^,/ (7^ according to (Uh) may be far less than (R'- + L''hi^)H.

This is clearly of great importance in connection with the future of
long-distance telegraphy and telephony.

(In passing I will give an illustration of reduction of im^jedance pro-

duoed by inertia. Let an oscillatory current be kept np in a submarine
cable and in the receiving coils. Insert an iron core in them. The
result is to inrrea.<e the amplitude of the curront-waA cs. More fully,

increasing the inductance of the coil continuously Intiu zero, wiiilst

keeping its resistance constant, increases the amplitude up to a certain

point, after which it decreases. The theory will follow.)

To get the submarine cable formnlse, ignoring inertia, take Z/»0 and
Bf^M, To get the more correct formulae, not allowing for variations

of current-density, but including inertia, take U = L the steady induct-

ance, and IV = It. To get the linear magnetic theory formula^ take
6' - I ), and U = L, R' = H, Finally, using Ji' and U, biit witli 0, we
have the complete magnetic foimulee suitable for short lines. Thus
8^0 in (416) brings it to

Equations (346) to (366) are true ^nerally, that is, with and 1/ the

proper functions of djdi. The solution in the case of steady impressed

,

force will follow, including the interior state of the wira Also the

interior 8tat« in the oscillatory case.

A great deal may be dug out of (416). In the remainder of this

Section, however, we may merely notice the form it takes at verv high

frequencies^ so h^h as to bring surface conduction into play, and show
how much less the impedance is than according to the magnetic theory.

Let n be so great as to make BffUn small Then we may also take

U^L^ Then

Also, if e '' is small, as it will be on increasing tlie frequency, we
Deed only consider the first term under the radical sign in (416),

which becomes

Taka for^ iu ultimate form

H.I.P.—VOL. ri. B
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got from (456) and (46ft) by supposing wire and sheath of the same
material, and = I/aj + 1 a^.

Then the impedance is

where exp is defined by e* = exp jr, convenient when x is complex. Here
is a numeric, and r = 30 ohms (i.^*., when we reckon the impedance

in ohms); p=1600 and /i = l, if the conductors are copper; and
/ = lO^/i, if is the length of the line in kilom. ; therefore

V^X\=\bL^ X exp(4/,<?*/30<(fZ,o)-

To see how it works out, take = 1, a = 1 cm, and q = 10* ; then

r^/Co = 1 5 X exp
4/i 300 ohms.

If the line is 100 kilom., PI is made 1^, which is too small for our

approximate formula. If 1,000 kilom., it is made 13^, which is rather

large. P/= 10 is large. If it is 500 kilom., then

VJCq = 15 X exp6| = 1,178 ohms.

So the impedance is only 1,178 ohms at 500 kilom. distance at the

enormous frequency of 10,000 waves j>er second. It is of course much
less at a lower frequency, but the more complete formula will have to be
used if it be much lower.

Now compare this real impedance with the resistance of the line in the

steady state, its effective resistance according to the magnetic theory,

and the impedance according to the same. The resistance of the line

we may take to lie twice that of the wire, by choosing the return of a
proper thickness, or

2 X 500 X 10* X 1600/r = 50 ohms, sav.

L will be a little more than 1^, say 16, therefore

Zyn = -8x2r X 10^ = 5060,

so that the linear-theor}- impedance is nearly 5,100 ohms.
But, owing to the high frequency, we should use R' and U instead

of B and L ; here take U = Lq + IV n, then

i?'U400 ohms.

This large increase of resistance is more than counterbalanced by the
reduction of inductance, so that the impedance is brought down from
the above 5,100 to about 3,riC0 ohms, the magnetic theory impedance

;

and this is about three times the real impedance at its greatest, viz., at
the distant end of the line.

It is further to be noted that the wire and return need not be solid,
as we see from the value of R' compared with R. AVhat is needed at
very high frequencies is two conducting sheets of small thickness, of
the highest conductiWty and lowest inductivity

;
i.r., of copper.
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SacnoN XXX. Impedangb Forhuub tor Short Lmxa
Resistance op Tubes.

In the case of a abort line, a very high frequency ia needed in genenl
to make it necessary to take electrostatic induction into account in

eatamating the impedance. Keeping below such a frequency, the

impedance per unit length is simply

(12«+2/«tt»)*.

This is greater than the common (J?-\-L-n^}i at firsts when the
frequency is low, equal to it at some higher frequency, and leas than it

for still hif^her frequencies. Thus, for simplicity, let the return con-

tribute nothing to the resistance or the inductance ; then, using (446),

we shall have

B and L being {he steady resistance and inductance of the line per unit

length (the latter to include for the external medium), and 1/ the
real values at frequency n/2ir per second, fi the inductivity of the wire,

and o = {^LiijRf.

Thus the first increase in the square of the impedance over that of

the linear theory is ^/a'-V^^, independent of resistance; large in iron,

small in copper. But as the frequency is raised, the 9* term becomes
sensible

;
being negative, it puts a stop to the increase. We can get a

rough idea of tho freqiionrj- reijuired to bring the impedance down to

that of the linear theory by ignoring the (f term. This gives

•••-4J!«+m'(J;+io) m
The real frequent^ required must be greater than this, and taking

the^ term into account, we shall obtain, as a higher limits

»^=*i^^*/'^g+4)

approximately. We see that the simpler (485) is near enough.
If the wire is of copper of a resbtanoe of 1 ohm per Idiom., making

iS- 10*, we shall have, using (486),

If the return is distant, we can easily haye X^«9. Then the
frequency required is about 100 waves per second. This is a low
telephonic frequency, so that we see tliat telephonic signalling is

somewhat as.->istcd by the approximation to surface conduction.

If the wire is of iron, then, on account of the large value of /x, a much
lower frequency is sufficient to reduce the impedance below that of the
linear theory; that is, an iron wire is not by any means so disadvan-
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tagcous, compared with a copper wire of the same diameter, as its

higher resistivity and far liigher inductivity would lead one to exj>ect.

But it is not to be inferred that there is any advuutagc in using iron,

electrically speaking, from tiie fiict that the impedance is so easily made
much less then that of the linear theory. Copper is, of course, the best

to use, in general, being of the highest conductivity, and lowest induc-

tivity. Nor is any great importance to bo attached to the matter in

any case, for, on a short line, to wliich we at present refer, it will

usually happen that the telephones themselves are of more importance

than the line in retarding changes of current.

We also see that in electric-light mains with alternating currents

there may easily be a reduction of impedance if the wires be thick sad
the returns not too close. On the other hand, the closer they are

brought the less is the impedance, according to the ordinary formula.

It should l)e borne in mind tlint we are merely dealing with a correction,

not with the absolute value ol the impedance, which is really the

important thing.

Now take the frequency midway between 0 and the second frequency

which gives the linear-theory impedance. Hien +Dv? beoomes

wherein use the value of given by (466). The increase of impedance
is not, therefore, in a copper wire, anything of a startling nature.

Impedances are not additive, in general. We cannot say that the
ini]te(lance of a wire is so much, that of n coil so much more, and then

that their sum is the impedance when they are put in sequence, at the

same fre(iuency.

In passing, I may as well caution the reader against the false Idea

somewhere prevalent The increased resistanoe of a wire is not in any
way caused or evidenced by the weakness of the current in the variable

period compared with its final strength, a result due to the back f.m.f.

of inertia. No matter how great the inertia, and how slowly it makes
the current rise, there is no change of resistance, tinless there be

changed distribution of current. There must always be some change,

but it is usually negligible. Whoi, however, as notably in the case of
iron, the central part of the wire is inoperative, of course this changed
distribution of current means a large increase of resistance, though not
of impedance, which is reduced. It is a hollow tube, not a solid wire,

that must, to a first approximation, be regarded as the conductor.

There cannot be said to be any definite resistance unless the current

distribution Is definite.

Thus, in the rise of the current from zero to the steady state there is,

presuming that there is large departure from the regular final distribu-

tion, no definite resistance, and it is clearly not possible to balance a
wire in which the above takes place against a thin wire, a conclusion

that is easily verified. But the case of simple-harmonic impressed force

is peculiar. The distribution of current, though not constant, goes
through the same regular changes over and over agsin in such a manner
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that the total current at every moment is the same as if a true linear

circuit of definite resistance and induotauce were substituted. This is

very considerably departed from wheu mere rapid makts and breaks
are employed.
Connder now the resistance of a tube at a given frequency. It

depends materially upon whether the return-current be within it or
ontsidc it. Let there he two tubes, Oq and the inner and outer radii

of the inner, and and of the outer. By an easy extension of

equation (28/>), the form quoted in the last Section, the difl'erential

equation of the total cut rent is

Sird ^ </ ^ ~ ••••••

-J TT- '

the dots indiuiting repetition of what is above them. The first term

is for the insulator between tubes, the second for the inner tube, the

third for the outer. Or,

0«Zap+ (i«+^) + (-«

+

where 12$^ iZ^ 14 are functions of and therefore constants when
the current is simple-harmonic. The division of the numerators by
the denominators, a simple matter in the case of a solid wire, becomes
a vt iy complex matter in the tube case. I give the results as far as yr.

It is not necessary to do the work separately for the two tubes, for,

if we compare the expressions carefully, we shall see that they only

differ in the exchange of the inner and outer radii, and in changed
sign of the whole.

For the inner tube we have

where J2. is the steady resistance per unit length. This is the coefficient

of ana is therefore nothing more than the inductance per unit length

of the tube in steady flow, the first correction to whirh depends on Jl*.

This may be immediately verified b}' the square of-force method.

The resistance of the inner tube per unit length is

/«^..^^l o,,. 2ii^log^> Wiog^'V-n

To obtain, from (516) and (5'2Z/), the corresponding expressions for

the outer tube, change R-^ to R.y, py to p^, /ij to fx,^^ to Wj, and a„ to

TTie change of sign is not necessary, because it is involved in the

substitution of iox By Or, simply, (516) and (526) holding good
when the retum is outside the tube, exchange and and we have
the corresponding formnls when the return is inside it.
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Let Gq = hdy This removes a fourth part of the material from the

central part of a solid wire of radius The return being outside,

the renstaBoett

iZ?«i^ + ^(n/i,«i?/p,)«x •012.

If solid, the 012 would be '083; or the correction is reduced seven
times by removing onl^- a fourth oart of the material.

But if the return is ituride, all else being the same, the resistatice is

if,' = iJ, + i2,(nft,iraoVft) x -503 = ii;, + Jh{nfx,wa^/f>^) x 03 1,

80 now the oorrection is rednoed less than three times instead of seven
times, as when the return was outside.

This difference will be, of course, greatly magnified when the ratio

is large ; for instance, consider a solid wire suiTounded by a very

lick tube for return ; the steady resistance of the return will be onl^ a
small fraction of that of the wire, bat the percentage increase of resist-

ance of the outer conductor will be a large multiple of that of the wirei

Thus the earth's resistance, which, in spite of the low conductivity, is

so small to a steady current, will be hugely multiplied when the current

is a periodic function of the time.

Now, as regards the resistance of tlie tube at high frequencies. If

the return is outside it is

i?f = (/Vi#-«P (536)

q being the frequency. But if the return is inside, it is

iif«(/hM)* + flo»

thus depending upon tlic inner radius when the return is inside, and
on the outer when it is outside^ foran obYious reason, when the position

of the magnetic field where the primary transfer of eneigy takes place

is considered.

Suppose we fix the outer radius, anil tlien tliin the tube from a solid

wire down to a mere skin. In doing so we increase the steady resist-

ance as much as we please. But the high-frequency formula (bZb)

remains the same. Now, as it would involve an absurdity for the

resistance to be less than that in steady flow, it is clear that (536)
cannot be valid until the frequency is so high as to make Il{ much greater

than i^p which is itself very great when the tube is thin. That is to

say, removini; the central part of a wire, when the return is outside it,

makes it become more a linear conductor, so that a much hiirher

frequency is required to change its resistance ; and when the Lube is

very thin the frequency must be enormous. Practically, then, a thin

tube is always a linear conductor, although it is only a matter of raising

the frequency to make (536) or (546) applicable.

To get them, use in {50b) the appropriate J^ix), etc, fonnulsB when x
is very large. They are

/o(«)« -ir,(«)«(sinaj+cos«)4 (ira!)U

/^(aj)- iro(»)-(8ina!-cosa;) + (««)*./ ^
'
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These, used in (50&), putting the circular functiooB in the exponential
lonss, reduce it to

where t (- l)i Here

- s^a^ = ATTfiik^a^p, therefore jis^a^i = {^t^k^^p)ia^f

aud similarly for ; so we get

Here, since +») ; which bringe ns to

0-(J^+JS)+(A+Z{+XOf, (66*)

where ^= ^'^''j^)* ^ ^i' =

as before given, except that the inner tube was a solid wire.

I^ however, the frequency were really so high as to make these high-
frequency formula applicable when the conducton are thin tubee^ it is

clear that we should, by reason of the high freqiien<syi need, at least in
general, to take electrostatic induction into account even on a short
line, and therefore not estimate the impedance by the magnetic formula?,

but by the more general of the last Section, in which the same Ji' and
occur. As for long lines, it is imperative to consider electrostatic

indnction. There is no fixed bounaary between a "short" and a
"long'' line; we must take into account in a particular case the
circumstances which control it, and jnflp;c whether we may treat it as a
short or a long-line question. To the more general formula I shall

return in the following Section, merely remarking at present tliat there

is a curious effect arising from the to-and-fro reflection of the electro-

magnetic wares in the dielectric, which causes the im])cdanee to have
maxima and mmima values as the speed continuously increases ; and
that when the period of a wave is somewhere about equal to the time
taken to travel to the distant end and back, the amplitude of the

received current may easily be greater tlian the steady current from the

same impressed force. And, in correction of the definition in Section
XXIX. of F as the sorface potential of the wire^ substitate tlus defini-

tion, Q=SF, where Q is the chaige and 8 the electrostatic capacity,

both per unit length of wire.

SicnoN XXXL The Influence of Electric OAPAcxry.
Impedance FoKMULiB.

Let OS now return to the more general case of Section XX ix., the

amplitude of the current due to a simple-harmonic i i npressed force at one
end of a line. Although the formula (416) for the amplitude at the
distant end is very compact, yet the exponential form of the functions

does not allow us to readily perceive the nature of the change made by
lengthening the line, or making any other alteration that will cause the



72 ELECTRICAL PAPERS.

efl'ect of the electric charge to be no longer negli^ble, by causing the

magnetic formula to be sensibly departed from. Let us, therefore, put

(416) in the form F^Cq = etc, and then expand the right member in an
infinite series of which the first term shall he the magnetic impedance
itself, whilst the others depend on the electric eapadty as well as on the

resistance and inductance.

On expanding the exponentials and the cosine in (416), \vc obtain a

series in which the quantities i"^ - I^-Q^, etc, occur, all divided by

To pat these in terms of the resistance, etc., we have, by (376),

I^+Q- = SnI, 2PQ^8fiBf, Q^-F*^Sn^I/, ...(586)

where /=(i?«+IAn-)i, (5d6)

I being the short4in6 impedance per nnit length. Using these, we
convert (416) to the followmg form,

rjC^- Jl^l - ^^nW + ^~^{Snf(,iU'' + L"h^) - ... (606)

Here we may repeat that and are the amplitudes of the impressed

force at one end and of the current in the wire at the other end of the

double wire of length /, whose "constants" are I\\ U, and S, the

resistance, indur-tancc, an<l electric capacity pc^i" unit len;:th, R' and
U being functions of the frequency already given. I do not give more
terms than are above expressed, owing to the complexity of the co-

efficients of the subsequent powers of 8, To go further, it will be
desirable to modify the notation, and also to entirely separate the

terms depending upon resistance in the [ ] from the others. Let

SU = v-\ /^{BflL'n)^ h^fd/v, (616)

Here r is a velocity, / and h numerics. The least value of the velocity
is (»S'Z,)"i, at zero frequency, /. being the full steady inductance per
unit length, as before. As the frequency increases, so does r. Its

limiting value is (^X^)"* or (/^2)~*> speed of undissipated waves
through the dielectnc The ratio / falls from infinity at zero fre-

quency, to zero at infinite frequency. See equations (436) to (466).

The ratio // is such that A/2ir is the ratio of the time a wave travelling

at speed r tak< s to traverse the line, to the wave-period.

In terms of /, /, aud A, our formula (416), or rather (606), when
extended, becomes

From thi^ seeing that in the [], resistance appears in / only, we see
that the corresponding no-resistance formula is simply

FJC^^Il^ = L,v^m"l, (636)

where, of course, v is the speed corresponding to I^, or the speed of un>
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dissipated waves. The sine must be reckoned positive always. To
check (636), derive it immediately ironi (416) by takiii- 7/ = 0. We shall

find the followiDg form of (416) in terms of/ and }l u?t:iul later :

—

VtJC^= \L'v{l +f)^{^'" + - '2 cos 2Ql]h (046)

whero p/ = /,(^)i{(i+/)J-l}i,
I

e/ = A(i)*{(l +/)*+ !}*. J
^^^^f

Let us now dig aomething out of the above fonnolse. This aritli-

metical digging is dreadful work, only suited for very robust intellects.

I shall therefore be glad to receive any corrections the following may
require, if they are of any importance.

It will be as well to commence with the imrea], but easily imaginable
case of no resistance. Let the wire and retarn be of infinite conductivity.

We haTe then merely wave propagation through the dielectric, without
any dissipation of energy, at the wave-speed r-^(!iryK which is, in

air, that of light-waves. Any disturbances originuiing at one end
travel unchanged in form ; but owing to reflection at the other eud,

and then agun at the first end, and the consequent coexistence of
oppositely travelling waves, the result is rather complex in genenU.
Now, if we introdooe a simple*harmonie impressed force at one end, and
adjust its frequency until the wave-period is nearly equal to the lime

taken by a wave to travel to the other end and back a^'ain at the sj)eed

0, it is clear that the amplitude of the disturbance will be enormously
augmented by the to-and-fro reflections nearly timing with the impressed

force. This will explain (636), according to which the distant-end

impedance fidla to xero when
fU/v^v, or 2ir, or etc

Here 2T/n is the ware-period, and 2l/v the time of a to-and-fro journey.

The current-amplitude goes up to infinity.

If, next, we introduce only a very small amount of resistance, we may
easily conclude that, although the iiiiiK <huu e can nevt r fail to zero, yet,

at particular frequencies, it will tall to a minimum, and, at others, go
up to a maximum ; and that the range between the consecutive maxi-
mum and minimum impedance will be very'large, if only the resistance

be low enough.

Increasing the resistance will tend to reduce the range between the

maximum and minimum, but cannot altot^'ctlier obliterate the fluctua-

tions in the value of the impedance as the IretiueiKy continuously

inereasee. In practical eases, starting from frequency zero, and raising

it oontinuously, the impedance, which is simply JU^ the resistance of the

line, in the first place, rises to a maximum, then falls to a minimum,
then rises to a second maximum greater than the first, and falls to a

second minimum greater than the first, and so on, tliere being a regular

increase in the impedance on the whole, if we disregard the fluctuations,

whilst the fluctuations themselves get smaller and smaller, so tliat the

real maxima and minima ultimately become false^ or only tendencies

towards maxima and minima at certain frequencies.

By this to-and-fro reflection, or electrical reverberation or resonance.
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the amplitude of the received current may be made far greater than the

strength of the steady current from the same impressed force, even
when the electrical data are not remote from, but omndde with, or
resemble, what may occur in practice. To show this, let us work out
some results numerically.

As this matter has no particular concern with variations of current-

density in the conductors, ignore them altogether; or, what comes to

the same thine, let tlie conductors be sheets, so that Ji' = Iij the steady

resistance, and I/'^L^ Teiy nearly, the dielectric inductance^ both per
unit lengUi. Then, in (Bib), let

/=1, Ql = Tr, t;=»30ohms. (666)

Then, by the second of (655), we find that

A-2-85;
and, by (642)), that

VjCo = iLQV.2\[€-^' + €-^' -2]i = (j0'6 Lq ohms (676)

The ratio of the distant-end impedance to the resistance is therefore

60-6xl0flZ^ 60-6 xlO» 20-2 202—m 1^ io/i^285'
^^^^^

by making use of tlic data (CyGl). That is, tlie amplitude of the

received current is 42 per cent, greater than the steady current, when
(66ft) is enforced.

But lot Ql=^]-, then

V,/C, = J + ^' ^"]* = 28 ohms

;

and the ratio of impedance to resistance is

28 202 . 4 I_ X - ^ X 4 = - nearly,

or the amplitude of current is only 3/4 of the steady current.

And if = we shall find

ohms,

and that the impedance is slightly greater than the resistance. Whilst,

if Ql = fn-, we shall have
FJd^il'S ohms,

and find the ratio of impedance to resistance to be 63/8ff, making the
received current 35 per cent, stronger than the steady current

The above data of/= 1, and (^H = \-n; hir, Jtt, and tt, Iiave been chosen
in order to get near the first ma.ximum and ininimum of impedance.

The range, it will be seen, is very great. Lot next see how these

data resemble practical data in reject to resistance, etc. Bemember
that 1 ohm per kilom. makes J?»1(H, (resistance per cm. of double
conductor). Also, that /- I means R = i\l^ lO^nZ,, if ^ is in kilometres.

Then, in the case to wliich (666) to (686) refer, we shall have, first

assuming a given value of 7^ then varying and deducing the values

of n and the following results :

—

JJ«10S, »=10», n«10*,
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This is an excessively low resistance, ohm per kiloni. ; the frequen-

cies are rather low, and the lengths great. Next, 1 ohm per kilom. :

—

1^=1, Lq=\0, Xo=100,
B = 10\ n=\0\ n = 10-\ n = 10-,

/^.85. ii»856. ^-.SdeS.

The L^'» 100 eaae m extravagant, requiruig such a very distant retain

current (therefore Teiy low electric capacity). Nezt| 10 ohms per

kilom.

Zo=l, /.o-io, X, = 100,

i^=10^, n=10* n=\0\

Laatljr, very high reaiatance of 100 ohma per kilom. :

—

S^W, Z,»-10, ft=lO», 2i«8&
In all these cases the amplitude of reeeiyed ciurent is 42 per cent,

greater than the steady current.

In the next case, QJ {r, the quantity nl/v has a value one-fourth of

that assumed in the above
;
hence, with the same J! and Lq, and same

frequency, the above values of 1^ require to be ([uurtered. Then, in all

cases, the current-amplitude will be three-fourths of the steady curreuU

Similarly, to meet the Q/«|t case, use the above figures, with the I^'s

halved; and in the QI^^t case, with the /j's multiplied by f.
A consideration of the above figures will show that there must be, in

telephony, a good deal of this reinforcement of current strength some-
times ; not merely that the electrostatic influence temls to increase the

amplitude all round, from what it would be were only magnetic
indaction concerned, bat that there must he speeial reinforcement of

certain tones, and weakening of others. It will be remembered that
fjf/od reproduction of human speech is not a mere question of getting

the lower tones transmitted well, but also the upper tones, through a

lonu' range ; the preservation of the latter is required for good articula-

tion. The ultimate ellect of electrostatic retardation, when the line is

long enough, is to kill the upper tones, and convert human speech into

mere murmuring.
The formula (62i^) is the most useful if we wish to see readily to

what extent the magnetic formula is de])arted from. In this, two
quantities only are concerned,/ and A, or (7i" //«)-and nfr: and if both

/and h are small, it is readily seen tliat tlie Jirst form ot (<):5/') applies,

the factor by which the magnetic impedance is multiplied being

(nin h)/h. Even when h is not small the/ terms in {62b) may be negli-

gible, and the first form of (636) apply. For example^ suppose A"},
and /small, then (8inA)/A«iS x *3273b*9816, showing a reduction of

2 per cent, from the magnetic impedance.

Nov.% this A = ^ means «/j= 10^', or the liigh frequency of lO^i^f on a

Une of one kilom., 10*/-^ on 10 kilom., and so on, down to 10y2B- on
10,000 kilooL, always provided the / terms are still negligible. This

may easily be the case when the line is shorty but will cease to be true
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as the line is lengthened, owing to the n in / getting smaller and
smaller. Thus, in the just-used example, if the resistance is 10 ohms
per kilom., and L= 10, we shall liave /= on the line of 1 kilom.,

and /» 1 on 10 kiloms. So far, the / terms are negligible, and the

first form of (636) appH< >. But / becomes 100 on 100 filoms., which
will make an appreciable, though not large, difference ; and f 10,000

on 1,000 kilom. will make ;i large difference and cause the Hrst (636)

formula to fail. It is remarkable, however, that this formula should

have so wide a range of validity.

In the above we have alwaye referred to the distant-end impedance.

Bat at the seat of impressed force there is a large increase of current on
account of the "charge." Thus^ at x»*0, by the formula preceding

(416), we have

+/)»pt5l-f .«»J4"]' <6M)

The term impedance is of course strictly applicable at the scut of

impressed force. As the frequency is raised, this impedance tends to be

represented by
/VCo-Z'Kl+/)*.

and, ultimately, by FJC^)-= L^^v = SO Lq ohms, (706)

if the dielectric be air. Lq is usually a small number.

Section XXXIL The Equations op Propagation along Wires.
Elbmbntart.

In another place (PhlL Mcj., Aug., 1886, and later) the method
adopted by me in establishing the equations of ^^and C, bectiou xxix.,

was to work down from a system exactiy fulfilliiig the conditions

involved in Maxwell's scheme, to simpler systems nearly eqtiivalent,

but more easily worked. Remembering that Maxwell's is the only

complete scheme in existence that will work, there is some advantage
ill tliis

;
also, we can see the degree of approximation when a change is

made. In the following I adopt the reverse plan of risingiVom the first

rough representation of fiMt up to the more complete. This plan has,

of course, the advantage of greater intelligibility to those who have not
studied Maxwell's scheme in its complete form ; besides being, from an
educational point of view, the more natural plan.

Whenever the solution of a so-called physical problem has lieen

obtained, according to which, under such or such conditions, such or

such effects mu:>t happen, what has really been done has been to solve

another problem, which resembles the real one more or less in those

features we wish to study, which we regard as essential, whilst it is of

such a greatly simplified nature that its solution is, in comparison with

that of the real problem, quite elementary. This remark, which is of

rather an obvious nature, conveys a lesson that is not always remem-
bered ; that the difference between theory and empiricism is only one

of degree, even when the word theory is used in He bluest sense, and
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is applied to le^timate deductions from laws which are known to be
very true indeed, within wide limits.

It is qnite possible to imagine the sohitioii of the general problem of
the universe. There does not leem to be anything against it except its

possible infinite extent. Stop the extension of the universe somewhere

;

then, if its laws be fully known, and be either invariable or known to

vary in some dotiuite manner, and if its state be known at a given

moment, it is diiiicult to see how it can be indefinite at any later time,

even in the minutest particulars in the history of nations or of animal-
cttbsy or in the development of a human soul (which is certamly im-
mortal, for the good and evil worked by a soul in this life live for ever,

in the pormanent impi ess they make on the future course of events).

But if this be imagined to be all done, and the universe made a

machine, no one would be a bit the wiser as to the reason why of it

Sven if we ask what we mean by the reason why, we shall in all pro-

bility get into a vicious circle of reasoning, from which there is no
eecape.) All that would be done would be the formulation of facts in

a complete manner. This naturally brings us to the subject of the

equations of propagation, for they are merely the instruments used in

attempts to formulate fiicts in a more or less complete manner.

^e first to solve a problem in the propagation of signals was Ohm,
whose investigation is a very curious chapterm the history of electricity,

as he arrived at results which are, under certain conditions, nearly
rorroct, by entirely erroneous rcasonin*]^. Ohm followed the theory of

the conduction of heat in wires, as developed by Fourier. Up to a

certain point there is a resemblance between the flow of heat aud the

electric conduction current, but after that a wide dissimilarity.

Let a wire be sarronnded by a non-conductor of heati in imagination

;

let the heat it contains be indestructible when in the wire, and be in

a state of steady flow along it. If C is the hcat-cnrrcnt across a given

section, and V the temperature there, C will be proportional to the rate

of decrease of r along the wire. Or

if :e be length measured along the wire. The ratio B of the fall of

temperature per unit length, to the current, is the *' resistance " per

unit length, and is, more or less, a constant. Or, the current is i)ro-

portional to the difl'erence of temperature between any two sections, and
is the same all the way between.

The law which Ohm discovered and correctly applied to steady con-

duction currents in wires is similar to this. Make C the electric

current in the wire, and ^the potential at a certain place. The current,

which is the same all the way between any two sections, i.s proportional

to their difference of potential. The ratio of the fall of potential to the

current is the electrical resistance, and is constant (at the same tem-

perature). But Fis, in Ohm's memoir, an indistinctly defined quantity,

called electroscopic force, I believe. Even using the modem equivalent

potential, there is not a perfect parallel between the temperature /'^and

the potential K For a given temperature appears to involve a definite
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physical state of tlie conductor at the place considered, whereas

potential has no such meaning. The real parallel is hetween the tern-

peratnie gradienti or dope, and the potential slope.

Now, returning to the conduction of heat, suppose that the heat-

current is not uniform, or that the temperature-gradient changes as we
pass along the wire. If the enriciil entering a given portion of the

wire at one end be greater tliun tltat leaving it at the other, then, since

the heat cannot escape laterally, it must aecamalate. Applying this to

the unit length of wire, we have the equation of continuity,

i being the time, and q the quantity of heat in the unit length. But
the temperatuie is a function of say

where 8 Is the capacity for heat per unit length of wire, heie regarded,

for simplicity of reasoning, as a constant, independent of the tempersp
tuie. This makes the equation of oontiouity lM«ome

Between this and the former equation between C and the variation of

r, we may eliminate C and obtain the characteristic equation of the

temperature,

which, when the initial state of temperature along the wire is known,
enables us tn find how it changes as time goes on, under the influence

of given conditions of temperature and supply of heat at its ends.

Ohm applied tliis theory to electiicity in a manner which is sub-

stantially equiv alent to supposing that electricity (when prevented fiom

leaving the wire) flows like heat, and so must accumulate in a given

portion of the wire if the current entering at one end exceeds that

leaving at the other. The quantity q is the amount of electricity in the

unit length, and is ])roportional to V, their ratio S being the capacity

per unit length. With the .same formal relations we arrive, of course,

at the same characteristic equation, now of the potential, so that elec-

tricity diflfuses itself along a wire, by difference of potential, in the same
way as heat by difference of temperature.

A generation later. Sir W. Thomson arrived at a system which is

formally the same, but having a quite different physical significance.

Between the times of Ohm and Thomson great advances had been niade

in electrical science, both in electrostatics and clectromagnetibm, and
the quantities in the system of the latter are quite distinct We have

dV

dC^dq^^lF
Bx'^di dt

*

-^Z* (716)

where on the left appear the elementary relations, and on the right the

resultant charactenatic equation of F*.
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Here C is the current in the wire, li its resistance per unit length,

and V the electrostatic potential. iSo far there is little change. But S
18 the electiwtatic capacity per amt length of the condenser formed
by the dielectric outside the wire, whose two coatings are the surface of
tiie wire and that of some external conduct nr, as water, for instance,

wliich serves as tlie return conductor. Thus >, from being in Ohm s theory

a hypothetical quantity depending upon tlie nature of the conducting

wire, its siie and shape, has become a definitely known quantity depend-
ing on the natore of the dielectrxe, and its size and shape. Here is the
first step towards getting out of the wire into the dielectric, to be fol-

lowed up later. The equation q ~ SV is the electrostatic law expressing

the relation between the cliarge of a condenser and its potential-differ-

ence, q being the charge on the wire per unit length, and / 'its potential.

It is assumed that K» 0 at the outer conductor, which requires that its

redstanoe most be very small, theoretically nothing. This makes V
definitely the potential at the surface of the wire, and it must be the
potential all over its section at a given distance ss, if the current is uni-

formly distributed across the section.

The meaning of the equation of continuity is now, thai when the cur-

rent entering a given length of wire on one side is greater than that

leaving it on the other, the excess is employed in increasing the charge
of the condenser formed by the given length of wire, the dielectric, and
the outer conductor. In the wire, therefore, comparing tlie electric cur-

rent to the motion of a fluid, such fluid must be incompressible. It

can, however, accumulate on the boundaiy of the wire, where it makes
the Mirikee-eliarge, This is exceedingly diffieolt to imderttand. Bat
in any case, whether electricity accumulates in the wire or only on its

boundary, is quite immaterial as regards the form of the equation of con-
tinuity, and of the characteristic equation. (Of course it is the equa-

tions which give rise to it, and their interpretation, that are of the

greatest importance.

)

There is very little hypothesis in this system. We unite the con-

denser-law with Ohm's law of the conduction current^ on the hypothesis,

which is supported by experiments with condensers and conductors,

that the equation of continuity is of the kind supposed. But it is assumed
that the electric force is entirely due to difVerence of potential. As,

when the current is changing in strength, tljis is not true, there being

then also the electric force of inertia, or of magnetic induction, this

should also be taken into account in the Ohm's law equation, making a
corresponding change in the characteristic equation. What difference

this will make in the manner of the propagation will depend upon the

n^Kitive ma^;nitude of the electric force of inertia and of the charge, and
materially upon the length of the line. The necessary change will be

made in the next Section. At present we may only remark that elec-

trostatic induction is most important on long submarine cables, and that

the (7U) equations are those to be used for them for general purposes, as

the first approximate representation of the facts of the case.

Now. a.s roirards the accumulation difficulty. This is entirely re-

moved in a beautifully simple manner in Maxwell's theory. The line-
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integral of the magnetic force round a wire measures the current in it,

a fiiet thftt cannot be too often repeated, until it is iminressed upon
people that the electric eanrent is a function of the magnetic field, which
is in fact what we generally make observations upon, the electricity in

motion through the wire beino; a pure hypothesis. Maxwell made this

the universal definition of electric current any^vheie. Tlirre is no

difference between u current in a conductor or lu a dielectric a^i a func-

tion of the magnetic field, though there is great differance in the effect

produced, according to the nature of the matter. All currents are

dosed, either in conductors alone or in dielectrics alone, or partly in

one and partly in the other. In a conductor heat is the universal result

of electric current, and energy is wasted ; in a dielectric, on the other

hand, the energy which would be wasted were it conducting is stored

temporarily, becoming the electric energy, which ia recoverable. In a
conductor, the time-iutejial of the current is not a quantity of any
physical significance ; but in a dielectric it is a very important quantity,

the electric displacement, which can only be removed by an ecjual

reverse current. The electric displacement involves a I)ack electric

force, which will cause the displacement to subside when it is permitted

by the removal of the cause that produced it. Put a condenser in

circuit with a conductor and battery. The current goes right through

the condenser. But it cannot continue, on account of the back force of

the displacement ; when this equals the impressed force of the battery,

there is equilibrium. Remove the battery, and leave the circuit closed.

Tile back force of the displacement can now act, and discharges the con-

denser. As for the positive and negative charges, they are numerically

equal to the toUil displacement rarough the condenser. They are

located at the ])laces of, and measure the amount of discontinnity of tho

elastic displacement, and that is all.

If we must have a fluid to assist (keep it well in the back-ground),

then this fluid must bo everywhere, and be incompressible, and accumu-

late nowhere. I am no bdiever in this fluid. Its only utility is to

hang facts together. But when one has obtained an accurate idea of

the facts it has to hang together, it has served its jMirpofe. A fluid has

mass, and when in motion, momentum and kinetic energy. But the

fiicts of electromagnetism decidedly negative the idea that the electric

current per se has momentum or energy, or anything of that kind; these

really belong to the magnetic field. It is therefore well to dispense with

the fluid behind tlie scenes.

But when one thinks of the old fluids (of surprising vitality), and of

their absurd and wholly incomprehensible behaviour, their miraculous

powers of attracting and repelling one another, of combining together

and of separating, and all the rest of that nonsense, one is struck with
the extremely rational behaviour of the Maxwell fluid. When, farther,

one thinks of the greatly superior simplicity of the manner in which it

han^ the facts together (it is remarkably good in advanced electro-

statics, impressed forces in dielectric, etc.), one wonders why it does not

take the place of the commonly used two-fluid hypothesis, merely as a
working hypothesis, and nothing mora
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Returning to the wire. It is important to remember that there are

two conductors, not one only, with a dielectric between. When we put
«n impressed force in the wire we send current across the dielectric as

well as round the conducting circuit. The dielectric current ceases as soon
as the back force of the c!a;^tic displacement siip})Hcs that difference

of potential which is appropriate to the distribution of impressed force

(which ditference of potential depends entirely on the conductivity con-

ditions). The equation of continuity means that when the current enter-

ing a unit length of wire on one side is greater than that leaving it on
the other, the excess goes across the dielectric to the out er conductor, in
whif-h there is a precisely (M|nal variation in the current. The time-in-

tegral of this dielectric current q is //, which is the total di8})lacement

outward per unit length of wire. The quantity F is the back E.M.F. of

the displacement (m removing the impressed force, there is left the
electric energy of the displacement, which is ^Fq per unit length of
wire ; the back forces act, discharge the dielectric, and this energy is

use<l up as heat in the conductors.

We can now make some easy extensions of the system (7\h). R
must be the sum of the resistances of the wire and return, per unit

length, thus removing the restriction that the return has no resistance.

8, m course, remains the same. But V cannot be the potential of the
wire, because V cannot ^ 0 all along the return. We may, however,

call F the diiference of potential (although that is not exactly true, on
account of inertia, unless we agree to include a part of the E.M.F. of in-

ertia in F). It is, however, definitely the E.M.F. of the condenser, given
by q^'SF, We need not restrict ourselves, in these first approxima-
tions, to round wires, or to symmetrically^arranged returns. The
return may be a pandlel wire. Of course the proper change must then
be made in the value of S.

Sktion XXXm. The Equations op Propagation.
iNTBODUOnON OF SbLF-IMDUOTION.

The next step to a correct formulation of the laws of projiagation

along wires is, obviously, to take account of the electric force of inertia

in the expression of Ohm's law. This appears to have been first

attempted by Kirchlioff in 1857. According to J. J. Thomson
(''Electrical Theories,' The Ekctrician, June 26, 1886, p. 138) this

was his system. Let
e-Jtsinna,

where « is the charge per unit length, and $ is length measured along

the wire. The equation ofX is

where / is the resistance of the wire iu electrostatic units, I its length,

y = log (//a), where a ia its radius, and e ia a quantity occurring in

Wefacrs hypothesis^ the velocity with which two particles of electricity

B.B.P.—^TOL. II. p
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mufit move in order that the electrostatic repulsion and the electro-

magnetic attraction iii»y bilanoe.

Ab it stands, I can make neither head nor tail of it But, by
extenaiye alterations, it may be converted to something intelligible.

Turn X into in the second equation
;

or, what will come to the

same thing, take V as the variable, since c and V are proportional.

Then ignore the hrst equation altogether. Turn $ into our vaiiable x.

Then ^T=Jl^ + 2^^.
dx^ Sly dt df^

Clearly this should reduce to (716) by ignoring the last term. There-

fore rl8ly=^ES,

Here r/7 is the resistance per unit length. Therefore (8y)"* should

he the capacity per unit length, or {81og(//a)}'>. Tnis is clearly

wrong. The I should be a^, the resistance of the retuni, a for smaller

quantity than / ; and the 8 should bo 2, if the dielectric is air. This

last correction may, however, be merely required by a change of

units. Making it, we get this result

d'F podV^ J
^dW

ill oui' previous notation, with the addition that Lq 'i& the inductance

per unit length of the dielectric only. That is,

Zj, =2/i log (a^aj),

with unit indactivity ; a, distance of return, radius of wire. This

estimate of the inductance is, of course, too low. The change of units

makes it doubtful whether Lq or some multiple of it was meant, but
it is clearly a wrong estimate. Notice that L^S is the reciprocal of the

square of a velocity, which is numerically equal to the ratio of the

electromagnetic and electrostatic units, and is the velocity of light, or

dose to it

It is dear that there is room for considerable improvement here in

several ways, such as the establidimMit of the equations independently

of such a very special hypothesis as Weber's ; also in the estimation

of L
;

and, in interpretation, to modernise it in accordance with

MaxwoU's ideas. Having observed that Maxwell, in his treatise,

described the system (716) of the last section, with no allowance for

self-induction, and knowing thit^ s\ stem to be quite inapplicable to

short lines, I (in ignorance of Kirchhoft's investigation) made the

necessary change of bringing in the electric force of inertia (P/«7. Mag.j

August, 1876), [vol. I., p. 53], converting the system (716) to the

following :

—

dC dq odV

The equations on the left side show the dementaiy rsktions, and that

on the right the resultant equation of F,
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The difference from (71ft) is only in the first equation of electric

force, and in the characteristic equation of V. To the electric force

due to V is added tlie electric force of inertia - LC, where L is the

inductance of the circuit per unit length, according to Maxwell's

system of coethciunts of electromagnetic induction. That is, L consists

of three parts, say for the dielectric, for the wire, and I^for the
return. Thnr expressions will Tary according to the sise and shape of

the conductors and their distance apart. In case of symmetry about
an axis, their determination is very easy by the square-of-force method.
The magnetic energy per unit length is hLC^. It is also S/zH'/Stt, if

H is the magnetic Ibrce, and the summation extends over the region of

space belonging to the unit length. As iSf is a simple function of C
and of the distance from the axis, the integration is yeiy easily

effected.

L is calculated on the hypothesis that the current-density has always
the steady distribution, just as R is Uie steady resistance. As it is,

atrictly speaking, impossible to have the Faraday-law of induction true

in all parts of we condactors without some departure from the steadjr

distributions, it is satisfactory to know that more exhaustive investi-

gation shows that L, not Zg, should be used in a first approximation.

In connection with this matter 1 may mention that, rather singularly,

just as I was investigating it, my brother, Mr. A. W. Heaviside, called

liiy attention to certain effects observed on telegraph lines, which could

be explained by the combined action of the dectrostatic and electro-

magnetic induction, causing oloLtrical osdllations which made the

pointers of the old alphabetical indicators jump several steps instead of

one. AVhen freed from practical complications, and worked down to

the simplest form, the matter reduced to this, that the discharge of a

condenser through a coil is of an oscillatory character, under certain

eiieumstances, and I described the theory in the paper I have mentioned.

It had been given by Sir W. Thomson in 1853, but it is a singular

circumstance that this very remarkable and instructive phenomenon
should not be so much as mentioned in the whole of Maxwell's treatise

(first edition), though it is scarcely possible that he was unacquainted

with it ; if for no other reason, because it is so ftmple a deduction from
his equations. I lay stress on the word simple, because it is not to be

supposed that Maxwell was fully acquainted with the whole of the
consequences of his important scheme.

Mr. Webb, the autnor of a suggestive little book on "Electrical

Accumulation and Conduction," had very early practical experience of

electrical oscillations in submarine cables, when they were coiled up on
board ship, ceasing; more or leas, as they were submerged.

It is fiv more difficult to obtain a satisfying mental representation

of the electric force of inertia - LC than of that due to the potential,

or - (//'V/r, as described in the last section. The water-pipe atuilogy

is, however, simple enough. Let L be the mass of the fluid per unit

length, C its velocity, then ILC'^ is its kinetic energy, LC its momentum,

lAJ the force that must be applied to increase it, - LC the force of
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reaction. A mental representation of many of the phenomena con-

nected with electrical oscillations is also very simply got by the use of

the fluid analogy. It is, however, certainly wrong, as we find by
carrying it oat more fully into detail Remark, however, that, as

^LC^ is the magnetic eneigy per unit length, LC is the generalised

momentum corresponding to as a generalised velocity, LC the

generalised externally applied force, an electric force, of course, and

— LC the force of reaction— tl)at is, the electric force of inertia. This

is by the 8im{)le jirinciples of dynamics, disconnected from any
hypothesis aa to the mechanism concerned.

The magnetic energy must be definitely localised in space, to the

amount l^WjAir per unit volnme, and be regarded as the kinetic

energy of some kind of motion in the magnetic field. When steady,

there is no force of inertia. But when H changes, and with it C,

since these are rigidly connected (in our first approximation) there

is necessarily a force of inertia, which, reckoned as an electric force

appropriate to C as a generalised velocity, is - LC per unit length.

In the discharge of a condenser through a coil, if we start with a
charge, but no eunrenti there is in the first place only the potential

energy of the displacement in the condenser, llie discharge cannot
take place without setUng up a magnetic field, proportional in intensity

to the current at any moment, so that the original electrical energy
is employed in heating the wire, and also in setting up the magnetic

energy. When the condenser is wholly discharged, the inertia oi tlie

magnetic field keeps the current going, and it wUl continue until the

whole energy of the ma^etic field is restored to the condenser (less

the part wasted in the wire) in the form of the energy of the negative

displacement there produced. Except that the charge is smaller, and
of the opposite sign, everything is now as when we stait^ tl, so that wo
may begin again and have a reverse current, contuiumg until the

condenser is again chai*ged in the same sense as at firsts with no
magnetic field. This is the course of a complete oscillation. But if

the resistance be of or above a certain amount, de])en(ling on the
capacity of the condenser and the inductance of the coil, the oscillations

cease, and the discharge is completed in a single current which does not
reverse itself

Similar efiiBots take place, in general, hi any drouitt when a change is

made which involves a redistnbution of electric displacement, or its

total discharge, but the full tlicory is usually very difficult to follow in

detail. The .so-called '* false discharge" of a submarine cable is, how-
ever, easily comprehensible by the last paragraph.

If| in the chanusteristlo equation <n F In (736), we take £ 0,

reducing it to that of (715), we have simple diffusion of the static

charge. If, for instance, the ends of the lines be insulated, any initial

state of charge will settle down to be a uniform distribution, in a

non-oscillatory manner, the smaller inequalities (smaller as regards

length of line over which they extend) being wiueii out mpidly, the

larger more slowly ; the law being that similar aistrilnitions subside
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similarlyi but in times which are proportional to the s<^uare8 of the
lengtbt eoneetned.

If, on the other hand, we take B= 0 ia the ehanctemtie eqaation
of ^ in (726), we have an entirely dififerent order of eVilitB. Ab there
is no waste in the wire, it is clear that the total energy of any initial

state, electric and magnetic, remains undiminished. We can definitely

divide the initial blute iutu two distinct states travelling in the manner
of waves in opi)u8ite directioiiB, and being contmuously lefleeted at the
ends. Or, more simply, set up a cliar^ at a nngle point of the line.

It will divide into two, which will go on travelling backwards and
forwards for ever. But into details of this kind wo must not ))e

tempU^d to enter at present, the immediate object being to lay the
foundations for a more general theory.

When both terms on the right side of the chaneteristie equation
are counted, propagation takes place by a mixture of diffusion and
wave-transfrr. A wave sent from one end of the line which would,
were there no resistance, travel unchanged in form, and be reflected

over and over again at the ends, in reality spreads out or difl'uses

itself, as well as, to a certain extent, being carried forward as a wave.
The length of the line is an important factor. Wave chaiaoteristics |;et

rap^y wiped out in the transmission of signals on a very long submanne
cable, so that the manner of variation of the current at the distant end
approximates to what it would be in the case of mere d illusion.

On the other hand, coming to a very short line, there are, every
time a signal is made, immensely rapid dielectric oscillations, before

the steady state is reached, dne to t04Uid-fro reflection. As a general
rule, this oscillatory phenomenon is nnobscrvable, but it is none the
less existent. It is customary to ignore it altogether in formulation,

regarding the matter as one in which magiutic induction alone i.s

concerned. Of course the magnetic euer^ is then far more important
than the electrie, and the cnrrent in the wire rises nearly in aocordanoe
with the magnetic theory.

The immense rapidity of the dielectric vibrations is one reason why
they are unobservablo, except indirectly, and under ]>eculiar circum-

stances. Sometimes, however, they become prominent, especially when
a circuit is suddenly mtciTuptcd, when wo shall have large differences

of potential. Mr. Edison discovered a new force. The enthusiasm
displayed by his followers in investigating its properties was most
edifying, and thoroughly characteristic of a vigorous and youthful

nation. But it was only the dielectric oscillations, it is to be pre-

sumed ; unless indeed it be really true, as has been reported, that the

renowned inventor has kept the new force concealed on his person

eversinee.

How is it, it may be asked, that in the rise of the current in a short

wire, according to the simple magnetic theory, the potential at any
point in the wire is regarded as a constant, viz., its final value when the

current has reached ihe steady state 1 Thus, as we have

« DP^I^^ .nil
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if e is tbe total impreoaed foree in the dicnit^ and I the length, the

potential yariation aF/dx must be constant Supposing then s to exist

only at 0, the onrrent will rise thus :

—

and the value of - dVjdx must 1)0 ejl^ from the veiy moment € is

started, and so long as it is kept on.

When we seek the interpretation, in the more general theory, we
find that although the current oscillations become so insignificant on
shortening the fine that the well-known last formnla becomes valid,

pracUcally, yet the potential oscillations remain in full force during the

variable period. A wave of potential travels to and fro at the velocity

{LS)~\ making the potential at any one spot rapidly vibrate between
a higher and a lower limit, though not according to Uie S. U. law, but

in saeh a manner that ito mean value is the final value, whilst the

limits between which the vibration occurs continuously approach one
another; the vibration, on the whole, subsiding aeeording to the

exponential law, with 2Z,/i? as time-constant. The quantity ' which
in the above rudimentary theory is taken to bo the actual i)otential

variation, is really the mean value of the real rapidly vibrating potential

variation, at every point of the circuit and durine the whole variable

period, at whose termination, on subsidence of we vibrations, it be-

comes the real potential variation. [See voL L, pp. 67 and 132 for

details.]

To get rid of this vibration, we have merely to distribute the im-

pressed force so as to do away with the potential variation.

Having now got the elementary relations established, we can proceed

to the simplest manner of extending them to include the phenomena
attending the propagation of current into the conductors from the

dielectric

Sbcttion XXXIV. Extension of the Preceding to Include the
Pkopaoation of Cubbknt into a Wir£ fbom its Boundary.

The first stop to getting out of the wire into the dielectric occurs in

Sir W. Thomson's theory, Section xxxu. We certainly get as fkr as

the boundary of the wire. To some extent we make progress in

adopting (same Section) Maxwell's idea of the continuity of the con-

duction and the dielectric current, when the conduction current is

discontinuous itself. Further progress is made (Section zxlCiiL) in

introducing the electric force of inertia and the magnetic energy, so

far as dependent on the first differential coefficient of the current with

respect to the time, assuming the magnetic field to be fixed by the

single quantity C, the wire-current, just as the electric field is fixed by
the single quantity A', the poteutui-iiilicreuce of the two wires at a

given distance.

But the msgnetic machinery does not move in rigid connection with

the wiiihCURentk as is implied in the spedficationa of the magnotle
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energy by hLC-, like that of the electric energy by ISF^, L and S
being the inductance and the electric capacity, per unit length of line.

In going further, I believe the following to be the most elementary

menbod ponible, as well w being ptetty eomprehenBiye. To fix ideas,

and simplify the natiue of the magDetic field, let the line consist of

two concentric tubes, spparated by a dielectric nonconducting tube.

The dielectric is to occupy our attention mainly, in the first place. Let
and a. be its inner and outer radii, the inner radius of the inner

tube, and Og the outer radius of the outer. Find the connection

between the longitadinal electric force at the inner and outer bonn-
daries of the dielectric tube, and the SJC.F. of the condenser, and the
E.M.F. of inertia, ao far as it dependa upon the magnetic field in the
dielectric.

Let ABCD in the figure be a rectangle in a plane through the

common axis of the tnbM, AB being on the inner and CD on the outer
boundary of the dielectric, both of unit
length. Let the current be from A to B
in the inner tube, in whieh direction x is

measured, and therefore troin C to D in the

outer tube. These curreuts are not precisely

equal under all eircumstances, but are so
nearly equal that we can ignore the longi-

tudinal current in the dielectric in com-
pari.son with them ; then the current C in

the inner neces.siUites the same current C in the outer tube. The lines

of maguetic force are directed upward through the paper, and the

intensity of force is 2C/r at distance r from the common axis of the

tubes.

The total induction through the rectangle is therefore

fs£^^ = (2/^log^)6'»AC,

if ft, be the inductivity of the dielectric, and the inductance of the

dielectric per unit length of line.

Now, the rate of decrease of the induction with the time, or -L^C^
is the E.M.F. of inertia in the circuit ABCD in the order of the letters.

But if E and F are the longitudinal electric forces in AB and DC, and
V and W the radial forces in BU and AD, another expression for the

K.M.F. in the circuit v^E-F^- W, But ss AB and CD axe of unit

length, V~ fF^dVldaa. Hence

Next, let r, and P. be the longitudinal eorrentdensities at the

boundaries or the conauctors, and their resistivities, and ^ the

impressed forces, if any, in them. Then, by Ohm's law,

and therefore B^F^p^V^- p^V^-e, (745)

if e^Ci^t^ Thus e is the impressed force in the circuit per unit
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length, ircespectiTe of how it is divided between the inner and the

outer oonductor. Ako, e is suppoBed to be longltndtnaL

Now use (746) in (786), malong it beocune

e-rfr/(fe-£^(J+Piri-/>,rj, (766)

We now require to connect P, and the current^endtieB at the

bonndaries of the conductofs» witik the total currents in them. Bepre-

eenting these connections thus,

P^r.-iyC, -f^V^^mC, (766)

we require to find the fonns of B[ and J^, one for the inner, the other

for the outer conductor. If this be imagined to be done^ and we put

the equation {Ibh) becomes

e^dF/dx = E"C=L^C + I{!lC+B^C, (776)

wherein is known. The complete scheme will therefore be,

e-dF/dx^JRfC, q^SF, ^dCldx^dqldt^Sf, (786)

which should bo compared with (716) and (726). As for the equations

of rand of C, they may be obtained by eliminatioD, but it is unneces-

sary to write them at present.

Wc have supposed R'l and /?" to be known. The question is, then,

how to find them. We know that in steady-flow they must be li^ and
the steady resistances of the conductors. We know, further, that

they are Ry-\- L^{djdt) and R.^-^ L.idldt\ when only the fii'st derivative

C of the current is allowed for. Now, we know that, under all ordi-

naijr circumstances, the length of a wire must be a very large multiple

of Its diameter before the influence of the electric charge becomes
sensible. When it does become sensible, the current is of a different

strength in different parts of the line during the setting up of a steady

current. But in a section of the line which, though long compared
with the iliameLcr of the wire, is short compared with its length, the

current changes insensibly, even when the change is very great between
the current strrn^tli in that section and in another, whico^ by contrast,

may be called distant from the first.

It is, clear, therefore, that we .shall come exceedingly lu ar the truth

if, in the investigation of the function i^' we altogether disregard the

change in strength of the current in passing along the line. Tliis

amounts to ignoring the small radial component of Uie current in the
conductors, and making the current quite longitudinal. This is only

done for purposes of simplification, and does not inv< h e nny physical

assumption in contradiction of the continuity of the current ; for we
join on the dielectric current to that in the conductors, by means of the

equation of continuity, the third of (786).

The determination of Bf[ and J2jf is thus made a magnetic problem,

of which I have already given the solution. See equation (506),

Section zzz., where the first big fraction represents £![ for the inner
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conductor, and the second for the outer. The separation of these
into even and odd differential coefficients, thus,

ii of principal utility in the periodic applications. It may, perhaps, he
as well pointed out that tlie first equation (78ii) should, in strict-

ness, be cleared of fractions to obtain the rational differential equation.

Bat tbe advantages of the fom (786) are too great to be lightly

sacrifioed to formal aceoiacy.

We have now the means of fully investigating the tranimunon of
disturbances along the line, including the retardation to inward trans-

mission from the dielectric into the conductors as well as the effects of

the electrostatic charge. The system is a practical working one ; for,

the eleetrieal variables being Vjuid (7, we ate enabled to aabnut the Uno
to any terminal conditions arising f^om the attachment of apparataa,
the effect of which is fully determinable, because the differential equa-
tion of the apparatus itself is one between Fand C. Both the ratio of
V to C and their product are important quantities. The first is, in

steaUy-tlow, a mere resistance. In variable states it becomes a complex
imeindm of great importance in the theoretical treatment The second,

FCt is the energy-current, concerning which more in the neart> Section.
In the mrantime I will briefly indicate the nature of the changes

made when we further towards a complete representation of Maxwell's
electric and magnetic connections. First, as regards the small radial

component of current in the conductors. The quantity s that appears
in the expression for iKf is given by

- sf = i1^n^k^p,

/X, being the inductivity and the conductivity of the inner conductor,

wnilstp is, when we are dealing with a normal system of subsideuce, a
constant ; thus^ ^ is ^e time-foctor showing how it subsides, p being
always negative in an electromagnetic pioblem, and also always negative
in an electrostatic problem, whilst in a combinc<l t It (^trostatic and
magnetic case it is either negative and real, or ncfjjative with an
imaginary part, when its term must be paired with a companion to

make a real osdllatorily subsiding system. Now the simplest form of
terminal condition possible is 0 at both ends of the line^ i«L, short-

eircoits. Then

where j is any integer, represents a F system, satisfying the condition

of vanishing; at both ends. Let the factor of .r, whirli is /V 7, he denoted
by m. Only the first few/s are of much importaiu e, 1, 2, 3, etc. Now,
if we change the connection between and p above-given to

we shall be able to take the radial component of current in the
conductors into account ; but the cliange made is usually very insigni-

ficant. There are four other cases in which we can work similarly

—

via., when the line is insulated at both ends, or C»0; when it is

Digitized by Google



90 ELECTRICAL PAPERS.

insulated at either end and short-circuited at the other—two cases; and
when the line is closed upon itself, each conductor making a dosed
circuit without interposed reaistancest etc In aU except the last case^

when the line has no ends, the quantity VC yamuhes at both enda of
the line, either For C being zero at these places, so that no cnerizy can

enter or leave the line (dielectric and two conductors). Nor can this

happen in the last case. But if we join on terminal apparatuSi thus
making VC finite at one or both ends, the system breaks down, and we
reooire to fall back upon the pieoedingi

But if we keep to tne five cases mentioned, we may make a further

refinement, by taking the longitudinal current in the dielectric into

account, whicli we have previously considered negligible in comparison

with the current C. We cannot do this in terms of F, which is

inadequate to express the electric energy. But we may do it in terms
of the eleetric and magnetic forces, and then obtain a full repreeentation

of Maxwell's connections, instead of an approximate. But even in this

it is assumed that there is no magnetic disturbance outside the outer

conducting tube or inside the inner, which there must really be, for we
must have continuity of the tangential electric force, which necessitates

electric force, and therefore also electric displacement and current and
magnetic force, outside the outer tube and inside the inner, having
some minute distttrbing effect on the current in the conductors.

We may, liovrever, leave these refinements to take care of themselves,

and return to tlic J" and C system of representation. The advantage

of dealing with concentric tubes is due to the circularity of the lines of
magnetic force, which produces considerable mathematical simplifica-

tions, as well as physical. Suppose, however, the tubes are not con-

centric, although the dielectric is still shut in by them. Here, clearly,

to a first approximation, we have merely to give changed values to the

constants ^ and Z», whilst R is unchanged. But to go further, the

determination of B!{ and 1^1 will present great diilicultieji. This, how-
ever, is clear: that the ftill 1/ will have for its minimum value,

approached with very rapid oscillations, L^^ such that SL^ = v~*, where
V is the speed of propagation of undissipated disturbances through the
dielectric. This fdllows by regarding the conductors as infinitely con-

ducting, so that there is no waste in them, when the equation of y
becomes

^=/^/^. or .5Xo^, (796)

showing wave propagation with velocity v.

But if the two conductors be parallel solid wires or tubes (not

concentric), and be placed at a sufficient distance from one another, the

lines of magnetic force in and dose round the conductors will be very
nearly circles^ so that we may r^rd JS^ and as known by the pre-

ceding ; and we can therefore go beyond the approximate method of
representation founded upon If, S, and L only. Kvcn if we bring the
conductors so close that there is considerable disturbance from the

a&sumod state, we should still, in reckoning and in the same way,
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a long distance in the direction reouired, especially in the case ot

iron witet, in which, by reason of the high induetiTitjr, the magnetic
zetaidation is so ereat.

The effect of leakage has not been allowed for in the preceding.

The making of the necessary changes is, however, quite an elementary
matter in comparison with those connected with niagnctic retardation.

We require to change the form of the equation of continuity. If

there he a leakage-faolt on an otherwise perfectly insulated line, we
have the line divided into two sections^ in each of which the former
equations hold good ; whilst at the place of the leak there is continuity

of y and discontinuity of C, the current arriving at the leak on the one
side exceeding that leaving it on the other by the current in the leak

itself, which is the quotient of F by the resistance of the leak, if it be

representable as a resistance merely. Bnt when the leakage is widely
distributed it must he allowed for in the line-equations. Even in the

case of leakage over the surface of the insulators of a suspended wire,

the proper and rational course is to substitute continuously distributed

leakage for the large number uf separate leaks ; which amounts to the

same thing as substitatinK a continuous curve for a large number of

short 8trai|;ht lines joinea together so as to dosely resemhle the curve.

The equation of continuity becomes

-dC/dx^KF+SP^, (80ft)

where the fresh quantity K is the conductance, or reciprocal of the
insulation resistance, per unit lenijth of line. That is. the true current

leaving' the line is the sum of the former N/ ', the condenser current,

and of KFf the leakage-current, both of which co-operate to make the

current in the line vary dong its length, although in the steady state it

Is the leakage alone that thus operates. But as regards retardation,

their effects are op])ose(l. The setting up of the permanent state is

greatly facilitated by leakage, as is most easily seen by considering the

converse, viz , the sul)sidence of. the previously set-up steady state to

zero when the impressed force is removed. If, then, we wish to

increase the clearness of definition of current-changes at the distant end
of a line on which electrostatic retardation is important, we can do it

by lowering the insulation«esistance as far as is practicable.

SscnoN XXXV. Th£ Transfer of Energy and itb Affugation
TO W1RK8. Ensrgy-Current.

When the ssge sits down to write an elementary work he naturally

devotee Chapter i. to his views concerning the very foundation of

things^ as they present themselves to his matured intellect. It may be
questioned whether this is to the advantage of the learner, who may be

well advised to "skip the Latin." as the old dame used t<> .^ay to her

pupils when they came to a polysyllable, and begin at Chapter li. If

this be done, Prof Tait^s ** Properties of Ifatter " is such an excellent

scientific work as might be expected from its author l>iit Chapter I.

is metaphysics. There are only two Things going, Matter and Energy.
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Nothing else is a thing at all ; all the rest are Moonshine, considered as

Things.

However this be, the transfer of energy is a fact well known to all,

even when we put the statement in such a form that the energy seems

to lose its thinginess, by calling it the transfer of the power of doing

work. Thus, after transfer of energy from the sun ages ago, followed

by long storage underground and convection to the stove or furnace,

we set free the imprisoned energy, to be generally diffused by the most
varied paths. The transfer from place to place can be, in great

measure, traced so far as (quantity and time are concerned ; but it does

not seem possible to definitely follow the motion of an atom of energy,

so to speak, or to give a fixed individuality to any definite quantity of

energy.

Whenever the dynamical connections are known, the transfer of

energy can be found, subject to a certain reservation. In the element-

ary case of a force, F, acting on a particle of mass m and velocity r, F
is measured by the rate of acceleration of momentum, or F=mv'y and,

to obtain the equation of activity, we merely multiply this equation by

the velocity, getting Fv = mn^=T, the rate of increase of the kinetic

energy T, or Jwr^, which is the amount of work the particle can do
against resistance in coming to rest. Where the energy came from is

here left unspecified. In a case of impact, wo may clearly understand

that the transfer of kinetic energy is from one of the colliding bodies

to the other through the forces of elasticity brought into play, thus

making potential energy an intermediary, though what the potential

energy may be, and whether it is not itself kinetic, or partly kinetic,

we are not able to decide.

It is much more difficult in the case of gravit}-. As the stone falls

to the ground, it acquires kinetic energy truly ; and if energy moves
continuously, as its indestructibility seems to impl}-, it must receive its

energy from the surrounding medium ; or the energy of gravitation

must be in 8i)ace generally, wholly or in part, and be transferred

through space by definite paths through stresses in the medium, by
which means Maxwell endeavoured to account for gravitation. In
general, we have only to frame the equations of motion of a continuous

system of forces, and it stands to reason that the transfer of energy
is to be got by forming the equation of activity, not of the system
as a whole, but of a unit volume.

Now, in the admirable electromagnetic scheme framed by Maxwell,
continuous action through space is involved, and the kinetic and
potential energies (or magnetic and electric) are definitely located, as

well as the seat and amount of dissipation of energy. We therefore

need only form the equation of activity to find the transfer-of-energy

vector. Of course impressed forces are subject to the energy definition.

No other is possible in a dynamical system.

But if we take Maxwell's e(|uations and endeavour to immediately

form the equation of activity (like Fv=f from F=inv), it will be found
to be impossible. They will not work in the manner proposed. But
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we may ooniider the energy, eleetric and magneUc, entering and
leaving a given ipace, and that dissipated within it, and by laborious

transformations evolve the expression for the vector transfer. This
was first done by Prof. Poynting for a homogeneous isotntpic medium
(Phil. Trans.^ 1884). In my independent investigation of this matter,

I also followed this method in the first place {I'he Elediicianf June 21,

1884) [p. 377, voL l] in the case of condaeton. Bnt the rotindaboat

nature of the process to obtain what ought to follow immediately from
the (M[nations of motion, led me to remodel Maxwell's equations in

some important particulars, as in the commeiiriiii? vSections of this

Article (Jan., 1885) with the result of producing important simplifica-

tions, and bringing to immediate view useful analogies which are in

Bfazwell's equations hidden from eight by the intervention of his

vector-potential This donflb the equation of activity is at once deriv-

able from the two cross-conn ortions of electric force and magnetic
current, magnetic force and electric current, in a manner analogous to

Fv = jT, without roundabout work, and applicable without change to

heterogeneous and heterotropic media, with distinct exhibition of what
are to be regarded as impressed fyrem, eleetrie and magnetic.

{Eleetrieian, Feb. 21, 1885) Fp. 449, vol l]

Knowing the electric field and the magnetic field everywhere, the
transfer of energy becomes known. The vector tranpfer at any place

is perpendicular to both the electric and the magnetic forces there, not

counting impressed forces. Its amount per unit area equals the

product of uie intensities of the two forees and the sine of their

mduded anf^e.

But I mentioned that there is a reservation to be made. It is like

this. If a person is in a room at one moment, and the door is open,

and we find that he is gone the next moment, the irresistible con-

clusion is that he has left the room by the door. But he might have
got under the table. If you look there you ean make sure. But if you
are prevented from looking there, then there is clearly a doubt whether
the person left the room by the door or got under the table hurriedly.

There is a similar doubt in the electromagnetic case in question, and in

other cases. Thus, we can unhesitatingly conclude from tlie properties

of the magnetic field of magnets that the mechanical foree on a complete
closed eireuit supporting a current is the sum of the electromagnetic

forces per unit volume (vector-product of current and induction), but
it does not follow strictly that the so called electromagnetic force is

the force really acting per unit volume, for any system of forces

might be superadded which cancel when summed up round a closed

cneuitb

So, in the transfer-of-energy case, there may be any amount of
circulation of energy in closed paths going on (as pointed out in another

manner by Prof. J. J. Thomson), besides the obviously suggested

transfer, provided this superposed closed circulation is without dissipa-

tion of energy. Or, if W be the vector energy-current density, accord-

ing to the above-mentioned rale» we may addto it another vector, say

w, piovided w have no oonveigence anywhere. The existence ofw is
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possible, but there does not appear to be any present means of finding

whether it is real, and how it u to be ezpreSned.

Its consideration may seem qnite useless, in &ct Bat it is forced

upon us in quite another way, by the fact that, when W^O, we are

sometimes led to the circuital flux of energy. Let, for instance, a

magnet be placed in the field of an electrified body
;

or, more simply,

let a magnet be itself electrified. There is no waste of energy ; hence
the flnz of ener^ caused by the coeziBtence of the two fields, electric

and magnetic, is entirely circuital. E.g.^ in the case of a spherical

uniformly maGjnetised body, uniformly superficially electrified, it takes

place in circles in parallel planes pi r|)cn<licular to the axis of magnetisa-

tion, the circles being centred on this axis. This circuital Ilux is

entirely through the air or other dielectric What U the use of itt

On the other hand, what harm does it do t And if the medium is

really strained by coexistent electric and magnetic stresses, why should
there not be this circuital flux 1 But, if we like, we may cancel it by
introducing the auxiliary w.

There is yet another kind of closed circulation, according toW alone,

not existing by itself, bnt set going by impressed fofoes cansing a
useful tranner of energy, and ceasing when the nsefnl transfer ceases.

for instance, we close a conductive circuit containing a battery, we
set up a useful transfer from the battery to all parts of the wire,

through the dielectric usually. Suppose there is also impressed electric

force in the dielectric, or electrification, or any stationary electric field.

If the battery does not work there is no tranrfer of energy. But when
it does, there is, besides the regular first-mentioned trsnsfer from the

battery to the wire, a closed circulation due to the coexistence of the
stationary electric field and the magnetic field of the wire current, the
resultant transfer being got by superposing the regular flux and the

clused circulation. Here again, by introducing w, we may reduce it to

the regular undisturbed tnmsfor. It is clear, then, in considering the
nature of the transfer in a useful problem, that it is of advantage to
entirely ignore the useless transfer, and confine our attention, to the
undisturbed.

A general description of the transfer along a straight wire \^':^s given

in Section il [vol. i., p. 4S4]. It takes place, in the vicinity of the

wire, very nearly parallel to it, with a slight slope towards the wire, as

there described. Prof. Poynting, on the other hand (Royal Society,

Transarfinn^!, February 12, 1885), holds a different view, representing

the transfer as nearly perpendicular to a wire, i.e., with a slight

departure from the vertical This difference of a quadrant can, I tliink,

only arise from what seems to be a misconception on his part as to the

nature of the electric field in the ricinity of a wire supporting electric

current.

The lines of electric force are nearly perpendicular to the wire. The
departure from perpendicularity is usually so small that I have some-

times spoken of them as being perpendicular to it, as they practically

are, before I recognised the great physical importance of tiie stb^t
departure. It causes the conveigence of eneigy into the wire.^To
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ettimate the amount of departure, we may compare the normal and
tangential components of electric force. Let there be a steady current

in a straight wire, and the fall of potential from bccnnning to end be

F^-Vi', the tangential oomponent is then (Fq - /\) -i-l, if / be the

length of wire. On the other hand, the fall of potential from the wire

to its return—of no resistance, for simplicity— at any distance from the

bi!;i;iiininir of the line, is K, which is Z^, at one end and at the other.

It IS clear at once that the tangential is an exceedingly small fraction

of the normal component of electric force, if the wire be long, and that

it ia only under quite exceptional circumstances anything but a small

fraction. Prof. Poynting stiould therefore, I think, make his tabes of
displacement stick nearly straight up as they travel along the wire,

instead of having them nearly horizontal, unless 1 have greatly mis-

understood him.

But if we distribute the impreised force uniformly throughout the

circuity so that there shall be, in the steady state, no difference of

potential and no transfer of energy, owing to the impressed force at any
place being jiHt sufficient to support the current there then, on start-

ing the impressed force, the transfer of energy will be perpendicular to

the wire outward, ceasing when the steady state is reached
;
and, on

the other hand, on stopping the impressed force the transfer will be
perpendicular to the wire inward, the magnetic energy travelling back
again (assisted by temporary longitudinal electric force, which has no
existence in the steady state) to be dissipated in the wire. But this

case, though imaginable, is not practically realisable.

In the vicinity of the wire the radial electric force varies inversely as

the distance, and so does the intensity of magnetic force. The density

of the energy-cun-ent therefore varies inversely as the square of the

distance approximately. This does not continue indefinitely. Thus, if

the return be a parallel wire the middle distance is the j)hice of mini-

mum density of the energy-current, in theplane of the two wires. As
regards the total energy-current^ this is Ft/, the product of the fall of

potential from one wire to the other into the current in each. One
nctor, F, is the line-integral of the electric force across the dielectric

The other, C, is the line-integral (-ris-) of the magnetic force round
either wire.

In the figure, AB and CD are the two wires, enormously shortened in

length compared with their distance apart, joined through terminal

resistances Hq and in the former of which alone is the Impressed

force e. The fall of potential from A to C is ^j,, from B to D is FJ,

and at any intermediate distance is F. The total activity of the source

is eC\ of which (e - Fq)C is wasted in M^. What is left, or FqV, h the

energy-current at AC, entering the line. By regular waste into the

wires, its strength falls to F^C at BD, where the line Is Uit, and the
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termiual arrangement entered, to be wasted in frictional heat-genera-

tion Hfi^ therein, or otherwise disposed of. The cuived lines and
arrows perpendicolar to them show linea of electric force and the
direction of the eneigy-flux at a certain plaee, the incUnatlon of the linee

of force to the pcrpendicuhir being greatly exaggerated, as well as that
of the lines of flux of energy to the horizontal, in order to show tho

convergence of energy upon the wires, there to be wasted. Its further

transfer belongs to another science.

The rate of decrease of as we travel along the line ia the waste
per unit length. Thu%

+ ^^^^^

Bi and heing the resistances of the wires per unit length. This is

in steady-flow, with no leakage. But If there he leakage, we have the
equation of continuity

making ~^VC)^KV^ -^{11^-^11^)0% (826)

where KJ^ is the waste-heat per second due to the leakage-resistance.

But when the state is not steady, we have the equation of continuity

^^^KF^SV, {mb)hk.

and the equation of electric force

^^^L^O-^.E-'F, (736)^

80 that - L{VC) ^KV^-k-^(iSF*) -i- j^{kl^a') -t-EC-FC. (836)

Here we account for the leakage-heat, for the increase of electric

eneigy, and for the increase of magnetic energy in the dielectric by the
firsts second, and third terms on the right side. £C, the foiurtli term,
represents the energy entering the first wire per second, S heing the
tangential electric f<)rce ; and - FO, the last term, represents the
energy entering the s* cond wire per second, F being the tangential

electric force at its boundary reckoned the same way as E. The
energy-fluz is now perpendicular to the current, ie., after entering the
wires, ceasing when the axes are reached. And,

EC^Q,-^t„ 'FC=Q^ + f^ (845)

if Qv dissipativities, and J, the magnetic energies in the
two wires, per unit length of linei

If the impressed force is a S.H. Auction of the time, so is the
current^ etc., everywhere, and

E^mC-^Ud, 'F^KC^Ud, (855)

where R[t i^, and are constants depending upon the frequency.
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reducing to the steady resistances and inductances when the frequency
ia infinitely low. In this S.H. case

Qi^wci, Qi^moi T^^km. T^^iwi
are the mean diasipativities and magnetic energies in the wires,

being the amplitude of the current ; the halving arising from the mean
value of the square of a sinusoidal function being half the square of its

amplitude. But in no other case is there anything of the nature of a
definite resistance, although, if the magnetic retardation to inward
transmission is small, we may ignore it altogether, and drop the accents

m (856).

Sbction XXXYL Rbsistancb and SsLr-lNDucnoN ojf a Bound
Wire with Current Lonoititdinak Ditto, with Induction
Longitudinal^ Th£ui Obskrvation and M£asu&£M£NT.

When the effective resistance to sinusoidal currents is not much
riter than the steady resistance, we may employ the formulae (446)

641 to estimate tlui effective resistance and inductance. On the
other hand, when it is a considerable multiple of the steady resistance,

we may employ the simple formulae (45?/). But in intermediate cases,

neither pair of formulae is suitable, and it therefore happens that in

some practically realisaUe cases we require the fhlly developed formulae
which are equivalent to (44i), hut are always convergent.

Let R be the steady resistance per unit length ofround wire of radius

a, conductivity k, inductivity fi ; and W its elective resistance to sinu>

soidal currents of frequency ^ = nj2T. Let also

zm,f»n/B^irf»hia*^^ida*q. (866)

Then the formula required for is

The law of formation of the terms is plainly shown, so that the series

may be continued as far as is necessary to ensure accuracy. But so far

as is written is quite sufficient up to ^ = 10.

The corresponding formula for L\ what the L of the wire becomes at
the frequency ^, is

X<_ '^2f6('^5:^.oO+3.4^I.O + 4:^l8('^-
(884,

^ Same tieuorainator as in (876).

Here Z = ^./^ simply. B'^li increases continuouslyi and decreases

continuously, as the frequency increases.

B.K.P.—VOL. II. a
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The following are the values of Bflli for values of * from J to 10 :

—

R'lll z. R'jR.

102 6 ... 2-01

1-08 7 ,

2-14

1-26 8 ,, 2-27

1-48 9 2-39

1G8 10 2-61

1*85

The curve, whose ordinate is BtlR^ 1 and abeciflsa la ooDvex to

the axis of abscissae up to about z^2\t and then concave later.

Let ns take the case of an iron wire of ono-eiglith of an inch in r.irlius

(about No. 4 H.W.G.), ofresistivity 10,000, and inductivity 100. These

data give us z = qlblf by (866). Take, then, z = qi'50. Each unit of

means 60 vibrations per second. Then q»!SO makes i^yJtMl'OS;

fs500 makes z^lO and J^/i2»2'51, or toe effective resistance 2}
times the steady.

To obtain similar results in copper, with /*=1, ^"^= 1600, making
/i^ to be part of its former value, we require the radius to be four

times as great, or the wire to bi; 1 in. in diameter. But if it be of the

same diameter, «500 will only make z= , and there will be only a

slight increase in the effective resistance.

In the present notation the vefy-high-frequency fonnolae are

; (896)

and, by comparison with the table, we shall be able to see how large z

must be before these are sensible true. Using (896), z^4 dves ff/R
« 1*41, much less than the resi value; «r>-8 gives 2 instead of 2*274

;

2;=^ 10 gives 2*234 instead of 2*507. On the other bund, (89&) makes
U too big, but not so much as it makes li' too small. Thus (7 = 10

makes Un/R = 2'2Zi instead of 2*21, which is ^hat the correct formula

(886; gives.

Probably s» SO would make (896) fairly well represent the resistance,

asitnearly does the inductance when 2» 10. In the case of the iron

wire above mentioned, : = r)0, or g«2500, will make the effective

resistance five times the steady.

If the wire be exposed to sinusoidal variations of longitudinal mag-
netic force by insertion within a long solenoidal coil, the ell'ect, when
small, on the coil-current, is the same as if the resistance of the coil-

circuit were increased by the amonnt IR(, given by

R(^L^ X hirfiMtM^L^n X iz. (906)

tReprint, vol. i., p. 369, the last equation. Also p. 364, equation (-^6).]

lere / is the length of the core and coil, having iV turns of wire per

unit length, and

is the steady inductance, due to the core only, per unit of its length.
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If Cq be the amplitude of the coil-current, the mean rate of generation
of heat in the core is ^B'Cq-, per unit of its length.

When the effect is large, use the formula

[vol. I., p. 3G4, O(j[uation (3ti), and the next one.] (I have slightly

changt^d the notation to suit present conyenienee, and show the law of
formation of the terms. The old 1/ equals the new 16::^.)

I did not give any separately developed expression for the corre-

sponding to
;
being only a portion of the L of the circuit it was

merged in the expression for the tans^'cnt of the ])haso-(iilTeience [Vol.

I., pp. 369 to 374, ^ IG, 17.] ExhibiLmg now L{ by itself, we have

this fomrala :

—

'^f('^24('"340^44('^-
Li Same denominator as in (9\b),

Kotioe that the nmnemtoft In (916) and (886) are the same, and that

those of (926) and (876) are the same.

At the frequency 500. using the same iron wire above described, we
hATe, taking 2» 10' in (916) and (926),

= 1 88 L^n, Li = -225 Li (936)

Or, with a little development,

/?f
= 622 = 243,000 A^'^ (946)

i.e., the extra resistance is 243 microhms niuitiplied by the lengtli of

the core, and by the square of the number of windings per unit length.

At this particular frequency the amplitude of the magnetic force

oseiUations at the azis of the core is only one-fourteenth of the

amplitude at the boundary. When it is the current that is longitudinal,

it is the current-density at the axis tliat is only its boundary -value.

Now, as cores may be so easily taken thicker, it is also desirable to

have the high-frequency formulae corresponding to (916) and (926),

which I now give. They are

^'^'^-^^
The yalue z-lO is scarcely lai*ge enongh for their applicability.

TI1U8 (956) giTe (same iron wire),

Bi'J4n= 2'23 L^n (966)

instead of (936)^ making ^ too big^ and too small, although the
latter is nearly correct.

In one respect the reaction of metal in the magnetic field on a coil-

current is far simpler than the reaction on itself when it contains the

impressed force in its own circuit. If we have a sinusoidal current in

a coil, subject to
e==IiC+LC\
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e being the sinusoidal impressed force, C the current, E and L the steady

resistance and inductance of tibe circuit ; and we, by putting metal in

ita maffnetio field, induce cunenta in it, and waate eneigjr there, ve
know uiat the new atate ia alao ainasoidal, aubject to

where and U have some other values. So far is elementary. This,

however, is also elementary, that Ef must be greater than B, For the
heat in the coil per second is UW-, and the total heat per second is

J^'Cfl. As the latter includes the heat externally generated, j?' is

necessarily greater than But this simple roasonini;, without any
appeal to abstrusities, breaks down when it is the wire it^rlf in which
the cijange iiom Ji to U' takes place, and we then require to use

reasoning baaed npon the changed oistribntion of current
To obser^'e these changes qualitatively is easy enough. But to do so

quantitatively and accurately is another matter. It cannot be done with

intermittences. A convenient little machine givinij a strictly sinusoidal

impressed force of good working strength, adjustalile from zero up to

very high frequencies, is a thing to be desired. iJut we may employ
yery rapid intermittences with an approziniation to the theoreticiil

results. I have obtained the beat results with a microphonic contact,

without interruptions, but it was diflBcult to keep it going uniformly.

Slow intermittences give widely erroneous results, i.c
,
according to the

sinusoidal theory, which does not apply, making the changes in resistance

and induction much too large. Here, of course, the silence—the best

minimum to be got—^is a loud sound.

I should observe, by the way, that a correct method of balancing is

presumed. In Prof. Hughes's researches, which led him to such re-

markable conclusions, the method of balancing was not sm h as to ensure,

save exceptionally, either a true resistance or a true induction balance.

Hence, tiio complete mixing up of resistance and induction effects, due

to &]se bahuices. And hidden away in the mixture was what I termed

the " thick-wire effect," causing a true change in resistanceand inductance

[vol. II., p. 30]. In fact, if I had not, in my ex-pcrinients on cores and

similar things, been already familiar with real change^^ in resistance and

inductance, and had not already worked out the theory ot the pheno-

menon of approximation to surface conduction [first general description

in yoi I., Art. 30, p. 440 ; yoI. II., p. 30], on which these effects in a
wii« with the current longitudinal depend, it is quite likely that I should

have put down all anomalous results to the false balances.

Of course, wc should separate inductance from resistance. PerhajKs

the simplest way is that 1 described [vol. II., p. 33, Art. xxxiv.] of

using a ratio of equality, reducing the three conditions to two, ensuring

independence of the mutual induction of aides 1 and 2, and also of

sides 3 and 4 (allowing us to wind wires 1 and 2 together, and so

remove the source of error due to temperature inequality which is so

annoying in fine work), and requiring us merely to equalise the resist-

ances and the inductances of sides 3 and 4, varying the inductance to

the required amount by means of a coil of variable inductance, con-
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sisting of two coils joined in seqiionco, one of which is movaMi* with

respect to the other, thus varying the inductance from a niiniumm to a

maximum—an arrangement which 1 now call an Inductometer, since it

is for the measurement of induction. The oddly-named Sonometer
will do jiut as weU, if of suitable size, and its coils be joined in

sequence. The only essential peculiarity of the indactometer is the
way it is joinetl and used. This method of equal ratio was adopted by
Prof Hughes in liis later researches (Royal Society, May 27, 1886) ;

he,

however, varies liis induction by a Hexible coil, which I hardly like.

Lord Kayleigh has also adopted this method of separating induction

from resistanoe, and of varying the inductance. {PhU, Alag., Dec,
1886.) I found that tlie calibration could be expeditiously effected

with a condenser, dividing the scale into intervals representing eqiia]

amounts of inductance. Lord I\ayh'igh does, indeed, seem to approve
somewhat of Prof Hughes's inrtho'l, with its extraordinary complica-

tions in theoretical interpretation (very dubious at the best, owing to

intermittenoes not being sinnsoidal). But if it be wished to employ
mutual induction between two branches to obtain a balance, tliere is

the J/q3 or method 1 described [vol. ll., Art, XXXIV.], which is,

like the method of equal ratio, exact in it«5 separation of resistance and
inductance, with simple iiiterpretatinn. I have since found that there

are no other ways than these, except the duplications which arise from
the exchange of the source of electricity and the current indicator.

Using any of these methods, we completely eliminate the false balances

;

now we shall have perfect silences, independent of the manner of

variation of the currents, whenever the side 4 [in figure, p. 33, vol.

II.], containing the experimental arrangement, is equivalent to a roH^

with the two c^nukmU H and X, and can therefore equalise a coil in side

3 (presuming that the equal-ratio method is employed). But if in the
equation V= ZC of the experimental wire, Z is not reducible to the

form of R + L{djdt), it is not possible to make the currents vary in the

same manner in the sides 3 iiiid 1, aiifl so secure a balance. That i.«,

We cannot balance merely by resisLaiu e and self induction, the departure

(jt' the nearest approach to a balance I'lom a true balance being little or

great, as the manner of variation of the current in side 4 dimrs little

or much from that of the current in its ought-to-be equivalent side 3.

The difference is great when a coil with a big core is compared with a
coil without a core

;
and, as in all similar cases, as before remarked, at a

mo<lerate rate of intermittencc, we must not apply the sinusoidal theory

to the interpretation. If we want to have true balances when there is

departure from coil-equivalenofs we must specialise the currents* making
them sinusoidaL Then we can have silences, and correctly interpret

r- Mlt??. We appear tO have false balances. But they are quite dif-

ferent from the before-mentioned false balances, as they indicate true

changes in resistance and inductance, owing to the reduction of Z to

the required form, in which, however, the two "constants ' are iuuctious

of the firequeocy.
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Section XXXVII. Genkral Theory of the Chbistib Balance.
DiFFEllENTIAL EQUATION OF A BRANCH. BALANCING BT MEANS
OF Keduced Copies.

It is not easy to find a good name for Mr. S. H. Christie's differential

arrangement. There are ol)jectioiis to all the names bridge, balance,

lozenge, parallelogram, quadrangle, cjuadrilateral, ami pons asim*rutn^

which have been used. It seems to bo a nearly universal rule for

words, used correctly iu the first place, to gradually change their

meaning, aod finally caoae ns to talk nonsense, according to their

original signification. Thus the Bridge is the conductor which bridges

across two others. Rut it has l)ecome usual to speak of tho differential

arrangement as a whole as the Bridge ; and tlicn we have the four

sides of the bridge, which is absurd. Quadrilateral is the latest fashion.

It has four sides, truly. But there are six conductors concerned ; so

we shonld not call the differential amngement itself the qnadrilateral.

I propose to simply call it the Christie, without any addition, just as

telegrajthcrs speak of the Morse, or the Wlieatstonc, meaninjL: the

apparatus taken as a whole. Thus we can refer to the Christie, tho

quadrilateral, and the bridge, the latter two being parte of the former.

This will suppress the farrago.

In the nsual form of the Christie we lutve fonr points, A, Bj, B^C|
united by six conductors, numbered from 1 to 6 in tlie figure^ The
quadrilateral has the four sides, 1, 2, 3, 4. The bridge-wire is 6,

joining B, to Bg, and 6 is the battery-wire. The battery-current goes

from A to C by the two distinct routes AB^C and ABjC. Some of it

crosses the bridge, up or down; except under special drcomstances,

when the bridge-wire is free from current, which is the useful property.

Let us generalise the Christie thus :—Let the sole characteristics of

a branch be that the current Altering it at one end equals that leaving

it at the other, with the additional property that the electromagnetic

conditions prevailing in it are stationary, so that the branch beioomes

quite definite, independent of the time.

Thus, all six branches may be any comj)lex combinations of con-

ductors and condensers satisfying these conditions. The communica-
tion between the two ends of a branch need not be conductive at all

;

for example, a condenser may be inserted. As an example of a comjjlex

combination, let branch 3 consist of a long telegraphic circuit, symbolised

by the two jiarallel lines starting from 3 and ending at Y^, where they

are connected through terminal apparatus. This branch then consists

of a long series of small condensers, whose + poles aiv all connected
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together by one wire, and the - poles by the other wire. There ib

also conductive comiectiou (by leakage) between the two wires. There
is also electromagnetic indoction m along the line. But, as the

carrent entering the line from Bj to 3, and that leaving it, from 3 to

C, are equal, the tel^raphic line comes under our definition, provided
it be stationary in its properties. Observe tliat this does not exclude
the presence of other conductors, between wliich and the line in branch
3 there is mutuul induction, providing this does not disturb our

fiindamontal property of a binaieh. We may, indeed, remove the

original restriction, but then it will no longer be the Christie, for more
than four points will be in question. Suppose, for example, there is

mutual induction of the electrostatic kind between branches 1 and 2,

which is most .simply got by connecting the middles of 1 and 2, taken

as resistances, through a condenser. Then there are six points, or

junctions, concerned, and a slight enlargement of the theory is required.

Let 08 now inquire into the general condition of a balance, or of no
current in the bridge-wire due to current in 6, which, therefore, enters

the quadrilateral at A and leaves at C, and which niay arise from
impressed force in 0 itself, or be induced in it !)} external causes.

First, as regards the solf-inductiou balance in the extended sense.

This does not mean that each side of the quadrilateral must be
equivalent to a coil, but merely that the four rides are independent of

one another in every respect, except in being connected at A, Bj, K.^ C.

Thus we can have electrostatic and electromagnetic induction in all six

branche.s, but independently of one another. Under these circumstances

it IS always possible to write the diil'creuiial equation of a branch in the

form V^ZCy where G is the current (at the ends), V the fall of
potential from end to end, and Z 9. difterential operator in which time
is the independent variable. When the branch is a mere resistance R,

then Z = U, simply. When it is a coil, independent of all other con-

ductors, then

Z^ H + Lp,

where L is the inductance of the coil, and p stands for dhlt. When it is

a condenser, then Z={Su)~^f where iSis the capacity. If the condenser

baye also conductance K, or he shunted by a mere resistance^ then

z^{K+spr\
These are merely the simplest cases. In general, ^ Is a function of

/?, p'^y etc.; and electrical constants.

Now let the positive direction of current be from left to right in

sides 1, 2, 3, 4, and suppose we know their dilTerential equations

Ti-ZjCi, ^t^^f^r etc.

To have a balance, so far as the current from 6 is concerned, the

potentials at and Bg must be always equal, except as regards

inequalities arising from impressed forces in other branches than 6,

with which we are not concerned. Therefore

Fi = and =

or, Z^C^ = ZgCp and Z^C^=^Z^C^.
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But, C^ = C^. Cj= 6V
So, using these in (k), we get

Cj = Z^C^,
I

Z^C-^ = Z^C^. j

fUuuinate the currents by cross multiplication, and we get

Z^Z^^Z^^ (3c)

which ia the condition required. It haa to be identically aatiafied, no
that, on expansion, the coefficient of every power of » miut Tanish.

If we take Z^M + Lp (m when each side is a coS, or equivalent to
one), we obtain the three conditions given in my paper "On the Use
of the Bridge as an Induction Balance, equations (1), (2), (3) fvol. ii.,

Art.XXXIV.7p. 33].
^ V A WL

As another example, take Z={K+Sp)-'^ (shunted condenaen), and
we obtain three similar conditions. But it ia needless to multiply
examples here. We have only to find the forms of the four Z's, expand
equation (3c), and equate to zero separately the coefficient of every
power of|fc It does not follow that a balance is possible in a particular
ease, bat oar resnlta will always tell ns how to make it poasible, as bv
giving zero values to some of the constants concerned, when one brancn
is too complex to be balanced by aimpler ammgementa in other
branches.

The theory of a balance of self and mutual electromagnetic induction
I propose to give by a different and very simple method in the next
Section. At present, in connection with the above generalised self-
induction balance, let us inquire how to balance telegraph lines of
different types, or when they can be simply balanced. It is clear, in
the first place, that if we choose sides 1 and 3 (juite arbitrarily, we
have merely to make side 2 an exact copy of side 1, and 4 an exact
copy of side 3, in order to ensure a perfect balance. Imagine the
bridge-wire to be removed ; then we have points A and C joined by
two identical arrangements. The disturbances produced in these by
the current from 6 must bo equal in similar parts

;
hence, if Bj and Bj

be corresponding points, their potentials will be always equal, so that
no current will pass in the bridge-wire when thoy arc connected. But
we can also get a true balance when the *'linc ' AB^C is not a full-

sized, but a reduced copy of the line AB,G. It is not the moat general
balance, of course, but is still a great extension upon the bdance by
means ot lull-sized copies. The general principle is this :—

Starting with sides 1 and 3 arbitrary, make 2 and 4 copies of them,
first simply qualitatively, as it were ; thus, a resistance for a resistance,
a condenser for a condenser, and so on. This is like constructing an
artificial man with all organs complete, but in no particular proportion.
Then, make every resistance in sides 2 and 4 any multiple, say s timea
the corresponding resistance in sides 1 and 3. Niakc c\'cry conden.'^er
in sides 2 and 4 have, not s times, but s"! times the capacity of the
corresponding condenser in sides 1 and 3. And, lastly, make every
inductance in sides 2 and 4 be < times the corresponding inductance in

Digitized by Google



ELECTROMAGNETIC INDUCTXOli AND ITS PROPAGATION. 106

sides 1 and 3. This done, s being any numeric, ABfi is made a
ledaced (or enlarged) copy of AB^C, and there will be a true balance.

Tlwt is, tbe poienHals at corresponding points will be equal, eo that
the bridge-wiie may eonneet any pair of them, without caasiDg any
disturbance.

Now let a telegraph line be defined by its lengtli /, and by four

electrical constants Ji the resistance, S the electrostatic capacity, L the

inductance, and K the leakage-conductance, all per unit lengtL It u
not by any means the most general way of representation of a telmaph
line, but is sufficient for our purpose. Let C be tibe current, and K tne

potential-difference at distance x from its beginning. We require the

form of Z in V=Z(' at its beginning. This will depend somewhat
upon the terminal conditions at the distant end, so, in the first place

let r«0 then. Take

C= cos ///.'. -f-sin inx.B, (4^*)

y= -{B + Lp)m~ ^(sin mx,A - cosma;.^, (5c)

'm^^{K+SpXB+l4^), (6c)

p standing for djdt as before. These are general, subject to no im*
pressed forces in the line. A and B are arbitrary so fiur. But at the
end z^l,we have 0 imposed, which gives, by (6c),

BIA^tKuml, (7c)

ao that at the a; end, we have, by (4^), {5c), and {7c),

V B + Lp B 7 / z> . r VI tan ml \

This is the Z required. From the form of ///^, we see that if the total

resistance lU and total inductance LI in one line be, say, s times those

in a second, whilst the total capacity 8i and total leakage-conductance

Kl in the second line are times those in the first, then the values of

ml are identical for the two lines. If these lines be in branches 3 and
4, we therefore have

Z.^_{n, + L^p)l^_ .

z,~-{Ju+L^)ir''

80 that we may balance by making sides 1 and 2 resistances whose
ratio B^ Bo i^ > ; or, if coils be used, by having, additionally, l^jL^'^s;

or, if condensers are used, {K., + S2p)j{Ki+ ^':yip)
= s ; and so on.

But it there be apparatus at the distant end of the line, it must also

be allowed for. Let F» YChe the equation of the terminal apparatus
;

diat is, this equatic^n connects (4') and (5c) when x^L Using it^

instead of the former F«-0, we shall arrive at

y (B + Lp) Uaiml'^fnYj{B + Lp) ..^-i

instead of (8c). Now, just as before, adjust the constants of lines 3

and 4, so that m^^^mj.^ and, in addition, make Yjy^^s, Then,
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(Ik)

supposing eacli side of the 4uadi iiateral to be a telegraph line, the tull

oonditioni of balance by this kind of reduced eopios aro

li.J,^ LJ., S^l^ A^,/,

/.V, K,i, r;

The ditference froin the t'ormer ca.se is that we now have in sides 2
and 4 reduced copies of the terminal apparatus of lines 1 and 3. It

will be observed that the equalities in the first line of (lie) make side

2 a redaoed copy of side 1, and that those in the second line make side

4 a reduced copy of 3, whilst the equalisation of the two lines of (11'')

makes the scale of reduction the same, so that AB^U is made a reduced
copy of ABjC.

If one of the four sides, say side 3, ol the quadrilateral be a telegraph

line^ we most have at least one other telegraph line, or imitation

line, namely, in side 4. 6ut» of course, sides 1 and 2 may be electrical

arrangements of a quite different type. Further, notice that only two
of tlje sides, either 1 and 2, or 3 and 4, can be single wires with return

through earth, so that if the other two are also to be telegraph lines

they must be looped, or double wires. In certain cases precisely the

same form of ^ as that above used will be valid, but this is quite
inniKitcrial as r^;ards balancing by means of a reduced copy.

The balance expressed by equation (3c) is exact- -that is, it is inde-

j»endent of the manner of variation of the current. The V)alancc by
means of reduced copies is also exact, but is only a special case of the
former. But there is always, in addition, the periodic or S.H. balance,

when the currents are undulatory. Then merely two conditions are
required, to be got by putting p^- _,^2^ where nl'lir is the frequency,
in Z^Z^ -^2^3- ^vhich will reduce it to the form a + bp, in which a and h

contain the frequency. Now, a = 0 and b - 0 specify this peculiar kind
of balance, which is, generally speaking, useless. Whilst, however, the
balance of ABjC and AB,C by making the latter a reduced copy of the
fonner is, when applied to the Christie, only a special case of (:k), it is,

in another respect, far more general ; foi it will be observed that any
pair of corresponding points may be joint-d l)y the bridge-wire, although
the result may be an arrangement which is not the Christie.

SBcnoN XXXVIII. Theohy of ths Chribtib as a Balance of
Self and Mutual £lbgtro]caon£Tic Induction. FEUcfs
Induction Baiance.

As promised in the last Section, I now give a simple, and, I
Ijeliovc, \hr v.TV simplest, investigation of the cciulitions of balance
when all six branches of the ( hristie have self and mutual induction.
Keferring to the same figure (in whicli wf may ignore the extensions
of branches 3 and 4 to Yj and Y^), we see that as there are six branches
there are twenty-one inductances, via., six self and fifteen mutual.
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This looks formidable. But since there are only three independent
currente possible there can really be only six independent inductances

coneeraed, vie, three self and tuee mutuali each of which is a com-
bination of those of the branches separately.

Thus, let C'l, ( 3, and r*,, be the currents tnat are tivken as independent,

and h't them exist in the three circuits AB^BgA, CBjBjC, and ABgCA
(via branch 6), with right-han«ied circulation when positive. Then the

other three real currents 63, C\, and are given by

if the positive direction be from left to right in sides 1, 2, 3, and 4,

from ri^Oit to left in 6, and ilown in T). wjiich harmonises with the

positive directions of the cyclical currents C'^, C'^, and C'^,

Next, let Wj, ?/?.,, rn^. and m^^, wjg^, m^.^ be the inductances, self and
mutual, of the three circuits. Thus, w/,= induction through ABjB^A
due to unit current in this circuit; and ///^3 = the induction tfaroogh

CB^BjC due to the same, etc We have to find what relations must
exist amongst the resistances and the inductances in order that there

may never be any current in the bridge-wire, provided there be uo
impressed forces in 1, 2, 3, 4 or 5.

We obtain them by writing down the equations of E.M.F. in the two
drcttits ABjB^A and CB^BjC on the assumption that there is no
current in the bridge-wire, which requires C^ = Ca; and this we do
by equating the E.M.F. of induction in a circuit, or tlie rate of decrease

of the induction through the circuit, to the E.M.F supporting current,

which is the sum of the products of the real currents into the resistauceSi

taken round the circuit.

Thus,

where |» stands for dfdi, Bnt C-^ ^ C,, which, substituted, makes

which have to be identically satisfied. Eliminate the currents by cross-

multiplication, and then equate to zero separately the coefficients of

the powers of This gives us
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which are the conditions required. First the resistance balance ; next

the Tanishing of integral extra-current due to putting on a steady

impressed force in branch 6 ; and the third condition to wipe out aU
trace of current, and make bnnchee 5 and 6 pttfeetly conjugate under
all circumstances.

If the Christie consists of short wires, which are not nearly closed in

themselves, then, as I pointed out before [vol. ll., Art. 34, p. 37], the

theory of the halance expressed in terms of the self and mutual in-

ductances of the different branches becomes meaningless, because the
inductances themselves are meaningless. Under these circumstances,
equations (14r) are the conditions of a balance, from which alone can

accurate deductions be made. Even if we have the full equations in

terms of the twentv-one inductances of the branches, they will express

no more than (lie) do. We could not^ for instance, generally assume
any one of the inductances to vanish, as it would produce an absurdity,

is., the consideration of the amount of induction passing through an
open circuit. Hence it is quite possible that (He) may be useful in

certain experiments, in which such short wires are used that terminal

connections become not insignificant.

At the same time it is to be remarked that such cases are quite

exceptional. I would not think, for example, of measuring the in*

ductance of a wire a few inches long, in which case (14c) would,
at least in part, be applicable, if I could get a long wire and swamp the

terminal connections. Still, however, equations (14t) and the way they

are established are useful in another respect. In general, I have not

found any particular advantage in Maxwell's method of cycles.* It has
seemed to me to often lead to very roundabout ways of doing simple

work, from what I have seen of it This applies both when the steady

distribution of current in a network of conductors is considered, due to

.steady impressed forces, as in the orij^inal application ; and also when
the branches are nut treated as mere resistances, but transient states

are considered, provided the branches be independent, so that, as I
remarked before, the equation of a branch may be represented by
F=ZC\ where Z takes the place of the resistance in the

elementary case. But in our present problem there is such a large

number of inductances that there is a real advantage in using the

above uieLhod, an advantage which is non-existent in a problem
relating to steady states. We greatly simplify the preliminary

work by reducing the number of inductances from 21 to 6. But,

of course, on ultimate expansion of results we shall come to the
same end.

If we use the first and third of (14c) in the second, it becomes

{»H + ™3. + ».«(l+J)}.(^-^) = 0; (15c)

and, as either of these factors may vanish, we have in general two
entirely distinct solutions. If the second factor vanish, the whole

* [Not given in his treatise, bat deacribed by Dr. Fleming in the J'hil. Mag.\
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set of conditions may be written

^1 i?, m„ + Wi3. .jg .

whilst^ if it be the first factor that vanishes, we shall have

- 1» - - ^
' = 1+^ '^'^ 1

+'?'^ '^», (17c)

expressing the full conditiona. Both (16c) and (17c) are included

in (14- ).

Suppose now that we make the branches long wires, or coils of wire,

or many coils in sequence, etc., and can therefore localise inductances

in and between ihe branches. We require to expand the eix m's.

Their fall expressions will yary according to ckcnmstances. When all

the twenty-one inductances are cottnted, they are given by

nil- ii,+ Ifc+Ij+2(Jf„-if„-ifiJ, \

fflg" + JI^+X4+ 2(Jfng+ if||4+ ifj4)|
" ^+ (if,, - ifj4 - ifj5 - if,,+ if||4+ if„+if„ - M^),

— - + (ifa+ifj4+ifJ, - if,1 - if„+if1^+ if||4+ if((,)i

m,,« - + (^3S+ <^ll4+ifM ~ ~ " ^tH " '

Here L stands for the inductance of a branch, and M for the mutual
inductance of two branches. These are got by inspection of the figure,

with careful attention to the assumed positive directions of both the
cyclical and the real currents.

In the use of tht-se, for insertion in (Ht ), we shall of course t'(|uate

to sero all negligible inductances. As an example of a very simple

ease, let coils be put in branches 4 and 6, between which there is

mutual induction, and let the other four branches be double-wound or

of negligible inductance. Then all except and if^, are zero,

giving
fill =0, ffij =L^, = L^ + 2M^,
wj ,3 = 0, 7//

jp,
- 0, = -L^- M^.

Insert these in the second of (14c), and we get

B^il^-k-M^^-M^ or -.Ir4«(l+i?,/J2,)if«. ...(19c)

The third condition is nugaton. Hence (19c), with a resistance

balance, but without the need of measuring (or, equivalently, ^^),
gives ns the ratio of the .1/ of two coils to the L of one of them in terms
of the ratio of two resistances.

As another example, let all the J/'s be zero except and AI^
whilst all the L's are finite. We shall then have, besides the resistance

bidanoes, the two conditions

0^{L,L,-L^)'¥{L,-L,)M^-^{L,-L,)M,„
\

it we now take - R^ L^-L^; that is, let sides 1 and 2 be equal.
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we reduce the three conditions (14c) to R., = R^, L., = L^. This is

obvious enough in the absence of mutual iiiduotioii ; but we also see

that induction between sidee 1 and 2, and between 3 and 4, does not in

the least interfere with the self-induction balance Whilst remarkable,

this property is of great utility. For it allows us to have the equal

wires 1 and 2 close together, preferably twisted, and then this double

wire may be doubled on itself, and the result wound on a bobbin. We
ensure the equality of the wires at all times, doing away with the

tronblesome source of error arising from the disturbance of the resist-

ance balance from temperature cfauinges, which occur when 1 and 2 are

separated, and also doini^' away with interferences from induction

between 1 and 2 and the rest. We also do away with the necessity of

keeping coils 3 and 4 widely separated from one another.

Passing to a connected matter, Maxwell, Vol. IL, Art. 536, describes

the weU-known mutual induction balance with which Felici made such
instructive experiments, that may be made the basis of the science of
electromagnetic induction. It is very simple and obvious. The figure

explains itself If the M of the two circuits is nil, there is no current

in the secondary on making or breaking the primary. This is secured

when the M of coils 1 and 2 is cancelled by the M of coils 3 and 4, pre-

suming that the pair 1, 2 is well-removed from the pair 3, 4.

The balance is independent of the self inductions of the four coils,

and also of the resistance of the two circuits, and may be made very

sensitive In fact, Felici's balance is unique, and should be used when-

ever possible. To exhibit its merits fully, we should use a telephone

and automatic intermitter, giving a steady tone. It is then doublv

unique, and it is difficult to imagine anything better. Compared with

the galvanometer, the use of the telephone is a real pleasure. It is

science made amusing.

But if we want not merely to balance M,^ asainst but to know the

value of the M^^ of a given pair of coils, should be t^oth variable and

known. Coils 3 and 4 may be the coils of an inductometer [vol. ii., p.

101] calibrated once for aU. There are many ways ofdoing it,m term s of

the capacity of a condenser, or in terms of the inductance of a coil, etc.,

none of which methods lias the merits of Felici's l)alance. Suppose it

done by Maxwell's condenser method (using a telephone, of course).

It is, perhaps, as good as any (certainly better than many) for the par-

ticular purpose, as we have only to give particular values to the time>

constant of the condenser—a series of values with a common difference

—

and get silence at once by moving the pointer to a series of particular

places, which is very dift'erent from dodging about to find the value of

the time-constant when the M of the coils is fixed. We should also
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measure the L of each coU hy itaelf, and it is weU to previoasly adjuat

the coils to have equal L aod M, But the present use of the inducto-

Tiiet»'r is not to measure self induction, but mutual induction. There-

fore make 1 and 2 the coils whose M is wanted, .'i and 4 the coils of the

iuductometer. If within range (it is well to have iDductomet^rs of

different aizoBi for yarioYU purposes), we immediately measure M^^, and
have the full advantages of Felici's balance.

But if there is metal about the coils 1 and 2 (of course thwd ahould

be none, or very little, about tbo inductometer, or it should be carefully

divided), we cannot i*ct telephone balances. If the tlei>arture from

balance is serious, and it is not practicable to remove the metal, we may
give up the telephone and use a suitable galvanometer, one whose
needle will not move till all the current due to a make has passed, and
then move if it can. But if the metal be iron, and we want to measure
the stoady M in presence of tlu' iron (not finely divided), of course we
must not remove the iron and mea.sure something else than what we
want to know. Then the galvanometer is indispensable. We lose the

advantage of the telephone, but Felici's balance has still its peenlisr

merits lefK in a very great measare.

Apart from the question of measurement, Felici's balance is highly

instructive, as to which see Maxwell's treatise, to which we should add
that the telephone should always ho. used if possible. Besides the

experiments reierred to, the balance is useful for studying the iuHuence

of iron in the field on the if of two coils, increasmg or decreasing it,

according to position. Use non-conducting iron [vol. ii., Art. 36, later].

Here we have another proof to that there mentioned, that there is no
appreeiable wa.'?to of energy in finely di\nded iron when the range of

the niaLMictic tuive is moderate, although very perfect silences, like those

when there are no F. currents, and no iron, are not always obtainable.

As regards Felici's balance when employed for observing differential

effects, e.g.^ l^rot Hughes's magical experiments with coins, and so

forth, I caimot recommend it, for several reasons. The theory is com-
plex, in the first place, so that scientific inteqiretation of results is

tiifticulf. Next, considerable accuracy in adjustment of the coils, in

two equal pairs, similarly placed, is required. Lastly, the independence

of resistance, etc., ceases when there are F. cunents to disturb; and as

we are not able to trace the variations of resistance, we may, in

sensitive arrani,'emcnts, when balancing one set of F. currents and
reactions against another set, be interfered with by unknown tempera-
ture variations.

Perhaps the easiest way is to take a long wire, double it on itself and
then dottUe again, giving four equal wires. Wind two side by side to

make one pair of coils (1 and 2), and the others in the same manner, to
make the other pair. Of course we have increased sensitiveness by
the closeness of the wires.

But it is far better not to use four coils, but only two, viz., coils 3

and 4 in the equal-sided <e(/-indnctlon balance, with 1 and 2 made per-

manently equal, as before described. The temperature error is tnen

under constant observation, and we know at once when the resistance
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iMtlance of coils 3 and 4 (apart from F. currents) is upset. Inter-

protation is also an easier matter, both in general reasoning and in

caloulations.

SflcnoN XXXIXa. Fsuci's Balanob Disiubbbd, and th£
DisiURBANCK Equilibrated.

Beferriug to the last figure, in which imagine the galyanometer to be
replaced by a telephone, and the key by an automatic intermitter, let

us start with a perfect balance due to the M of one pair of coils being
cancelled by the M of tlie other pair, and consider the nature of the

effects produced by the presence ut metal in or near either pair of coils.

Firsts let 8 and 4 be the coils of an indnetometer, and 1, 3 other
coils of any land, separate from one another. The simplest action is

that caused by non-conducting iron. It acts to increase or decrease

the M of either or both pairs of coils according to its position with

respect to them, and its effect can be perfectly balanced by a suitable

incrsase or decrease of the if (mntusl inductance) of the indnetometer
coils. Suppose, for example, the disturber is a non-conducting iron

bullet, and is bi ought into the field of the coils 1, 2. If it be inserted

in either coil, it increases their M. This is mainly because it increases

the L of the coil in which it is inserted. If the two coils have their

axes coincident, as in the figure, the bullet will cause their if to be

increased by placing it anywhere on the axis, or near it. But if the

bullet be broi{ght between the coils laterally, so as to be, for instance,

between the numerals 1 and 2 in the figure, the result is a decreased M.
Here the L of each coil is little altered, and the decrease of M results

from the lateral diversion of the magnetic induction by the bullet from

its normal distribution. By pushing it in towards the axis a position

of minimum M is reached, after which ftirther approach to the axis

causesM to increase, ending finally on the axis witk being greater than
the normal amount.

If the disturber be a non-conducting core (round cylin<lor), the

greatest increase of M is, of course, when it is pushed throui:h both

coils, which are themselves brought as close together as possible, and

when the core itself is several times as long as the depth of the coils.

M is then multiplied about four times when the coils are about of the

shape shown, with internal aperture about \ the diameter of the coils.

If the coils be wound parallel on the same bobbin, the increase is much
greater. If the whole space surrounding the coils l>e embedded in iron

to a considerable distance, we shall approach the maximum M possible.

The effeetiye inductiyity of the non-conducting iron is considerably
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leas than that of solid iroD, which counterbalances the freedom from
F. eamata.

Uaing solid iron, no sOttuse ii possible, owin*; to the F. currenta^

althougn there is a more or less distinctly marked minimnm sound,
for a particular value of M. The substitution of a bundle of iron

wires reduces this minimum sound, and when the wires are very
fine, it is brought to comparative insignificance ; but only by very fine

liivisioii of iron are ibe r» cmrinto rendered of iDflandble effect It

will be» of course, remembered that the range of the magnetic force

variations must be moderate, so as to render the variations in the

magnetic induction strictly proportional to them» otherwise no perfect

balance is possible with non-conducting iron.

On the other hand, non-conducting (t.«., very finely divided) brass

(or pieaamably any other non-magnetie metal) doea nothing. Diar
magnetic effects are insensible. The above remarka apply, for the moat
part, equally well to the self-indnction balance, except that iron alwaya
increases the Z of a coil.

So far is very simple. It is the effect of the conductivity (in mass)

of the disturbing matter that makes the interpretation of results

tronbtesome. If the diatorber be non-ma^etic^ we have a aecondaiy
current due to the action on theaaoondary circuit of the corrent induced
in the disturlx r by the primary current; at least I suppose that this is

the way it might be popularly explained. If the disturber be not too

big, the M of the inductometer which gives the least sound (instead of

dlence) ia sensibly the old vidue which gave silence before ita intro-

dnction. If it be magnetic, there ia nsually increasedM also. Chapeing
the AT of the inductometer to suit tAdn, the minimum sound is still far

louder than with an equally large non-magnetic disturbing mass
(metallic) because the F. currents are so much stronger in iron. To
this an exception is Prof. Bottomley's manganese-steel of nearly unit

tnductivity, in which the F. eunenta ahonld be, and no donbt are, far

weaker than in copper, on aeooont of the comparatively low conduc-

tivity. If this be not so, then it must be fonnd out why not Again,

if the iron be independently magnetised so intensely as to reduce the

effective inductivity suflBciently, then, as I pointed out in 1884, the F.

currents should be made less than in copper.

To obtain an idea of the diatnrbance m the secondary drcnit dne to

a conducting mass, let it be a simple linear circuit, and call it the

tertiary. Let the suffixes j and « refer to the primary and secondaiy

drcoits, and g to the tertiary. Then the equations of EM.F. are

0= Zf^^-M^C^, ' (21c)

0 = jlfjipCi

+

M^C^ -f Z,C?jJ
where Z=I2 + Lp, and e is the impressed force in the primary. Here
if^2 missing, it being supposed to be properly adjusted to be zero.

From these,

C. Myt^t^ ^ (22c)

H.a.F.—VOL. II. n
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is the seeondary cairent's eqnstion. The eeeondary enrrant therefore

varies as the product of the Jf of the tertiary and primary into the M
of the tertiary and secondary. It is therefore made greatest hy making
coils I and 2 in the figure coincident (practically) by double-winding,

and putting the disturber in their centre. In this case, let R and L be

ihe reeistance and IndaetBDce of the primary and abo of the secondaiy

eirointy r and I thoee of the tertiary, and m the former or now
equaL Then (22e) heeomes, If zm^r-^lp,

Bnt m is very small eompared with L, so

{2ic)

Let the impressed force be sinusoidal ; then -n^, making

{r + lp){{lP-W) + 2]iI^} ^ '

Ldi B'^Ln, which condition is readily reached ajiprozimately. Then

= (26c)

gives the secondary current in amplitude, {m^nl2BL)(r^ + r'n-)~^ per unit

impressed force, and phase. If the tertiary could nave no resistance,

the secondary current would be of amplitude m^l2RIJ, per unit impressed

force, and in the same phase with it

Now seek the conditions of balance by means of a fourth linear

circuit placed between coils 3 and 4 in the figure, supposed to be
exactly like coils 1 and 2. Let the suffix 4 relate to this fourth

circuit. Then (21c) become

0 « Z^C^ + M^pC^ +M^^f

0- M^^pCy^ + M^^C^ + Zfi^
^

Here, besides M^.^ is also missing, becanse of the distance between
the two disturben. From these,

AC,-(Jlfa»afa^4+if«jr«^Js (28c)

is the eouation of where A is the determinant of the coefficients in
(27c). For a balance, the coefficient of s must vanish. This gives

= (29c)

If the coils of each " transformer'^are coincident and equal, Jfg|«Jf,y
and ATfi* -^4^9 >n<^f the Jf's being small, (28c) becomes

(30c)

where Z is that of either the primary or secondary circuit
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We do not need to balance the disturber in one pair of coils by means
of • pfeciie copy of it In the other pair, nmilarly placed. It may be a
redaced eopy, aeeoidiiig>to (29e).

Sjbctton XXXIXft. Theory of the Balance of Tfiick Wires,
liOTH IS THE Christie and Felici Arkangemenis. Trans-
lOBMER WITH CJONDUOTINO COEE.

This brings me to tlio subject of balancing rods against one another,

either in the Christie or lu the Felici differential arrangements, when
placed in lon^ solenoids ; and to the rimilar question of balancing thick

wires in the Christie, when the current in them is longitudinal. As I

pointed out before [vol. IL, p. 37], if a wire be so thick that the effect of

diffusion is sensible, it cannot be balanced in the Christie against a fine

wire, but requires another thick wire in which the ditriision effect also

occurs. 1 refer tu true balances, independent of the manner of variation

of the current^ in which, therefore, the resistance of the one wire»

though different at way moment, is yet precisely that of the other

wire (or any constant multiple of it). Perhaps the best way to define

the resistance is by Joule's MC"^. In the sinusoidal case a mean value

is taken. According to this heat-generation formula, there always is a

detinite resistance ai a ^articvdur moment^ but what it may be will

require elahorate calculation to find This definition of the resistance

to suit the instantaneous value of the dissipativity doM not agree pre-

cisely with the sinusoidal 72', which represents a mean value ; but the

sinusoidal R' has important recommendations which oatwei^ this

disadvantage.

Suppose, now, we want to balance an iron wire against a copper wire,

the wires being straight and long, though not so long as to tequire the

oonsideratton of electrostatic capacity. For simplicity, first let the

ratio be one of equality, so that aides 1 and 2 in the Christie are any
precisely equal admissible arrangoments, wliich may be mere resistances.

Let the iron wire be in side 3, the copper wire in side 4. We have to

make side 3 an electrical full-sized copy of side 4. For definiteness,

imagine and JK^ to be short-circuits, that one of the two paraUel
lines leading to either is the wire under test^ whilst the other is a
return tabe» thin and ooncentnc.

First, in accordance with the description of how to make copies

[vol. II., p. 104], make the resistances of the two returns equal. Next,

make the inductances due to the magnetic held in the space between

wiiM and returns equal, by proper distance of returns, or by inducto-
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metera in semienoe with ndw 3 ftmd i. There is now left only the
wires thenuelTes to be equalised. Firsts their steady resistanees

require to be e<;^uaL Nezt^ their steady inductances x length).

These two conditions will give balance to infinitely slow variations of

current, and can be satisfied with wires of all sorts of sizes and lengths.

Bub we require to make them balance during rapid variations of any
kind. For instance^ a Tcny short impulse wQl cause a mere sui&oe
current in the wires^ that is, in aj^iffecaable strength, if they be thick

;

and still the wires must balance. The full balance is secured by a

third condition, viz., that the time-constants of diffusion shall be equal.

This time-constant is fd-Trc^ where ft is the inductivity, k the con-

ductivity, and c the radius of a wire. Or, fJ/jR, the quotient of the

inductivity by the resistance per unit length (or any multiple that we
may find convenient of this quotient)*.

Thus, if the iron has inductivity 100, that of copper being 1, whilst

k for copper is about six times the value for iron, the copper wire must
have a radius of about four times that of the iron. This is indis-

pensable. Fixing thus the relative diameters, the rest is easy, by
properly choosing the lengths. In a similar maimer, we may have the
resistances in any proportion ; as, for instance, to obviate the necessity

of having wires of Toiy different lengths, keeping, however, the proper
ratio of diameters.

The following will be more satisfactory as a demonstration. If Z is

the y/C operator, then ZJZj^ = ZJZ^ia the condition of balance [vol. ii.,

p. 104]. So we have merely to examine the form of the of a straight

wire. This is [voL n., p. 63].

Z-V+jy, (Sic)

where/ is the operator given by

/-4^4ra» *^--4ar/# *. (32c)

is the inductance other than that due to the wire itself, and J2 is its

steady resistance. Using this form of Z in our general equation of

balance, we see that if we take Vs^Vi' ^^^^ make the difi'usion

time-constants equal, we make /j =/t, so that the balance is given by

»4 ^04 U
where the additional and are for the two return-sheaths, or other

resistances that may be in sides 3 and 4. Of course Z^ and Z^ may be

and li^, the resistances of sides 1 and 2, when they are mere

resistances. In virtue of the equality of the diffusion time-constants,

we may express the full conditions by adding to (33c) this

(34c)

where /g and are the lengths of the two wires.

Although this balance is true, yet there will be one practical difficulty

in the way. As is very 9tmfy shown by sliding a coil along an iron
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wire or rod, the inductivity often varies from place to place. But if

the wire be made homogeneous, the evil is cured.

Next, let it be required to balance a long iron against a long copper

rod in long nugnetisiDg solenoids forming ddet S and 4. Here the
form of ^ror the ciremt of the solenoid ia

Z-J!+X«|»+24»/-S (85c)

where JR is the total resistance (as ordinarily understood) of the circuit

of the solenoid, Lq the total inductance ditto, <lue to the magnetic field

everywhere except in the core, L that due to the core itself when the
field is steady, and / as before, in (32c).

To balance the iron against the cop^r we therefore require, first,

the equality of timo^Mmstanti of diffiinon, or the iron rod ahoold be
one-fourth the nidine of the eopper ; this being done,

^=^3„^3«^

will eomplete the beknee. IheTslneof Xgorl^is
X-(2«2\0'H

if is the number of turns per unit length, and / the length of the

solenoid. As for L^, that is adjustible ad Hb, nearly. The only
lailure will be due to want of homogeneity.

Lastly, balance two rods, one of iron, the other of copper, against one

another in Felici's arrangement, when each pair of coils consists of long

coaxial eolenoids, making two primaries ana two secondaries, properly

connected together. Let i?^ ir^ be the total resistances of the primary
and the secondary circuits

;
Lq^^ the total inductances, not counting

the parts due to cores
;
Mq the total mutual inductance, not counting

the parts due to cores
;

L.^, and M those parts of the inductances,

self and mutual, of the iirst pair of coils, due to the cores ; and Z^, Ip m
the same for the second pair. The equations <^ 1.1I.F. in the primary
and secondary are then, if F and / are the two core^perators, as per

(320), and C|, the primaiy and secondary currents,

The first terms on the right are the b.ii.f.'s used in the solenoid

dreoits against their resistance ; the two following terms taken negSr

tiYcly the E.M.F.'s of induction not conntinc cores; and the last two
taken negatively those due to the cores. To have a balance, must
vanish. The second equation then gives

Mo-^MF~^+nrf-' = 0 (396)

So Jfo"0, or the mutual inductance of the circuits due to other

causes than the cores, must vanish. Then, further,

F^f, and if- -m. (40c)

So the diffusion time-constants of the cores must be equal, and the

steady mutual inductance of one pair be cancelled by that of the other

pair of coilsy so &r as depends on the corss^ as well, as before
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depends on the rest of the system. (When not counting cores is

spoken of, it is not meant that air must be substituted. Noihing m^ist

he eubstitated.) The latter part is citable of eztenial balancing. The
balancing of the fonner part requires the value of

M^{1ircfN,N„jd, (41c)

where iV,, are the turns per unit length in the two coils of a trans-

former Of len^ 2, to be the same for the two transfonnerB.

The condition (39c) of course makes the primary equation independent
of the secondary. It is then the same as if the secondary coils were
removed.

This leads us to show tlie modification made in the equation of a
transformer hy the conductivity of its core. In (38c) we have merely
to ignore the/ terms, thus confining ourselves to one transformer, when
the equations are given by the first lines. Now if the solenoids be of

small depth, and there be no L externally, Lq^ and Z , become insigni-

ficant, and also provided Uie cores fill the coiis. We have then

which onlv differ from the equations when cores are non-conducting by
the introdttction of F, The first approximation to is unity (when
very slow variations take place). It may be written thus :

—

F-^^A-Bp (43c)

when A and B are positive functions of p-, whose initial values are

^ = 1, B^O. When the impressed force is sinusoidal, = - n-, and
A and B are constants. Then (42c) become

e = R,C, + {L,(\ + MC^Bn^ + Ap(L,C\ + MC^\\ ....

0 = R^C^ + (L,C'j + MC^Bh^ + Aj){I^C^ + MCi), J ^
^

From these, by elimination, we have

showing the eQ'ective resistance uud inductance of the primary as
modificM by the seoondsiy fund conducting core.

But it is very easy with iron cores, without excessive frequency, to
make simpler formulae suit. Let »^ie^hptk\ then, if this is 10 or over
[see vol IL, p. 99], we have

A=Bn^{1z)'\ (46c)

approximately, which may be used in (44c), (45c) at once.

In an iron rod of only 1 cm radius, and />i = 100, il-=l 10,000, the
value of 2 is one fifth of the frequency. If of 10 cm. radius, it equals
twenty times the frequency. With large values of z we have

^ p . Rt^xP tin \
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if Zj, L.„ and Af, when divided by (2«)i, become and «i. This
gives the primary current. And

f^ves the secondary current.

We can predict beforehand what these shouKi lead to ultimately,

from the general property that a secondary circuit, at sufficiently high

frequencies, shuts out induction, or tends to bring LJJ^ + MC^ to zero,

^Ying the FRtio of the cmrents at every moment. Tlie coefficients of p
in (i7e) mkI (48c) tend to lero, and the corrent in the primary to be
the same as if it« resistance were increased by the amount R.^LJL^.
The core need not he solid. A cylinder will do as well, since the

magnetisation docs not penetrate deep. It should, however, be re-

membered that althoQgh at low fteqnenciea it Is the core that con-

trihntes the greater part of the indnctance, so that the rest is then
negligible, yet when that due to the core actually becomes negligible,

the rest becomes xehuively important^ and should therefore be allowed

SicnON XL. Preliminary to Investigations concerning Long-
distance Telephony and Connkcted Matters.

Although there is more to be said on the subject of induction-

balances, I put the matter on the shelf now, on account of the pressure

of a load of matter that has come back to mo under rather curious

drcnmstancee. In the present Section I shall take a brief survey of the
qnestion of long^listaDce telephony and its prospects, and of signalling

in general In a senaeb it is an account of some of the investigations to
follow.

Sir W. Thomson's theory of the submarine cable is a splendi<l thing.

Uis paper on the subject marks a distinct step in the development of

electrical theory. Mr. Pmece is much to be congratulated upon having
assisted at the experiments upon which (so he tells us) Sir W. Thomson
based his theory; he should therefore have an unusually complete
knowledge of it. But the theory of the eminent scientist* does not
resemble very closely that of the eminent practician.

But all telegraph circuits are not submarine cables, for one thing

;

and, even if they were, they would behave very differently according

to the way they were worked, and especially as regards the rapidity

with which olcctrical waves? were sent into them. It is, I believe, a

generally admitted fact that the laws of Nature are immutable, and
everywhere the same. A consequence of this fact, if it be granted, is

that all circuits whatsoever always behave in exactly the same manner.

This oonduaion, which is perfectly correct when suitably interpreted,

appears to contradict a former statement ; but further examination will

snow that they mny be reconciled. The mistake made by Mr. Preece

was in arguing trom the particular to the general. If we wish to be

accurate, we must go the other way to work, and branch out from the
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general to the jparticular. It is true, to answer a ponible objection,

that tibe want of omniscience prevents the literal carrying ont of this

process ; we shall never know the most general theory of anything in

Kature ; but we may at least take the general theor}' so far as it is

known, and work with that, finding out in special cases whether a more
limited theory will not be sufficient, and keeping within bounds
accordingly. In any ease, the boundaries of the general theory are not
onliniitea themselves, as our knowledge of Nature only extends through
a limited part of a much greater possible range.

Now a telegraph circuit, when reduced to its simplest elements,

ignoring all interferences, and some corrections due to the diffusion of

current in the wires in time, still has no less than four electrical con-

stants, whieh nay be most conveniently reckoned per unit length of
circuit—via., its resistance, inductance, permittance, or eleetroetatie

capacity, and leakage-conductance. These connect together the two
electric variables, the potential-difference r\nd the current, in a certain

way, so as to constitute a complete dynamical system, which is, be it

remembered, not the real but a simpler one, copying the essential

features of the real. The potential-difference and the permittance settle

the electric field, the current and the inductsnce settle the magnetic
field, the current and resistance settle the dissipation of energy in, and
the leaknge-conductance and potential-<lifference that without the wires. •

Now, according to the relative values of these four constants it is con-

ceivable, I should think, by the eminent engineer, that the results of

the theory, taking all these things into account, will, under different

drcumstanoes, take different forms. The greater indudes the lesser,

but the lesser does not include the greater.

In the case of an Atlantic cable it is only possible (at present) to get

a small number of waves through per second, because, hrst, the attenua-

tion is so great, and next it increases so fast with the frequency, thus

leading to a most prodigious distortion in the shape of irregular waves
as they travel along. Of course we may tmi as many waves as we
please per second, but they will not he utilisable at the distant end.

This distortion is a rather important matter. Mere attenuation, if not

carried too far, would not do any harm. Now the distortion and the

attenuation, though different things, are intimately connected. The
more rapidly the attenuation varies with the frequency, the greater is

^e distortion of arbitrary waves ; and if the attenuatioD eoud he the
same for all frequencies, there would he no distortion. This can be
realised, very nearly, as will appear later.

Now when tliere are only a very few waves per second, the influence

of inertia in altering the shape of received signals becomes small, and
this is why the cable-theory of Sir W. Thomson, which wholly ignores

inerti% works as a snbstitttted approximate theory. But suppose we
diorten the cable continuously, and at the same time raise the fre-

quency. Inertia becomes more and more important ; the theorj- which
ignores it will not suthce ; and carrying this further, we at length arrive

at a state of things in which the old cable-theory gives results which
have no resemblance whatever to the real. This is usually the case in
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telephony, as I have before proved. It is always partly the case, viz.,

for the very high frequencies, and it may be true, and practically is

aometimes, down to the low frequencies also. I have shown that the

attenuation tends to contUmcy as the frequency is raised, except in so

&r as the resistance of the wire increases, and that at the same time the

speed of the waves tends to approximate to the speed of light, or to a

speed of the same order of magnitude, which is the only speed which

can, I think, be said, even in a restricted sense, to be the " speed of

electricity." But if the dieleetrio he solid, there must he some un-

certainty about what this speed is, for obvious reasons^ with very high

frequencies. The speed of the omxent is mm ptoportional to the

square of the length of the line.

Within the limits of approximately constant attenuation the dis-

tortion is smalL This is what is wanted in telephony, to be good.

Lowering the resislance is nerhape the most important thing of all

Other means I wiU mention later. What the limiting distance of long>

distance telephony may be, who can tell Y We must find out by trial.

Wc know that human speech admits of an extraordinary amount of

distortion (never mind the attenuation) before it becomes quite un-

recognisable. The "perfect articulation," ''even different voices could

be distinguished,'' etc, etc, mean really a large amount of distortion,

of which little may be due to the circuit There is the trsnsmitter, the

receiver, and several transformations between the spesker and the

listener, besides the telephone line. What additional amount of dis-

tortion is permissible clearly must depend upon what is already

existent due to other causes. Even if that be fixed, I see no legitimate

way of fixing its amount by theoretieal principles ; the matter is too

Involved, and includes too many unknown data, including " personal

equation." But this is certain, in my opinion—that good telephony is

possible through a circuit whose electrostatic time-conatant, the product

of the total resistance into the total permittance, is several times as big

as the recent estimate of Mr. W. H. Preece, and I shall give my
lessons for this conclusion.

Incresslng the inductance is another way of improving thiiigs. Hang
your wires wider apart. The longer the circuit, the wider apart they
should be ; besides this, they may be advantageously raised higher.

You can then telephone further, with similar attenuation and distortion.

There is a critical value of the inductance for minimum attenuation-

ratio. It is from L^Rll%9 to X«i?2/e, according to circumstances to

be later explained ; L bemg the inductance and S the resistance per
unit length, / the length, and v the speed of waves which are not, or

are only slightly dissipated, which is {LS)~^, if S be the permittance per

unit length. The resulting attenuation may be an enlargement, as I

have before explained, due to to-and-fro reflections. This is to be

avoided. I shall explain its laws, and how to prevent it. By this

method, carrying it out to an impracticable extent, however, we could

make the amplitude of sinusoidal currents received at the distant end of

an Atlantic cable greater than the greatest possible steady current from

the same impressed force—an unbelievable result And, without alter-
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ing the permittance or the resistance, we could make the distortion

quite small.

There ii some experimental erldenoe in faTonr of increasing the
inductance (apart from lessening the permittance) ;

though, owing to

want of sufficient information, I do not wish to magnify its importance.

I refer to the statement that excellent results have been obtained in

long-distance telei)hony with copper-covered steel wires. Here the

copper covering practicallj decides the greatest resistance of the wire
;

what eorrent penetrates into the steel lowers the reeistanoe and increases

the inductance. Clearly, we should magnify tliis effect, and, etectrically

s|>eaking, it would seem that a bundle of soft-iron wires with a covering

of copper is the thing, as this will allow the current to penetrate more
readily, lower the resistance the most, and increase the inductance the

most. But it is too complex a matter for hasty decision. We also see

that the iron sheathing of a eahle may be beneficial.

When we have little distortion, we get into the regions of radiation.

Thf" dielectric should he the central ohject of attention, the wires

subsidiary, determining the rate of attenuation. The waves are waves
of light, in all save wave-length, which is great, and gradual attenuation

as they travel, by dissipation of ener^ in the wires. There is the

eleetric distorbanee and the magnetic distorbanee keeping time with it^

and perpendicular to it, and both perpendicular to the transfer of
energy, which is parallel to the wire, very nearl}-. A tube of energy-
current may be regarded as a ray of light (dark, of course).

It is to such long waves that I attribute the magnetic disturbances

that come from the sun occasionally, and simultaneously show them-
selves all over the world; arising tnm violent motions of large

qoantities of matter, giving shodu to the ether, and causing the
passage from the sun of waves of enormous length. On such a wave
passing the earth, there are immediately induced currents in the sea,

earth's crust, telegraph lines, etc

But to return to the circuit The attenoation-ratio per unit length

is represented by c*^'*'*, this being the ratio of the transmitted to the
original intensity of the wave. This is when the insulation is perfect
These waves are subject to reflection, refraction, absorj)tion, etc.,

according to laws I shall give. Of these the simplest cases arc reflection

short-circuiting, when the potential-difference is reversed by reflec-

tion, bat not the eumnt, and in the act of reflection the former is

annulled, the latter donbled. Also reflection by insulation, when it is

the eurrent that is reversed, and potential-diffiwence unchanged
;

or, in

the act of reflection, the flrst cancelled, the seoond doubled. Buib there

are many other cases I have investigated.

I have also examined leakage. This is an old subject with me. An
Athmtic cable is worked under the worst conditions (electrical) possible

with high insulation; there is the greatest possible distortion. One
megohm per mile or less instead of hundreds or thousands would vastly

accelerate signalling. The attenuation-factor is now (~''"^". c-'"**, if K
be the leakage-conductance, and S the permittance unit length.

The attenuation is increased, but the distortion is reduced. This lias
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led me to a theoretically perfect arrangement. Make R/L^K/S, and

the distortion is annihilated (save corrections for increased resistances,

etc.)- The solution is so simple I may as well give it now. Let F'tnd
d be the potential>differeiice and coirent at diitance x, aubjeet to

then, with equality of time-conatanta aa defloribed» the complete solu-

tion consists of two (wpoaitely travelling tiaina of waves, of which we
need <mly write one; thus,

where /(r) is the state when / = 0. The current is C=VlLv. The
energy is half electric, half magnetic ; the dissipation is half in the

wire, half outside. Change the sign of v in a negative wave. There is

a perfect coneapMidenee of properties, when thia unique state of things

is not aatiafied, between V aolutions with JTbO, and C solutions with
^=0. This perfect system woiiM r equire very great leakage in an
Atlantic cable, and cause too much attenuation ; Imt this perfect state

may be aimed at, and partly reached. Are tlierc really any hopes for

Atlantic telegraphy 1 W ithout any desire to be over sanguine, I think

we may expect great advancea in the fotue. Ihoa^ without reducing

the resistance or reducing the permittance (obvious ways of increasing

speed), inereaae the ]< ak^ as far as is consistent with other things,

and increase the inductance greatly. One way is with my non-conduct-

ing iron, which I have referred to more than once, an insulator impreg-

nated with plenty of iron-dust. Use this to cover the conductor. It

will raise the inductance greatly, and so greatly diminiah the attenuai-

tion ; whilst the insulation-resistance will be lowered, somewhat increas-

ing the attenuation, but assisting to diminish the distortion, which the

increased inductance does. The change in the permittance must also

be allowed for. Rut I shall show that we can have practical ap])roxi-

mations to almost negligible distortion in telephony, and that it is the

redaction of J^/XUiat ia most imj^rtant

I have also examined the queation of apparatus. We must stop the
reflection, if possible, to prevent interference. In the perfect system
this is also quite easy. The receiver must have resistance Lr and zero

inductance. All waves arriving are then wholly absorbed. Similarly,

to make the transmitted waves agree with the impressed force, Lv
idiould be the reeiatanee titere, (or else aero). Another remarlmble
property ia that if the receiving eoil be fixed m size and shape, whilst

its resistance varies, then this same Lv is the resistance that makes the
magnetic force of the coil a maximum. We cannot imagine anything
more perfect. No distortion, and maximum effect. I sliall show that

these things may be fairly approximated to iu telephon) . It should be

onderatood that in the perfect system we have nothing to do with
what the frequency may be, whilst in telephony it ia the high frequeney

that allows us to approximate to tlie ideal state.

Then there is tlie matter of bridges, and the nature of tlie reflected,

transmitted, and absorbed waves. The phenomena formally resemble
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those due to the insertion of resistance in the main circuit, except that

the potential-difference and the current change places. Thus if jR^ be

an inaerted resUtanoe, when there ia no ]eaEa||;e and no reaiatance in

the line {l+RJ2Lv)'^ ia the ratio of transmitted to incident wave
Now let there be no resistance inserted, but a bridge of eondnetanceJT,;
then the substitution of for jB,, and S for L gives us the correspond-

ing formula. In the first case tne reflected current is reversed, in the

second case it is the potential-difference of the reflected wave that is

reveraed. Now let there be both a resiatance inaerted and a conducting

bridge, and choose It^/L'=KJS; then the reflected wave is abolished.

Part of the original wave is abaorbed in the bridge, and the rest ia

transmitted unchanged. Thia eaq>Uina the perfect ayatem above
described.

I have also examined the changes made when the state is not perfect

The reanlt ia that a wave throwa out a long slender tail behind it ; and
whilat the nucleus goes forward at speed % the tail goes backwaids at

thia speed. In time, if the line be long enough, we nucleus, which
changes shape as it progresses, diminishes so as to come to be a part of

the tail itself. It is then all tail. I will give the equation of the

nucleus and tail. It is the mixing up of these talk that causes arbitrary

waves to be distorted as they travel from beginning to end of the line.

(Bat I have, in the above, nanally referred to distortion as the change
in the shape of the curve of current at a single spot) There is residual

reflection due to the self-induction of the receiver, even when the

resistance is of the proper amount. The effect of diffusion in the wires

is to make a wave with an abrupt front, which would continue abrupt,

have a carved fronts and thua mitigate that perfection which only

exiata on paper. I ahall also descriM graphical methods of following

the progress of waves, and of calculating arrivaUurves of various kinds,

the submarine cable and oscillatory
;
approximate only, but very easy

to follow. Other matters, jicrhaps more practical, but certainly duller,

will And their place, if space allow.

SaonoN XLI. Nokknolaturb Sghehk Simflb Propsrtikb of
THE Ideally Psbibct Tblbqrafh Cibouit.

To explain the word " permittance'' that I need in the last Section,

I may remark that in statingmy viewa in 188& in several commnnicationa
to this journal on the subject of a systematic and convenient electrical

nomenclature based upon the explicit recognition of the three fluxes,

conduction-current, magnetic induction, and electric displacement, pro-

fosing several new words, some of which have found partial acceptance,

remarked npon the unadaptable character of the word "capacity."

It must be the capacity of something or other, as of permittmg dia'

placement. I did not then go further in connection with the flux

displacement than to use " elastance," for the reciprocal of electrostatic

capacity. The following shows the scheme so far as it is at present

developed
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Flux. Force/Flux. Flux/Force. Force.

-I 1

^•l^' { iSSS^. l^Vy. }
^

Why elastivity t Maxwell called the reciprocal of the permittance of a
tmit cube '* the electric elasticity." By making it simply elastivity, we
lint get rid of the qualifying adjective ; next, we avoid confturion with
any other sort of elasticity ; and, thirdly, we produoe harmony with the
rest of the scheme. There are now only two iraps. '* Resistance to

lines of force," or " magnetic resistance," now used, will not do for

permanent employment. Besides the above, there is Impedance, to

express the ratio offeree to flux in the very important case of sinusoidal

eoTieDt ImpedaDce is at preaeot known by varioua names that seem
to be founded upon entirely false ideas. The impedance (which, derived

from impede, need not be mispronounced) of a coil is the ratio of the

amplitude of the impressed force to that of the current. A coil used
for impeding may he called an impeder. The same definition obviously

applies in any case that admits of reduction to ane circuii (even though
perls of it may be multiple), e.g.f any number of coils in sequence, in

sequence with any number in parallel (to be re^^ffded as one)^ in sequence

with a condenser, or arrangement reducible to a condenser. The im-
pedance is always reducible to (R- + L'n-)i, where 7? is the effective

resistanct, which is real, and L the efl'ective inductance, or sometimes
jfuo^-inductance. It is not necessary to exclude inductive action on
cdker drcaits, although the heat corresponding to B may be partly in
them. As for resistance, it is very desirable to confine its use to the
established meaning in connection with Joule's law.

Now let /?, L, S and K bo the resistance, inductance, permittance

and leakage-conductance per unit length of a circuit ; and let Fand C
be the potential-difference (au awkward term) and current at distance

SL We have the following fundamental equations of connection

-^..{s+ipic (Id)

p standing for d/dt. Observe that the space-variation of C is related to

F in the same manner (formally) as the space-variation of V is related

to (7, so that we can translate solutions in an obvious manner hy ex-

changing r'and B and JT, L and 8^ which are redprocally related, in

a manner.
To fix ideas, the circuit may be the common pair of parallel wires.

There is one case in which the four constants are all finite that is

characterised by such extreme simplicity that it is desirable to begin

* [The two blanks wore filled Bp later bgr the words Selaotstioe and Behiotlvit>y

or Udactancy.]
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with it, especially as it casts a flood of lujht upon all the other easesy

which may be simpler in appearance^ ana yet are immensely mote com-
plex in resnltfl. Let

BfL^KfS'^B, and Z<SW=1 (2d)

The number of circuiL-coiistants is now virtuallv' three, owing to the

fixing of the fourth constant The equation of r is now

t^=(«+J')»^. (2W)

or, which is equivalent^

^'^^ <*o

if V=v€~'^. Since (4/7) is the equation of undissipated waves, with

constant speed r, whose solution consists of two oppositely travelling

arbitrary waves, the complete solution of {M) consists of such waves
attenuated as they progress at the rate s (logarithmic). Thus,

F=f{x-vty {5d)

is the complete expression of the positive wave, iff{z) be tlw state when
t = 0. Shift the wave bodily a distance vt to the right, and attenuate it

from 1 to c^, and we obtain the state at time L The corresponding

current is

C^VjLv^SvF, (6rf)

in every part of the wave. To express a negative wave, chango the
sign of V in {5d) and (6(f). The second form of (6d) says that a charge

Q moving: at speed v is equivalent to a current Qv.

Since F is an E.M.F., it is convenient to reckon Lv in ohms, as was
done before; v is 30 ohms, in air, when it has its greatest value (speed

of light, 30 earth-quadrants per secosid) and X is a convenient numeric
L^20 is a common value (copper suspended wires) ; in this case our
"resistance" is 600 ohms. But it is not "ohmic " or "joulic" resist-

ance ; the current and E.M.F. an* perpendicular. F is the line-integral

of the electric force across the (.lielectric from wire to wire, and C is the

line-integral ( -r 4ir) of the magnetic force round either wire. The
electric and magnetic forces are perpendicular, and so are and C
regarded as vectors, [t.«., their elements E and H are perpendicular].

The product FG is the eneigy-current ; their ratio is the important

quantity Lr, the impedance.

In a positive wave /' and (' are similarly signed, and in a negative

wave are oppositely signed. Thus, if the electrification be positive, the

direction of the current is the direction of motion of the wave ; whilafe

if it be negative, the current is against the motion of the wave.

When oppositely travelling waves meet, the resultant jP^ is the sum
of the two and the resultant C the sum of the two C's.

Thus, if the waves be so shaped as to fit, then, on coincidence, F\s
doubled and C is annulled. The energy is then all electric. But if the

electrificationa be opposite, Fib annulled and C is doubled, on coinddenee.
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The energy is then all magnetic On emergence, however, the two
wma an unaltered, save in the attenuation that is always going on.

The electric energy is ^SF^ per unit length of circuit, and the mag-
netic energy is hLC'. From this, by (Qd) and the second of {2d), we
see that the electric and magnetic energies are equal in a solitary wave,

either positive or negative. The dissipativity in the wires is HC'-, and
outside them A7 per unit length of circuit. These are also equal, for

the same reason.

Should the disturbance be given arbitrarily, t.tf., F and C any
functions of x, the division into the positive wave J\ and the negative

wave is effected thus :

—

r, = HF+ LvC), F^ = i{F- LvC) {Id)

Notice that SFyF^** - LCfip so that the total energy per unit length

is always

SiFf+F^) = L{C? + Ci) (Srf)

Similarly, the total dissipativit}- is always

Bid-k-CD^KiFt-k-Fl), (W)

Simikriy the total eneigy-current is alwaya

r,C, + r,Ci. (1(W)

since ^1^2== ~ ^2^V

If, at a given moment, F=Fq through unit distance anywhere, with

no this immediately breaks into two equally big waves, one positive,

the other negative^ which at once separate. If initially there be no F,

hnt only C, the same is true for the current-waves ; i&, the result is two
equal but oppositely signed F waves, which at once separate.

What happens when disturbances reach the end of the circuit depends

upon the nature of the terminal connections there. At present only

one case—the simplest—^will be noticed. Let there be a reelstanee ii

amount Lv at the distant end B of the circuit The terminal condition

is then F- LvC. But this is the property of a positive wave. Hence
all waves travelling towards B are immediately absorbed on reaching B.

The electricity is all gobbled up at once, so to speak. Similarly, if

there be a resistance Lv at the end A (where x = 0) it imposes the

condition F» - LoC, which is the property of a noAtive wave, so that

all disturbances on arrival at A are absorbed immediately. Thus, given

the eireuit in any state of electrifi< ati m and current, without impressed

force, it is w hoUy cleared in the time i/v at the most^ I being the length

of the circuit.

Now, let the circuit be short-circuited at A, and have a resistance Lv
at R Insert an impressed force 0 at A momentarily, producing F^e
through unit distance, say. This will travel towards B at speed

attenuating as it goes, and on arrival at B, what is K ft will bo at once

absorbed. This being true for every momentary impressed force, we
see that if it be put on at time 1*^0, and kept steadily on thereafter, the

full solution is

r= (Urf)
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from x- 0 to X = and sero beyond. Thus the steady state at a given
point is instantly assumed the moment the wave-front reaches it. After
that, there is still transfer of energy going on there, viz., to supply the
waste in the part of the wave that has passed the spot under considera-

tion, and to increue the ener^ at the front of the wave. The current

is VjLot as before. On retching B, the enirent is

If we let Rt, the resistance of the oircttit, be S^OOO ohma^ which is 5
times the before^ssumed Tslne of then the reodved cnmnt is

^*T5ox»"9o,ooo"3o:ir
^^^^^

The attenoAtion is such tliat the current is one-thirtieth part of the
full steady current witli perfect insulation.

The electrostatic time-constant of the circuit is

liSPJx^^; (lid)

or, in our example, five times the time of a journey from A to B. It

may have anv value we please. If we want it to be '1 second, Ijv roust

be *03 second, and thernore I> 6,000 Ulometres, which requires i2= 5
ohm per kilom. This is lower than that ofany telephone line yet erected.

But to make the electrostatic time-constant "05 second, widi the same
attenuation, it must be 3,000 kilom. at 1 ohm per kilom.

If e vary in any manner at A, the current at B is given by (12i/), in

which e varies in the same way at a time Ijv later. As there is no dis-

tortion, it becomes a question of suitable instruments. With proper
instruments, no donbt the permissible attenuation could be much greater,

uid the circuit much lon^r. Again, if we raise the insulation we lessen

the attenuation. "We bnng on distortion, but a goo<I deal is allowable,

80 that a-;ain we can work further. The insulation-resistance should be
•36 megohm per kiiora. in the 3,000 kilom. example; the product of the

resistance of any portion of the circuit (wires) into the insulation-

resistance of the corresponding part is {Lvf. In the 6,000 kilom.

example it should be *72 megohm per kilom. But if it be not arbitrary

waves, but only waves of high frequency that are in question, then wo
may approximate to tlie distortionless transmission without attending

to the exactly-required leakage.

Sbction XTJI. Spekd of THE Current. Effect of Resistanck

AT THE Sending End of the Line. Oscillatory Establish-

ment OF THE Steady State when both Ends are short-

circuited.

Although the speed of the current is not quite so fast as the square of

the length of the line, yet, on the other hand, it is not quite so slow as

the inveit^eqiiiire of the length, as a writer in a contemporary {BUdti-

ml Reriem, Jone 17, 1887, p* 569) aasores tia has been proved bj recent
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researches. However, if we strike a sort of mean, not an arithmetic
mean, nor yet a harmonic mean, but what we may call a scienticulistic

mean rirhatever thai mmy mean), and make the speed of the current
altogelber indepdndent of the length of the line^ we ihill probably eome
as near to the truth as the present state of eleetromagnetic science will
allow us to go. But, apart from this, there is some c) priori evidence to

be submitted. Is it possible to conceive that the current, when it first

sets out to go, say, to Edinburgh, knows where it is going, how long
a journey it has to make, and where it has to atop, so that it can
adjust its speed (eeienticulistic speed) accordingly! Of course not;
it is infinitely more probable that tlie current has no cholee at all in the
matter, that it goes just as fast as the laws of Nature, preordaine<l from
time immemorial, will let it; and if the circuit be so constructed tliat the

conditions prevailing are constant^ there is every reason to expect that

the apeed will be constant, whether the line be lon^ or short q.&d.
Now, a great and striking thing about the distortionless system,

whose elementary properties were discussed in the last Section, is the
distinct manner in which it brings the specfi of th<' current into full

view. Another and very important thing is this. When the leakage
is not 80 adjusted as to remove the distortion altogether, solutions

become difficolt of interpretation, owing to the almost necessary em-
ployment of Fourier or other transcendental aeries to express results.

But by a proper adjustment of the leakage so as to abolish the tailing,

which is the cause of the matlicniatical (Tifficulties, we are enabled to

follow with ease the whole course of events, say, in tlie .setting up of

the final state, due to a steady impressed force, without laborious cal-

culationa And, although the state of things supposed to exist in the
distortionless system is rather an ideid one^ yet it allows us to obtain a
very fair idea of what happens when there is distortion, e fj., in the

oscillatory establishment of the steady state in a well insulated circuit.

When we speak of a charne travelling along a wire at sjieed v, it

should be always remembered what this implies. There are two con-

ductors, parallel to one another, and the poeitiire charge on the one is

accompanied by its complementary nc^tive charge on the other (come-
tions due to parallel wires, etc., are ignored here). The two charges

move together. More comprehensively, the whole electromagnetic field,

of which the charges are a feature only, is moving along at speed r, in

the space between the w^ires, into which it also penetrates to a greater

or less extent In the distortionless system this penetration is assumed
to be perfect and instantaneous, so that the resistance and the inductance

are strictly constants ; and, by tho ratio R'L being made equal to KjS,
we make any isolated disturliance travel on without spreatling out behind.

In travelling it attenuates by loss of energy in the conductors and by
leakage in such a way that if it attenuate from 1,000 to 900 in the first 50
kilometres, it will attenuate to 810 in the second, to 729 in the third,

and so on
;
multiplying by 9/10 in every 50 kilometres.

In the la.st Section was considered the unif|uely simj)le case of a short-

circuit at A, the beginning of the circuit, where any impressed force is

placed, sending any-shaped waves into the circuit, travelling undistorted,

B.S.P*—VOL. II. I
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with uniform attenuation, and completely absorbed on arrival at the

distant end B by a terminal resistance of amount Lv. Of course thia

complete absorption at B of all waves arriving there is independent of

the nature of the terminal arrangements at A. But these will materially

influence the magnitnde of the w»yes leaving A. Keeping at present

entirely to simple cases, if ve insert a resistance Zoat A we can make a
safe guo'^o that the current will be just halved, because when there is a

shorUcircuit tliere, the line itself behaves just as if it were a resistance

Lv. That is, the current at A is then ejLv^ however e may vary, pro-

vided there be a resistance Zr at B ; or, which is equivalent, the circnit

be eontinned indefinitely beyond B unchanged in its properties. This
guess may be easily justified. That the current is zero when we insulate,

or insert an infinite resistance at A, is also evident. In general, the

insertion of a resistance i?^ at A causes the potential-difference there,

due to an impressed force 0, to be

F,^eLv{R^ + Lrr\ (15rf)

and the cuiTent to match to be rjLv. The transmission to the distant

end, and the attenuation are as before.

But if the plaee of < be shifted along the circuit from A, interferences

will result whenever the resistance at A has not the value Ltf. Imagine
<! to be at distance a:, from A. When put on, the result is to send a

positive wave he to the right, and a negative w.'n e },r to the left^ both

travelling at speed t\ and attenuating similarly. Thus the circuit

behaves towards e as a resistance 2Ijv, half to the rights half to the

left. Now, when the negative wave arrives at A, if there be a resistance

Lv there to absorb it, there will be no interference with the positive

wave, which \vi]] go on to B and be absorbed there. The current at B
will therefore be

r^-i(^/Lr)€-*"-"'", {I6d}

the valut* of c to be taken at a given moment being that at x^, at the

time (/ - x^)iv earlier. But if there be a resistance at A of any other

amount than Lv, there will be a reflected wave from A, which will run
after the original positive wave, and so make every signal at B have a
(lonl)lo or familiar following it after an interval of time 2xJVj which is

that required to go from to A, and back again. Now the closer the

seat of e is shifted towards A, the more closely will the familiar follow the

original poritive wave ; and when e is at .\ itself, they will be coincident

in front Now, the current at A corresponding to (16<Q is

C^-i(«/X«)e-*««/**; {\7J)

and (as will be explained in the Section on Reflections) the reflected

wave is got by multiplying by where

Po^{Bo-Lp){B^-^L9)-K (18rf)

Now make x^ = 0, and we shall verify (15</), and, by the union of the
positive and the rctiected (also positive) wave, show tliat ^atxat time
I duo to e=/{t), any function of /, at A, is

/"'=/(/ - x:r) X Lv(B^+Lvy^ X (IW)

and the current there is F/Lv.
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The most 8im|ple case after these of complete absorption at B, with
cotnpJete absorption, or thort«ircoit» or any resistance at A, is perhaps
t&at in which we short-circuit at both A and B. If a cfaai^ge be then
moving towards B, it is wholly refleeted with reversal of eleotrification.

"W'e must have F=0 at B, and this requires every disturbance arriving
at B to be at once reversed and sent back again. Tlic same thing hap-
pens at the siiort-circuit at A. Perhaps, however, the easiest way to

follow events ie to imagine the two charges, positive and negative, which
always travel together, to pass through one another when Uiey come to
the short-circuit, so as to exchange wires. Thus one charge goes round
and round the circuit one way, whilst the otlier, just opposite, c^oes

round and round the other way. There is tlie usual attenuation. On
this view of the matter, we may imagine the effect of a terminal resist-

ance £v to be simply to bring the cbirges to rest against frietUm. It
need scarcely be said, however, that the day has gone by for any such
fanciful explanation to be taken seriously.

Since the current in a negative wave (from B to A) is of the opposite

simi to the electrification, there is no reversal of current by reflection at

a short-circuit. As, therefore, the reflected wave is to be superimposed
upon the incident wave, we see that the current is doublea at B from
what it would be were the circuit to be continued beyond B, or the
critical resistance Lv were inserted in place of the continuation

The process of setting up the permanent state due to a steady e at A
is now this :— First the positive wave

(20(/)

if £< ii, which would be tlie complete solution were there no reflection

at B. Now B is reached by in the time //r, and the value of Fj at B
just on arrival is ep, if /j = €"*'^', which is the attenuation in the circuit.

The reflected wave / ^ now begins. This is

r,= -^/j^.c'^'*', (2ld)

which tra^'els towards A at speed v. In the meantime the first wave J\

is still going on, for tlie battery at A does not know what is going on at

B. Thus, from / = l v to 1 = 21^ i\ the state of the circuit is given oy the

sum of Kwnd ^ so Bur as has reached, and by Fi alone in the rest.

On arrival of at A it is attenuated to and inflection then pro-

duces a positive wave
r^^fpS.c**'^ {2Sd)

which is a copy of F,, only smaller to the extent produced by the
multiplication by p'^. This wave reaches B when t = 3//tJ, and then there

commences the reflected wave, given by

F^m ^ep*.f^"-% {23d)

going from B to A. This is a copy of Fy And so on. Thus we have
an infinite series of reflected waves, coming into existence one after the

other; the state at any moment is expressed by the sum ut the waves
already existent ; the final state is the sum of them ail. bmce the sizes

of the positive waves form a geometrical series, and also those of the
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negative waves, they are easily summed. The positive waves
etc.! come to

Ki-/^-^-*'^ (m
and the aegftttve oome to

-<'p2(l-p2)-I^X.. (2W)
80 that thp Slim of (24rf) and (25^/) expresses the final V o{ the circuit.

And, since the current is got by dividing by Lv in a positive wave and

by - i/V in a negative, the final current is the excess of (24ci) over {2bd),

divided by Lo, Notice that whilst it is a process of settling down to

the final state of electrification, it is a process of rising up to the final

state of current. More strictly, whilst the potential-difference at any
spot oscillates about its final value, being alternately above and below
it, the excursions getting smaller and smaller as time goes on, the

current-increments are all positive, though they get smaller and smaller.

Now if the time Ifv ofa joamey be exceedingly small, so that there may
be thousands ofjourneys performed in getting up to say 99 per cent, of

the final current, the current will appear to rise continuonsly, and the

potential-difference to have its final value from the first moment, which
is in reality its mean value during the oscillatory period. This is the

explanation I have before given of how it comes about that there is no

tofspi of oscillation in any purely eleetroma^etic fbrmnltt^ niBh as are

universally employed when sncfa short circuits are in question that the

current seems to have the same atrength (when no leakage) everywhere.
It is really rising by little jumps, and differently timed at different

place.", but the jumps are too small to be perceived, and too rapidly

executed. And the electrification at any spot is really (unless the

vibrations are specially checked) vibrating about its mean value, which
is its final value, though this mean value is assumed (in electromagnetic

formula}) to be the actual value. But if the resistance in circuit be
great, so that the final current is small, we have an oscillatory aettling

down of the current, instead of a rise.

The solution (24(i), {2bd) is wimt we may at once get b^ considering

the differential equation of the steady state and ite solution to satisfy

the terminal conditions. But our solution dves us the whole history

of the establishment of this final state, and allows us to readily follow

the oscillatory phenomenon into minute detail. When there is distor-

tion there is difference in deUiil, which is then difficult to follow ; but
there is no substantial difierence in the general results. We cannot

make or break a circuit without a similar action in general. But we
.cannot ( x]) et to be able to formularise the results simply when the

circuit is of an irregular type, e.^., a laboratoiy circuit

Section XLIII. liKFLFXTioN di'e to any Terminal Re-sistance,

AND Establishment of the Steady State, Insuiation.
Reshrvational Remarks. Effect of varying the In-

ductance. Maximum Current.

If there be a resistance at the end B of a distortionless circuit, ite

presence imposes the condition V'=^Rfi at B permanently. If, then,
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there be a wave travelling towards B, we find the nature of the reflected

wave from B by applying the above terminal condition to the actual V
and C, which are the sum of V^, the potential-differencea in corre-

sponding portioni of the inddent uid reflected waves, and of Cp the

ciments in these portions. Thns we hive

to represent the full connections. From these we find

?VFi-(i?,-//r)(/?i + Ir)-J=Pi say, (26rf)

giving the reflected in terras of the incident wave. This ratio is posi-

tive if be greater, and negative if it be less than the critical Lv. In

the former cose there is reversal of current, in the latter of electriiica-

tion, piodneed hy the refleetion. The thiee most striking eases aie

when i?i = 0, oo, or Lvj ie, short-circuit^ insulation, and the critical

resistance of complete absorption, making -1, + 1, or zero. There
is partial absorption and loss of energy whenever B^ is finite, but none
whatever in the two extreme cas(=s. The loss of energy is accounted
for by the Joule-heat in the terminal resistance.

In a similar manner, if there be a resistance Eq at the near end A,
the transforming fiictor is

P^^(B^-Lv)(R^-^l0)-K (27rf)

If there be given an isolated charge moying towards B at a certain

time, it will, after reflection at B, be replaced by another charge moving
towards A, which may be of the same or of the opposite kind, according
as the reflecting resistance is greater or less than the critical. On
arrival at A it is transformed into a third chaige moving towards B,
and so on. There is the usual attenuation p in each journey, where
p^fT""*, If there be complete insulation at both ends^ there is no
other attenuation than this due to the drcnit; and, similarly, if the
ends be short-circuited ; but in all other cases it has to be remembered
that the act of reflection attenuates, besides causing a reversal of either

the electrification or the current.

Hie complete history of the establishment of tiie steady state duo to

a steady impressed force at A is now expressible in terms of the three
constants ft, and P| ; with, of course, x the distance, i the time, and
s the impressed force. There is first the positive waYe

^i=Ml-Po)«~'^^ (28(f)

due, as mentioned in the last Section, to the union of the initial posi-
tive wave of half strength and of the positive wave which is the re-

flection of the initial negative wave of half strength, which latter is

rendered visible by shifting the seat of € towards E The solution

^28d) applies to all values of x less than vt, wlueh is tiie extreme
aistance reached by the wave at time t after startins. On arrival at B
we have to introduce the transforming factor

f>|, Move defined. The
reflected wave is therefore

^s-Ml-Po)/''Pi-«^n (2W)
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which is to be superimpose<i on the former wave to obtain the real

state during the second journey, from B to A. The region over which
'Fj extends grows at a uniform rate with the time, from B to A. On
arrival of at A we must introdnee the trsnsfonning &etor to

obtain the thud wave, which is

i^s-wi-Ptoi^/v**-'^*'- (m
This reaches B at time t^^Slfv, when the fourth wave commences,
whieh is to he fomid by introdndng the transforming foctor ; thus

It is onnecessary to proceed further, as it would only produce repeti-

tions. The positiTe waves K, etc, have the common ratio p^PxPo*

and are otherwise similar. Their sum is therefore

ls(l-^)(l-p^«ftP^r^«-^*^ (3S<0

Similarly the sum of the negative waves is

The final state of /' is therefore expressed by tiie sum of {32d) and
{SZd). In all the positive waves the current is from A to B, and in the

negative from B to A ; hence the excees of {S2d) over (33t/), divided by
Lv, expresses the final state of current.

The s(»lntion of the above ])rnblem by means of Fmirier-series is

extremely ditHcult. It expresses the whole history of the variable

period by a sin<^le formula. But this exceedingly remarkable property

of comprehensiveness, which is also possessed byan infinite number of

other kinds of series, has its disadvantages. The analysis of the for-

mula into its finite representatives, so that during one period of time
it shall represent (28tf), then in another period represent the sum of

(28f/) and {2[)d), and so on, a/I inf., is tryini; work. And the getting

of the formula itself is not ciiiid's play. Considering this, and also the

fact that a large number of other cases besides the above can be luUy
solved by common algebra (with a little commoU'Sense added), the

imiwrtance of a full study of the distortionless system will, I think, be
readily admitted by all who arc dissatisfied with oflBcial views on the

subject of the speed of the current. The important thing is to let iu

the daylight on a subject which it was dithcult to believe could ever be

fireed nom mathematical oomplieations.

There is a rather important remark to bo made concerning the two
extremes, ^ =^ 0 and 7t\ ==00, at the end of the line, in the above
solution. Although described as short-circuiting and insnlation, they

do not really represent the state of things existent when %ve actually

terminate a lou^^ circuit of two parallel wires by a thick cross-wire (the

short-circuit) or leave the ends disconnected in the air. Every theoiy
that ever was made is more or less a paper theory

; we must simplify

tiie real conditions to make a tlieory workable. Now a theory may
very closely represent reality (when pursued into numerical detail)

thion;ih a wide range, and yet go quite wrong at extremes. The
justihcution for making the constants of the circuit independent of its
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length is that the length is an enormous multiple of the distance

between the wires. liut it we termiuate the circuit somewhere, it is no
longor true that the pennittance and the indaetanee per unit length

are constants, near and at the termination. The theoiy, to be correct,

must wholly change its nature, as may he seen at once on thinking of
the changed nature of the electromagnetic field as the termination is

reached. Now our theory says that when the circuit is insulated at B,

every charge arri\dng there is at once sent back again unchanged ; and
that during the periSd of reflection, the potenttal<lifiference is douhled
and the current annulled. The doubling of the potential^differenee is

obviously due to there hoing a double charge with the same assumed
permittance. But the jierniittance is not the same, nor anything like

the same, at the termination as it is far away from it The theory

therefore wholly fails to represent the case of insulation, so far as the

potential-difference at the termination is concerned, thougii there does
not seem to be any reason to suppose that this will affect matters else-

where ; for when the reflected wave gets away from the termination,

the old state of things is restored. There is a similar want of corre-

spondence between the theory and reality when we make a real short-

circuit, which we have supposed to be represented by = 0.

Now the question may suggest itself : Since this failure is due to the
assumption that the permittance and inductance continue constants

right up to the termination, and this assumption being made in all

cases, may there not also be a failure when li^ is finite ? The following

reasoning will show that this is not to be expected. For if the terminal

resistance (dthough it ma^ be small) he equal to that of a eonsideraUe
length of circuity the ufluence of Uiis resistance on the course of

events must be much greater than that due to the changed nature of
the circuit near its end. We therefore swamp the terminal corrections,

which become so important themselves when the terminal resistance is

quite negligible.

The general principle that may be recognised is this. If the transfer

of energy between the circuit and the terminal apparatus (of any kind)

be of sensible amount, we may wholly disregard the fact that the circuit

changes its nature as the termination is approached. But should it be
insensible, then we fail to represent matters correctly at and near the

termination.

Again, if the ends of the circuit, supposed insulated, be brought
snfficienUy close together, there may be a spark or disruptive discharge

there when a charge arrives, involving a loss of energy and attenuation.

It h scarcely necessary to remark that effects of this kind have no place

in the theory

In the bame connection it may be remarked that when we are

following the history of an isolated charge, which may, in the theory,

be confined to the shortest piece of the circuit imaginable, we should

really spread it over a length which is several times as big as the

distance between the two wires. This is to make the element of length

have the same properties as a great length. Similar assumptions are

made (though seldom, if ever, mentioned) in most theories in mathe-
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niAtical physics. An element of volume, for instance, mnit be latgo
enough to contnin sucli nn immenae nnmber of moleculet ae to impart
to it the properties of the mass.

Returning now to the study of the properties of the circuit, let us
examine the eti'ect of varying the constants. For simplicity, insert the

oritieal reaiatance at B, and tot there be none at A, where the impieaaed
foree ia. The emrent at B ia then

C,-(e//;r)f-*^-(€/JK)f*-» ^34i0

if ffm}UILv. The value of « to be taken in the formula at a given
moment should be that at A at the time l/v earlier. Now, with the

resistance of tlie circuit kept constant, vary y to make the current a

maximum. We require y=l, or the critical resistance should equal

the resistance of the circuit (without leakage). It then also equals the

inanhttion-reeiatanee {Kl)'K If the resistance at A be any constant
multiple of Lv^ we shall have the same property y = 1 to get maximum
current. (But should the resistance at A be kept constant, we shall

have ij'{RJRl) + y=\, which it is unnecessary to discuss.) The re-

ceived current is therefore

C'a = c(2-718 7?7)->, {35rf)

when no resistance at A ; and if there be resistance of amount :Lv, we
must divide the right side of {Zbd) by (1 to obtain the current at B.

Thus the result ia the aame aa if the cireuit were a mere reeiatanee

whose value ia a small multiple of the true resistance, with abolition of
the leakage, permittance, and inductance, but with a retardation of
amount Ijv. This is not the electrostatic retardation, of course; it

merely means the interval of time that elapses between sending and
receiving, whereas electrostatic retardation, as formerly understood, is

quite another thing. Neither is it the speed of the current ; that is r.

But singularly enough, the value of the electrostatic time constant RSl^

is now Ijv itself, proportional to the first power of the length, and
inversely proportional to the speed of the current.

Example. l,'2O0 kilometres at "2 ohms per kilom. Lv should be

2,400. If it be an air-circuit, of copper, with v practically = 30 ohms
(the formuln for permittance^ inductance, etc, wUl be given later)^ we
require L = 80. This is much too great. The inductance must be
artificially increased, if we are to have so little attcnTiation as above on

a circuit of that length. Or the resist^ince may be reduced. If 1 ohm
per kilom., Z< - 40 is wanted. If ^ ohm per kilom, L = 20.

The shorter the circuit, the smaller is the value of L needed to get

the maximum current ; and the longer the cireuit, the greater L should

be. If L could be made lai^e enough, without altering the resistance,

the circuit could be of any length we pleased. The lower the resistance

of the circuit, the less leakage is needed to prevent distortion, and the

less attenuation there is. The higher the resistance, the more leakage

is needed, and the greater is the attenuation. We sec, by inspection of

(34<2), that without varying either the resiatance or the permittance,

but Boldy hy increasing L ^remembering that Lv-(L/S)^), we could

make Atlantic faat-apeed telegraphy possible, with little attenuation
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and distortion. But the speed of the current would be very low.

This I shall return to in connection with the sinusoidal solution.

Section XLIV. Any Number of Distortionless Circuits
radiating from a centre, operated upon simultaneously.
EmoT OF Intbbhbdiatx Rbsistanob: Transbiitted and
Kdubctbd Waves. EmcT of a Gontinvous IhsTRiBunoN
OF Resistance. Perfectly Insulated Circuit of no Re-
sistance. Genesis and Development of a Tail due to
Resistance. Equation o¥ a Tail in a Perfectly Insulated
Circuit.

If the ends of the two cuuductors of a distortionless circuit at its

termination at A be caused to have a difi'erence of potential vary<

iog in any manner with the time, and if there be an aoeorbing resistance

inserted at the other termination B, we know that tiie impedance of
the circuit to is Li\ a constant, at every moment, fjo that the

current there is VJLr. We also know how the potentiul-dirtercnce

and current are transmitted, attenuating to FqP and V^pjLv on arrival

atB.
If there he a seoond distordonlesB cireait starting from A, and we

imultaneously maintain the eame difference of potential V^, on it, we
know what happens on i^ viz., as above described, merely changinjr, if

necessary, the values of p and Lv. That is, if the circuit be not of the

same type as the fii-st one, and of the same length, we require to use

different values of p and Jau

This ohvionsly leads to the working of any number of distortionless

circuits in parallel by a common impressed force at A. Call the wires

of a circuit the right and the left ^vires, merely for distinction. Join

all the right wires to one tenninal A^, and all the left wires to another,

A,p and then maintain a difl'ereuce of potential between Aj and
Then, provided eyery circuit has its proper absorbing resistance at the

distant end, we know what happens. The reciprocal of the sum of the

reciprocals of the impedances of the various circuits is the effective

impedance to l\. Next, V,, divided by the effective impedance (say 7)

is the total current. Finally the total current divides amongst the

circuits iu the inverse ratio of their impedances. The current at the

distant end B of any cireait is the current entering it at A at the time
Ijv earlier, multiplied by the attenuation-factor p of the circuit I do
not write out the equations, as the description is fully equivalent

In order that V^) should be strictly proportional to an impressed

force e in the branch joining the two common teiniinals Aj, A, of the

circuits, it is necessary that it shuiiM be a mere resistance, which may
have any value. Let it be i^o ; then, 1\q added to the previous effective

impedan' * to FJ^, is the impedance to c; so that the total current is

el{R^^-\-I), and the value of is rl!{R^ + r). In practice, it is not

possible to fully realise this simplicity. Suppose, for instance, the

secondary of the transformer, in the circuit of whose primary a micro-

phone is placed, is joined across the common terminals of the circuits.
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Even if the circuits be distortionless, we see that there must be terminal

distortion, or Fq will notwr as it should for the accurate transmission

of speech. Then are aeTeral causes of distoTtion here. At the distant

end, one cause of fturthw distoi-tion will be the inductance of the re-

ceiving telephone, and an additional and very important one will be
tlie mechanical troubles that will prevent the disc from copying
accurately, in its motion, the magnetic-force variations.

After thh example of a complex arrangement of drcoits admitting of

simple treatment, let us return to a single circuit Examine the effect

of inaerting any resiatance r intermediately. This should be put half

in each wire, if the circuit consist of a pair of equal wires, to prevent

interferences. Let there be a wave travelling from left to right to-

wards r. Let F^f F„ F^ be the potential-differences in corresponding

porfciona of the incident^ reflected, and timmiitted wavea, ao that, at a
certain moment, they are coincident, viz. at r itself, where let FhB the

actual potential-difference on the left aide of r. Then we have

Fi^LoC„ F^^-LvCp Fg-XrCj,^

Theae are the ftdl connectiona. From them,

^t-— J^^-^^mtr, say (37rf)

Particularly notice that

^i-^'j+r, (38</)

as this is an important property. Every element of electrification in the

incident wave arriving at the reaistanoe h split into two (without any
loss), one part a-F^ (in tenna of potential«diTOrence) is transmitted, the

remainder ia reflected.

Aa we have, by (37d),

r =2Lricr^ - 1., (39rf)

we see that if 1 per cent, of tlie incident wave be reHected, and 99 per

cent, transmitted, we require r = ^-^Lv. If 10 per cent, be reflected and
90 per cent, transmitted, then r^^Lv, There is no transmitted wave
if r be infinite. Half is transmitted and half reflected when r»2Lv.

There is always a loss of energy by this division of the charge, which
is accounted for by the Joule-heat in the resistance. This is rC^ per

second ; and since a wave of unit length takes second to pass,

rCi/v is the loss of energy per unit length of the incident wave, which

loss, if added to the sum of the energies in the reflected and trans-

mitted waves, makes up the energy per unit length in the incident

Another expreasion for the loss of energy ia given by

There is the greatest possible loss of energy when r = 2Lr, making
(T=\, and the loss^iSF,'^. Tiiat is, when the intermediate resistance

is twice the critical, and the incident wave is consequently half trans-

mitted, half reflected, then half the energy is wasted in the resistance.
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As the resistance is further increased, tlic transmitted wave gets

smaller^ and when it is infinite, we fall back upon the case already

considered of total reflection without reversal of electrification or lose

of energy.

If wenaTB the absorbing resistance atA and at B, and any reaistaoce

r at an intermediate point C, we have a very simple result when any
waves are sent from A to B, or from B to A. Suppose e acts at A, and
that are the attenuations in the two sections AC and CB. Then
K a« at A beeomeiB = ep^ on aniTmg at C. The refieeted wave is

^ = <?pj( 1 - 0-), where tr is given by {S7d). On arrivid (multiplied by p,)
at A it is absorbed, so there is an end of it. The tvanamitted wave
at C is F.^ = fpjO-, which attenuates to F.^ = ep^a-p., = «rp on arrival at B,

where it is absorbed. The last equation therefore gives the potential-

difference at B in terms of that at A at the time Ijv earlier. In the

first section of the dreuit V is the sum of two oppositely travelling

waves, and the current is their difference divided by I/v; but in the
second section there is but one wave.
We are also able to solve by algebra alone the following problem.

Given a distortionless circuit with any teiniinul resistances and any
intermediate resistances at different places, iind the effect due to a
steady impressed force inserted anywhere in the circuit (half in each
wire» pointing oppositely in space, to avoid interferences). For we
have the circuit divided into sections, for each of which the attenuation

is known {i.e., p, = i-'^i '-,
j^^ section of length ; we also know the

transforming factors of the terminal resistances {p^ and of the last

Section) ; and we also now know the factors o- and 1 - <r for any
intermediate resistance, by which we express how a wave divides there.

So, starting when e is first put on, with the initial waves )e to the
right, and \f to the left, we can follow the whole course of events
until we arrive (asynrjitoticaliy) at the steady state. But it is no part

of my intention to enter into the details, as nothing new would be
contained therein.

But the effect of a great number of equal intermediate resistances

equidistantly situated is of importance. Let be the attenuation due
to the circuit between two conscciitive resistances, and a- the attenuation

due to each resistance, that is, the attenuation of the transmitted wave.
Let an isolated disturbance go from A to B. If it be initially T'^,, it

becomes V^^cr one section further on, V^{p^(tY after another section is

passed, and so on, becoming V^^o* after passing n sections. If these
n sections make up the whole circuity then />r « fi^ the attenuation in

the circuit due tn itself only, as before, so that in pasring through the
circuit, is attenuated to F^^".
Now let the sum of the inserted resistances be nr = Iiy Increase n

indefinitely, whilst reducing r in the same ratio, thus keeping li^ con-

stant. In the limit the resistance becomes uniformly distributed in

the circuit, and the attenuation due to it becomes, (37d),

«F»-(l + /V2Ini)~", with n = QO,

-€-''^. (ild)
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Observe the preaenee of the 8. IVom this we may oondnde oertainly

(as will be shown later), that if this unifonnly distributed resistance B^y

in addition to the original Bl^ be accompanied by uniformly distributed

leakage conductance of total amount Aj, such that RJL-KJS, the

attenuation due to both R-^ and A'j together is expressed by the scjuare

o{{\\d). For what we do is to make the circuit distortiouless again,

by the tddttional leskage to oompensate the additional lesistaoee or the

wires.

But the simplest way of viewing the matter is to start with a
perfectly insulated circuit of no resistance. This is a distortionless

circuit, of course, since it obeys the law RjL = if/6'. The only difference

from a real distortionless circuit is that there is uo attenuation at all.

All the preceding nsnlts therefore apply, remembering that p» 1» or

any waves are transmitted, not merely andistorted, but also nnattenn-

ated. They are, in fact, purely plane waves of light (very long waves

practically) travelling through a perfectly non-conducting dielectric.

They are merely guided through space in a definite manner by the

conductors, imagined to have no resistance, so that, to use a very gross

simile, the eleetridty slips alonfj like greased lightning. There is no
penetration of the efectromagnetie field into the conductoia, bat purely

surface-conduction, where we may use the word in a popular sense

(conduct = to lead). Some curious consequences of the absence of re-

sistance I will notice later ; at present 1 may ol)ser\'e that owing to

the relative simplicity produced by the absence of attenuation, the

imaginary circuit of no resistance is useful for investigating the efl^
of inserting resistances, bridges, etc, and tito action of a real distortioa-

less circuit itself

Thus, imagine an isolated charge moving from left to right in the

circuit of no resistance. Introduce anywhere a resistance r ; this will

cause an attenuation from 1 to o- in passing the resistance (equation

(37(/)), and the remainder 1 -o* will be refiecSed back. Next let thm
be a great number of equidistant small equal resistances

;
every one of

these will attenuate in the ratio 1 : o-, and throw back the fraction

l-tr. The result is that the original isolated charge, as it travels

along, becomes a nucleus with a long slender tail behind it : the nucleus

travelling forward at speed v and attenuating in the manner described

;

the tail stretching out the other way at speed v. If these isolated

resistances be packed together very closely, and be each very small, we
approximate to the effect of continuously distributed resistance, that is,

the resistance of the wires in a real circuit. In the limit, the result is,

by (4 lei), that the nucleus, if originally represented by FJ,a, that is,

the potential-difference through the very small distance a, with
current to match, via., VJLv through the same distance a, and there-

fore moving entirely to the right at that partieular moment^ becomea
attenuated to

r^'M^^^-miujr^
(42rf)

in the time t^»l9, during which it has moved through the distance x to

the lights if the resistance per unit length be B,
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Since there is here no leakage, the rest of the original charge muBt be
in the tail The amount of electricity in the tail is therefore

SxF^a{\ ."....(43(0

when the circuit is perfectly insulated. The length of the toil is 2x,

half being to the right and half to the left of the position of the

original isolated charge, it being of course supposed that neither the

heaid nor the tail has suffered any extraneous operations, as terminal
refleetions, etc.

In a similar manner, if initially the isolated charge SFqU be without
current, so that it would, were there no resistance, at once divide into

equal halves, travelling in opposite directions without attenuation,

what will really happen will be an immediate splitting into halves and
separation of two nudei, tiaveliin^ in opposite directions at speed f,

attenuating as they progress according to (42(1), and joined by a band,
consisting of the two tails snperimpoMd. The equation of this double-

tail is

. + j;).r,{^ -rt.).} (4M)

in a finite form (as usually understood, by a convention that a solution

in terms of a sine or Jq function, etc, is in a finite form, though it is

really an infinite series), true from -vttox^ + 1*^ it being supposed
that the origin of x was the original position of the chaige. At the
ends of this tail the two nuclei, each represented hj

V^lV^i-m ^45^^

through the very small distance a, must bo placed, to make up the

compkte solaHon. I shall later iilustrate this graphically, and also

expuun the other kind of tail.

Section XLV. Effect of a Singlk Conducting Bridge on an
Isolated Wave. Conservation of Curuent at the BRiixiE.

Mazimuh Loss op Enbrgt in Bridob-Coii^ with Maximum
Magnetic Forcb. Effect of ant Mumbbr of Bridqbs, and
of Uniformly Distributed Leakage, The Negativb Tail,

TBe Propkbty of the Peusistsncb of Momentum.

Let a distortionless circuit be bridged across anywhere by a wire
whose conductance is k, and let ns examine its effect on a wave passing

along the circuit. In tlic first place, wo may remark that we have
already solved one bridge-problem, viz., the result due to an impressed

force in the bridge itself, this being made a special case of the first part

of the bst Seetion, by limiting the number of radial circuits to two of
the same type.

Now kt Fj, r'„ and be the potential-differences in corresponding

{)arts of an incident, reflected, and transniitte(i wave
;

going from
eft to right on the left side of the bridge, l\ from right to left on the

si^me side, and from left to right on the further side of the bridge.
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At s certain moment these are coineident, viz., at the bridge iteelE

Then, by the properties of positive and negative wavee and elementaty
principles, we liave the following full connections :

—

' Wnm these we find

Partieularly notice that
(48rf)

which, though extremely simple, is not by any means obvious at first

sight, whilst it is an extremely important property. It is an example

of the persistence of momentum : though this may not be immediately

recognised, it will be made plain enough later on.

These eq^uatious should be compared with (36(^), (37c/), the corre-

sponding ones relating to the effect of a resistance r inserted in the

circuit. We see that this resistance is replaced by the eondnetanoo of

the bridge, that L becomes 5, and that Fand C change places in the

expressions for the ratios of the transmitted and reflected waves to the

incident.

If we fix our attention upon the current, we see that every element

of current, when it arrives at the bridge, is split into two, in the ratio

of it to 26V, or of hLv to it"^, half the critical resistance to tiie resistance

of the bridge. Tfie first part is reflected, increasing the current on the

left side, and lowering the potential-difference ; whilst the other part is

transmitted. The electrification in the reflected wave is negative, if

that in the incident wave be positive ; and conversely.

It may be as well here to remind the reader that from left to ri^t is

the arbitrarily assumed positive direction along the circuit, which is

the direction of motion of a positive wave (therefore so-called) ; whilst

a negative wave goes from right to left. Also, that the sign of the

current, whether positi^ e or negative, is a quite difl'erent thing. That
is, the current in a positive wave may be negative, and the current in a
negative wave may be positive^ or the reverse. What is a possible

source of some preliminary confusion is the fact that the vectcff we term
the current, and the vector direction of motion of a wave, are in the

Kaine straight line, one way or the other. These connections are all

summed up in V^=LvC^t the property of a positive, and - LrC'^,

the property of a negative wave. If the first of these relations be true,

the wave must move from left to right, whether V and C be both
positive or both negative ; whilst if the second be tme, the wave must
move from right to left. I can &ho recommend the reader to take the

advice before given to fix his attention upon the electromagnetic firld

which is implied by a stated A' and a stated 6', viz., a field of electric

displacement across the dielectric from one conductor to the other, and
a field of msgnetic induction round the condoetors. A veiy nseftil

purpose may perhaps be served by a careful study of the propertlea of
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the distortionless circuit, viz., to assist in abolishing the time-honoured

bot (m my opinion) essentially vieioaa prpustico of asioeiating the

dbctric enrrent in a wire with the motion through the wire of a hypo-
thetieal (/u^m-aubstaiioe, which is a pure invention that may weU be
dispensed with.

Kotuming to the efi'ect of a bridge, notice that by the union of (48^)
with the last of (46(i), we produce

2C^=^kr^ (49i)

That is, the current in the bridge equals twice the current in the

reflected wave. The corresponding property when it is a resistance r

inserted in the circuit that is in question is, by (3G(/), (37(i),

2F, = rC^; (50(i)

that is, the fall of potential through the resistance equals twice the

difference of potential of the reflected wave.

If the bridge have no resistance, making a short-circuit (subject to

reservations that need not be repeated), there is no transmitted wave.
In fact, the case becomes identical with that of a terminal short-circuit»

producing total reflection with reversal of electrification. If, on the

other hand, the bridge have no conductance, it does notbing. If the

conductance of the bridge be 2Si\ or its resistance be ^Lv, the trans-

mitted wave 18 half the incident, or the attenuation due to the bridge

is ). Then, by superimposition, the current on the left side is increased

in the ratio 2 to 3, and is therefore made three times the transmitted

current.

The current in the bridge being kV^^ and the corresponding heat

per second divided by v being the heat due to the bridge per unit length

of the incident wave, this amounts to

kJ'^lv=^^i>'nkrf(k+ 2Sr)-\ (51(f)

by (47(/). If k be variable, we make the quantity in question a maxi-

mum when ib«25r, which is the above case of attenuation The
heat in the bridge per unit length of the incident wave is then iSFJ,
which is half its energy ; the oUier half is equally divided between the

transmitted and reflected waves.

If this bridge-wire be a coil of a given size and shape, the variation

of k implies a variation of the thickness of the wire and of the number
of tarns. Whence, in a well-known nmnner, the magnetic force of the

coil varies as the current in it and as the square root of its resistance;

in another finm, the square of the magnetic f r c varies as the product
of the resistance of tlie coil into the square of the current, that is, as

tlie heat per second. Hence, by what has just been said, the magnetic

force is also a maximum when the resistance of the coil is ^Li\ iSotice

that this is the impedance of the circuit as viewed from the coil itself.

A correction is required for the inductance of the coil. It ought not,

however, to be a very large correction, if it be a telephone that is in

question, and of a really goo<l type, having the smallest pos.sible time-

constant consistent with other necessar}- coiiditions. We require the

magnetic force to be a maximum (ie., due to the current coming from
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the circuit) to make the stress-variations the greatest possible, and act

most strongly on the disc. ^See " Theory of Telephone," Art xxxvi.,

oL n.] AlowiDg for the indneUnce of the ooil, if the earrents be
sinusoidal, we require equality of its impedance to that ezteiiial to it»

which is the general law.

Now let there be any number of bridges at different parts of the

circuit, and let the ratio Vj^i of a transmitted to an incident wave be

denoted by s, its value being given by (47(/), separately for each bridge.

Let also pj, p^, etc., be the attenuations due to the eireuit in the different

sections into which it is divided by the bridges, and start with an
isolated positive wave at A, the beginning of the first section. On
arrival at the tirst bridge, it has attenuated to J'^p^- What passes the

bridge (not what crosses it) is ^"jPi'fp which attenuates to t\p^f>.,s^ on
arrival at the second bridge. Then there is another sudden attenuation,

to V^p^p^yS^ followed by a gradual attenuation in the third section, to

F]p.p^,S2 ; and so on, to the end of the circuity at B. The disturbance

is then attenuated to yxP^i^-i-'-'^n] where p is the product of all the

former //s, or the attenuation due to the circuit from A to B, and 5„ is

the last i!, belonging to the bridge next to B. If the absorbing resistance

Lv be nut at B, it will at once absorb the wave just described ; but

after that there will come dribbling in and be absorbed the dregs of

the original disturbance at A, arising from the complex system of small

reflected waves due to the bridges across the circuit, much attonuated

by the many to-and-fro journeys. But if there be but one bridge, and
the al)sorl)ing resistance bo put at A, to get rid of the wave redected

from the bridge, then there is no dribbling in at B.

However many bridges there be^ there is, by (48(f), no attenuation

of current due to them, when its integral amount is considered, but
only a redistribution of current. This exactly corresponds to the

absence of any alteration of the total charge by inserting resistances in

the circuit. They merely redistribute the charge.

If there bo n bridges in the distance .r, each of conductance ^, the

total attenuation produced by them is, by (47(/),

«--{I+X:/25rj-. (p%i)

Now place the bridges at equal distances apart, and increase the num-
ber n in the distance x indefinitely, keeping the total conductance
constant, "^K^^^ say. In the limit wo shall arrive at a uniform dis-

tribution of leakage, being its conductance per unit length, and the
attenuation due to it will be the limit of

{ I + KyXi2Svn }

-
", with n = oo

,

= (63rf)

This is therefore the attenuation of the nucleus, when an initially

isolated disturbance travels through the distance ^, due to the extra

leakage per unit length. There is, in addition, the regular attenua-

tion due to the circuit Disregard this for the present^ by letting the
circuit have no resistance and no leakage, that is, no leakage before the
leakage represented by was introduced. Then we see that if there

be initially an isolated disturbance represented by Fq^LvCq, extending
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through the very small distance a, it becomes, at the time x/v later,

removed a distance x to the right, attenuated to (writing K for the

leakage-conductance per unit length)

extending through the dlttance a» with a tail of length 2x behind it
This tail is of the negative kind, the electrification being opposite in

kind to that in the head, and is such that the line-integral of the
current in it amounts to

Cffl{l
- (55<{)

hecanse this, when added to the corresponding line-integral for the head,
according to (54i), makes up C^, the initial valne of the line-integral

This tail is, as regards current, of the same shape as the correspond-

ing tail due to resistance, as regards electrification, so its equation may
be derived from (iid). But I shall consider the tails all together in a
later Section.

The property involved in (iSd), which leads to the deduction of
{S5d) from (nii), is worthy of notice. It is the persistence (or con-

servation) of momentum. If a circuit have no resistance, then, as

Maxwell showed, we cannot change its momentum, the amount of

induction passing through it. This was a linear circuit, with the

current of the same strength all round it. Now our example is a
remariuble extension of this property. Onr dieuit is linear and of no
resistance, but it has any number of leaks, or conducting bridges^ as
well as what is equivalent to a series of condensers. The current in

the circuit may be varied indefinitely in its distribution, but we cannot

change its momentum. The line-integral of LC expresses the momen-
tum, but since L is here a constant, of course the line-integral of C
cannot change either. This property only continues true so long as

there is no resistance bounding the magnetic field; therefore, if the

circuit be of finite length, we must not insert resistances at the terminals.

For instance, short-circuit at A and B, and we can at once say what
will ultimately happen due to any initial distribution of current. It

will settle down to uniformity of distribution, making a uniform
magnetic field, so that the strength of current will equal the original

total momentum divided by the total inductance. There is, of course,

a loss of energy in the settling down, due to the leakage. If the circuit

be infinitely long, so that the disturbance can spread out infinitely, the

total energy will decrease asymptotically to zero, in spite of the per-

sistence of the momentum, which indeed tends to zero in any finite

length, but keeps its total amount unchanged.
If the circuit have resistance, the total momentum decreases according

to the time-factor €"*"'•, whatever be tlie initial di.stribution, if it be

short-circuited at A and B, or be infinitely long. On tho other hand,

the total charge subsides according to the time-factor if the circuit

be insuiaiid at A and 6, or else be infinitely long. The meaning of

terminal short-circuit or of insulation may clearly be extended to various

other cases not involving loss of charge in the latter case {€,g, a terminal

condenser) or of momentum in the former, with appropriate oorre^K>nd-

ing changes in the measure of ^ or L respectively.

e.E.P.—VOL. II. K

(Mi)
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Section XLVl. Cancelling of Reflkction by combined Kksist-

ANCB AMD BrIDGB. GENERAL ReMARKB. TrUS NATURE OF THE
Problem of Lono-Distance Telephony. How not to do it.

Non-necessity of Lkakack to remove Distortion i nder Good
Circumstances, and the Reason. Tails in a Distortional
Circuit. Complete Solutions.

Having in Seetiomi XLivand xlv dificussed in some detail the effects

due to resistances inserted in, and also Uioee due to conducting bridges
across, a distortionless circuit, which are of fuiidamental im]xirt:inrp,

and whirli lead to the development of a jxi^itive Util by a continuous

distribution of resistance in excess of the distortionless amount, and of

a negative tail hy an excess of leakage, the full investi^tion of the case

of resistance and leakage combined in any proportions presents no
difficulty.

Start with a circuit having no resistance and no hndcatre, which is

therefore l>oth distort ioides.s and conservative (or charac tt riscd by the

absence of attenuation), ami let there be an isolated disturbance going
from left to ri^ht, defined by J \ = Lr( \. Also, let there be, at a certain

place X, a bridge across the circuit, of conductance k; and, at the same
plao^ a resistance r inserted in the circuit. When our incident wave

arrives at X, there result a roHected wave represented by
/ ,,

- LvC.,, and a tmnsmitted wave F.^^LrCy
Now, considering the moment when these are all at X together

(corresponding elements, of course), we have the following two equations

connecting the three F*b :
—

r, + F,= F,(l+rlLr), (56(7)

i\ + Cj = + k^Sr + d-) (57*/)

The first is simply the oxpression of Ohm's law applied to the
resistance r, and the second expresses the continuity of the current at

X. (Remember that Lv and Sv are reciprocal, so that the sum of the
second and third terms on the right of {o7d) expresses the bridge-

current.) The equation (07(f) may also bo written

so that, by adding this to (bGd) first, and then subtracting it, we obtain

the decdrsd ratios. Thus,

l\i }\ = 1 + r 'lLf + kj^Sv + hk, (59«/)

^V = ^r^^^ -kj2Sv-irk (60(/)

when written in the simplest manner. Of course the ratio VjV-^^ if

wanted, is the quotient of (GO//) liy (5l>'/).

W'c see that the reflectod wave may be either of the same or of the

om>osito electriticiition to the incident ; and that, in order to completely
abolish the reflected wave, we require, by (G0(/),

rjLv = kiSv + rX; {Q\d)
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and that we then have, hj (69(^),

V^ir^'ml^rlla (62i)

nmply. The neiproeal VJ ?\ expreuM the attennatioD suffered by the
incident wave in pauing X.
The above equatious are not in any way altered when we start with a

real distortionless circuit instead of an imaginary one of no resistance.

But by adopting the latter course we are direrted to the nearest

approach to a physical explanation of the proj>crties of the real dis-

tortionless oircuit itself. For, in the case of the dreuit of no resistance

we are dealing merely with progressiye waves in a conservatiye medium,
and we cannot expect to come to anything simpler than this. They
simply carry their energy and all their properties forward at speed v

unchanged, this speed being if /a be the inductivitv and c the

permittivity of the medium ; which expression is equivalent to the

other, (LS)'^, where L is the indoctance and 8 the permittance, which
is more convenient in the practical application concerned. Except in

the matter of wave-length, these waves are identical with light-waves,

with the peculiarity that the two (supposed) perfect conductors of our
circuit ])revent the waves from spreading in space genendly, by guiding

them definitely along the circuit. (The simplest cauc is that of a
tnhcilar dielectric bonnded bv perfect conductors, say an internal wire
and an external sheath.) Now we prOTO by Momentary principles,

(Ohm*s law, etc) that an inserted resistance, causing tangential dissipa-

tion of energy, produces a reflected wave of the positive kind, involving

a redistriliiition. without loss, of the electrification on the bounding
conductors ; and a redistribution, with loss, of the coiTCsponding mag-
netie quantity, the momentum. On the other hand, we show that a
brid^ causes a reflected wave of the negative kind, involving a re-

distribution, without loss, of the momentum ; and a redistributiott,

with loss, of the electrific^ition. (In speaking of redistribution, the mere
Iranslatory motion of waves is disreganled.) And by having both the

bridge and the inserted resistance so proportioned as to make the loss

of energy in each be of the same amount (when small enough), we
abolish tne reflected wave, so that there is no redistribution, but merely
attenuatioD produced by the resistance and brid^ This applies to

any number of resistances inserted in the main circuit, each with its

corresponding bridge ; so that when we pack them infinitely closely

together to represent continuously distributed resisuutce and leakage,

we arrive at a real dronit, along wnich waves are propagated undianged
ezeepi in sise. Thus any circuit (apart firom uitsrferences) mav be
made distortionless by adding a suitable amount of leakage. This
amount is usually too great for practical purposes. Nor is it required.

In the very important problem of long-distance telephony', em{)loying

circuits of hw resistance (which are the only proper things to use),

maldng the weU-known ratio BILn of the two components of the
electromagnetic impedance small, say | or J, which may be easily

done without usin^ an eztravi^gant amount of copper, we tend naturally,

by bringmg the inductance into relative importance^ or equivalently,
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reducing the importance of the factor resistance, to a state of things

resembling that whieh obtains in the truly distortionless circuit (inde-

pendent of frequency of variations), utuI approximate to distortionless

transmission. These st^itements may he proved by an ins})ection of

the sinusoidal solutions 1 have given, but it would enlarge the subject

too greatly to discuss them at present. I may, however, repeat that

the problem of long-distance tei^hony is very remote from that of a
long submarine cjvblc which can only be worked slowly, unless we
should unknowingly create a parallelism by employing <|uite unsuitable

conductors
;

as, for insUmcc, was done by the Post Otlice a few years

$ince when they put down conductors having a resistance of 45 ohms
per mile of dreuit, combined with laige permittance and small in-

ductance ; and then, to make the >iolation of electromagnetic principles

more complete, put the intermediate apparatus in sequence, so as to

introduce as much additional impedance as possible. The proper place

for intermediate ap]inratns is in bridge, removini; all their impedance

completely. This method was invented and introduced mto the Post

Office by Mr. A. W. Heavislde. It makes a wonderful difference in the

capabilities of a circuit, as is now pretty well knowti.

The theory of tails allows us to give an intelligible physical exjilana-

tion of how it comes to ptiss that a perfectly insulated circuit violating

the distortioidess condition completely, will yet tend to l)chave in a

distortionless manner to waves of great frequency, provided the circuit

be of a suitable nature, as above Mcribed. For let the drcuit be so

long that we can get several waves into it at once, when telephoning.

They divide the circuit into regions of opposite electrification, each of

w^hich may (very roughly) represent what I have termed an isolated

disturbance. Every one of them has its tail, but as they are alternately

of opposite kinds, their resuiual etiect in producing distortion becomes
^uite smalL We can see clearly that the greater the frequency the less

IS the distortion, unless the increased frequency should bring with it

increased resistance, which is very much to be avoided, and is what
renders iron w ii e so unsuiUible for /ow//-distance telephony. By this

mutuid cancelling of the effects of the tails, we simulate the effect of the

leakage which would wholly remove distortion, even of the biggest

waves, without the disadvantage of the extra attenuation thereby intro-.

duoed. I am induced to make these remarks rather out of their proper
place, as they illustrate the importance of the distortionless circuit from
the scientific point of view, in casting light upon the obscurities of dis-

tortional circuits.

From (59(2) we can get some results relating to the tails of waves in

a distortional circuit. Thus, let there be n bridges in the distance x,

equidistantly placed, and each of conductance Kx/n, with a corresponding
resistance J!-rin in the main circuit. Let a disturbance pass from
beginning to end of the len^'th x. If <t be the attenuation at each

bridge, the total attenuation of the head of the disturbance produced by
all the bridges and resistances is o-". Now make n infinity keeping II

and K finit& The total attenuation beoomes, by {59d),
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This is therefore the attenuation of tlic head sutlered by every

element in traversing the distance ^, when 11 and K are the resist-

ance and the leakage-conductance per unit length in any uniform

It win now be convenient to introdtice a simpler mode of ezpreadng
the eaqMmentiAls. Let

/-i?/2L. A-/-jr, <e4i0

all four being reciprocals of time-constants. Now (63c^) becomes «"•*

simply, if t^xjv be the time of the journey over the length x. If,

therefore, we nave initiaUy a disturbance Fq^ImC^ extending through
the small distance a, possessing the charge SV^fi and the momentum
LCf/i^ then, at the time / later, when the disturbance extends over the

distance 2x, half on each side of its initial position, being a nucleus of

leneth a and a tail of length 2^, the charge and momentum in the

nndeus become «.

SV^a and Z(> (Qbd)

We have next to examine to what extent the total charge has

attenuated by the leakage, and the total momentum by the resistance.

This we can ascertain by (59(2) and (60(2), applied to find the loss of
electrification caused by a single bridge^ and of momentum by a single

resistance. Those equations give

Fa+Fs _ l +r/2Xy-i{r/aS^-fjir/2 .v

These fractions, multiplied into the values of the charge and
momentum respectively before the splitting, give their total values

after the splitting. Wo can, therefore, apply the previous method of

equidistant resistanees and bridges, to ascertain the method of sub-

sidence of the total charge and momentum, in the infinitely numerous
splittings that occur in a finite tame, when we yyass to the limit and
have uniform R and K. Putting r = liTln^ etc., as before, and finding

the limit of the n*** powers of (6(>(/) and (67rf), we arhvo at c"**'^ and
g-M$iM respectively.

We thus see that a moving charge, no matter how it redistributes

itself, subsides at the same rate as if it were at rest; for, obviously,

81K is the time-constant of the circuit regarded as a condenser, when
uniformly charged and insulated at its terminations. It is as if

electricity were atomic, so that we could follow the course of every

particle. Then, no matter how it moves about, it shrinks at the same
rate as if it were at rest. Similarly as regards the momentum of the

moving disturbance. Could we identify iis elements, each would shrink

in a manner independent of its translatory motions along the

circuit. Notice, al=:o, that the attenuation of the total charge equals the

square of the attenuation of the nucleus due to leakage alone ; whilst
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the attenuation of the total momentum equals the square of the

tttenmtion of the nudeue due to reditMice alone.

Thus, ooKresponduig to {M), we have

5roa. - e->») and K>. €->»(€-^ - e-**) . . .(6W)

to express the charge and momentum in the tail; since these, when
added to (65(/), make up the actual values otherwise fiyond, viz.,

.S/V'.c--'* and LC^.€--^.

If f>g, or the resistance be in excess, the current in the tail is from
head to tip, if that in the hciid be [X)sitive. But as time goes on, if the

circuit be long enough, the head attenuates practically to nothing,

leaving the big tail to work with. The region of positive current now
extends from the vanishing nucleus a long way towards the middle of

the tail
;
and, in the limit, the disturbance tends to become symmetrically

arranged with respect to the origin from which it .started as a jjositive

wave, tailing off on both sides, with the current positive on one side

and native on the other.

fiat if/<^i or the leakage be in oxeen^ a quite anomalous state of

affiurs occursi which may be inferred from the preceding by changing
FtoC, etc.

The full solutions of all tail-problems (shape, growth, etc.) arc con-

tained in the following four equations. Let a charge iH^a be at the

origin at time /= 0, without any current. At time i we ahall have, if

r=i^c-"(/i+|yo{i^), (6W)

c-i^V-(^^)y,(,),

tomnm the double-tail or band connecting the two nudei at its ends,

which are already known. Similarly, if there be initially a current at

the origin, of momentum LC^fl, without ehaige, then at tmie i we shall

have

c.i^£^-k+^yM (710

^=is/-''(-S^»« W
As before, put on the two nudei at the ends. Since the t/^ function is

a simple oue^ vii^,

it is quite easy to follow the changes of shape by these formula;, except
when / has become large and the nuclei small, when otlier fonnnhv may
be derived from the above which will approximately suit. [For further

information, see Part viiL of Art. xl., Part i. of £lectromaguctic
Waves," and "The General Solution of MaxweU's Equations."]
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Skction XLVII. Two Distortion ij:ss CiRcriTS of Different
Types in Sequence. rKKsisiKNCE of ELEtTuiFicATioN,
MOMBNTUH» AND ENERGY. ABOLITION OF BETLBOnON BT
Equautt OF Impedances. Division of a Dibturbancb
BETWEEN si':\'ERAL CuirriTs. Cnif'i'iT in wtiich the Spekd
OF THE Current and the Kate of AriKsrATioN ark
Variablk, without any Taiung or Distortion in Kecef-
TION.

If two distortionless circuits of different tyj)e8 l>e joined iti scrjuencc,

a wave passing along one of them will, on arrival at the junction, be

usually split into two, a transmitted ami a reflected wave. Let, in the

fonner notation, l\, denote the potential-diirerenoes in corre-

sponding elements of the incident wave in the first circuity the reflected

wave in the same, and the transmitted wave in the second circuit.

The sole conditions at the junction are that K and C shall not change
in passing through it. Thus,

^i + ^t-^si C, + 6',-C^ (73d)

Now let £,r, and L^r, he the impedances of the two circuits, and L.^

iK'infr the iniluctanccs ])er unit length, an<l r,, r.^ the speeds of the

current. Put the iirst of (73(/) in terms of the currents. Thus,

l^Vi{C,-Ci)^L^^C^; {7id)

showing that the momentum of the iu< i lent disturhance equals the
-mil of the momenta of the reflectctl and transmitted disturbances,

I 'orn >p<'n«ling lengths are compared, of course, proportional to the

speed of the current. The condition of continuity of is therefore

identical with that of persistence of momentum.
Next, put the second of (7 id) in terms of potential-differences. Thus,

= (7^^)

wliich express^es tlmt the electrification .sutlers no loss }\\ tlic sjilitting.

The condition of cuuLinuity of C is therefore equivuleuL to that of the

persistence of electrification.

Multiply the first of (73(/) into {75d) ; the second of (73ff) into (744);
the two members of {73d) together; and {lid) into {76d). The
results are

iS,r,(^-^)«.V,/7,
^

L^v,{Ol''Cl)'^L^JJl

which are equivalent expressions of the fact of persistence of energy,

while the la.st of (7GJ) is the equation of transfer of energy. That it

fclionld be equivalent to the others will be understood on remembering
that the energy is tiausferred at speed r, or r.^, according to position.

We have, therefore, three things that i>ersist, electrification, momen-
tum, and energy, and these are expressed most simpl)' by the two
equjUtons (73(/) and by their product If the continuity of could be
violated at the surface across the dielectric common to the two oinniits
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at their junction, there would be a surface magnetic-current ; and if the

continuity of C could be violated, there would be a surface electric-

current. These statemeutfe are implied in the general equations

- curl E = 4;rG, curl H = \ttT, {lid)

where E and H are the electric and magnetic force.*, T and Q the

electric and magnetic currents. That is, tangential continuity of S
implies normal continuity of Qt (or of the induction, since it, like Q, can

have no divergence) ; and tangential continuity of H implies nonnal
continuity of F, and therefore, in our special case, of electrification. In
fact {IM) express the same facts as {lid) do generally.

Now the continuity of Fand C is violated at the boundaries of an

isolated disturbance (e.^., F= constant in a certaio part of the circuit,

and aero before and behind). Then we do have the surface electric and
msgnetic currents on the front and back of the disturbance. It should,

however, bo stated that the conception of an isolated disturbance is

merely employed for convenience of description and argument. Practi-

cally, there cannot be abrupt iliscontinuilies ; we must make them

tradual. Then the surface currents become real, with finite volume-

ensities*

The ratio of the reflected to the incident wave is given by

V^l l\ = ( - V2 +W\l
and is positive or negative according as the impedance of the second

circuit is greater or less than that of tlio fii-st The abolition of

reflection is therefore secured by equality of impedances, irrespective of

any change of type that does not conflict with this equality. Every
element of the transmitted wave therefore carries forward, in passing

the junction, ii% potential-difference, current, electrification, momentum
and eneigy unchanged, but is changed in length in the same ratio (in*

veisely) as the speed of the current is changed.

In a similar manner, we can determine fully what happens when a

disturbance travelling along one distortionless circuit is caused to

divide Ijetween any number of others, of any types. We have merely

to ascertain the magnitude of the reflected wave in the first circuit.

Let Fj and be the incident and reflected waves. Then, correspond-

ing to (JM), we shall have

UJF,^{I^L,n,)l{UL,v,), (79d)

where / is the resultant impedance of all the other circuits (instead of
L^v^ that of one only), viz. the reciprocal of the sum of the reciprocals

of their separate impedances. Knowing thus in terms of / we
know their sum. But this is the common potential-difTcrencc in all tlie

transmitted waves, which are therefore known, since by dividing by
the impedance of any circuit we find the current. As regards the
attenuation as the disturbances travel away from the junction, that
must be separately reckoned for each circuit according to the value of

RJL, in the way before described. There will l)c found to be the

previously-mentioned persistences, provided all the waves are counted,
including the reflected in the first circuit.
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Now put any number of distortionless circuits in sequence. If their

impedanoet be equal, we know, by the above, that a dkturbanee will

travel from end to end without any reflection at the junctiona. It will

vary in its length and in its speed, and also in the rate at which it

attenuates, but there will be no tailing, however many changes there

may be in the vahies of Jl and L. By pushing this to the limit, we
arrive at a circuit in which li and L vary in an arbitrary manner
(fniictioiu of x), whilst K varies in the same way as and 8 in the
same way as JL The impedance is a constant, but the rate of attenua-

tion and the spcod vary in different parts of the circuit.

If we start an isolated disturbance at one end, it will travel to the

other without tailing. But it will be distorted on the journey, owing
to the variable speed of its different parts and the variable attenuation.

Bnt as regards the reception of the wave, there is no distortion what-
ever. For, on anrival at the distant end, where we may place the
absorbing resistance, every clement of the wave has gone through the

same ordeal precisely, passing over the same resistances in the same
sequence and at the same speed at correspomling places, so as to arrive

at the distant end in the same time, attenuated to the same extent.

Similarly there is no intermediate distortion as regards the sncoession

of values of f^and C at any one spot. There is only distortion whttt
it is the wave as a whole that is looked at, comparing its state at one
instant with that at another. And if we should cause this wave to

start in a uniform circuit, then pass into an irregular one as just

described, and finally emerge in a uniform circuit again, it will then
have recovered its original shape, every part bemg attenuated to the
same extent.

As regards the time taken to pafts over a distance in the variable

circuit, we have to solve the kinematical problem : given the path of a
particle, and its speed at every point, find the time i taken. Thus,

taken between the proper limits, wherein v is to be a function of x.

The attenuation sufferea in this journey is more easily expressed. Qo
back to the former case of any number of uniform distortionleas ctrenits

of equal impedance joined in sequence. The attenuation produced in
passing through any number of them is the product of their separate
attenuations, i.e.,

where B^t Up are the resistances of the separate sections, and Lv
the common value of the impedances. As this is independent of the
number of sections or their dosenesa, we see that in our variable circuit

the attenuation in any distance is expressed by the right member of

(80(2), wherein ^R represents the total resistance of the circuit in that

distance, or between the proper limits, R being a function of&

The above-given demonstration of the properties of the variable

distortionless ctrcait» which is rather a curiosity, depends entirely upon
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our previous proof that the abolition of reflection at the junction of a

pair of aimple distortionless circuits is obtained by equality of imped-
ances, irrespective of any change that may take place in the n'sist:i!i< es.

Til*' fulluwiiig is also of some use. Go back to the fundamental
e(^uatiuns

^VV={n-^Lp)C, -VC«{K-\-Sp)V', (%\d)

wherein V means dfdx, and p means djdt. Now assume F=LiC\
making them become

-VC7 ^S{K/S-\-p)(LvC), f

If our assuuiption can be justilied, these equations must become
Identical. They do become identical if R/L= KjSt and 2>»constant

;

becoming
'-v^F^(MIL+p)K (SSrf)

This is for the positive waye. The assumption F= - ZvC again makes
(Sl'O identical under the same conditions, the resnlting equation being

(8:v/) with the sign of v changed. The necessary conditions may

PfK-^ L!S = {Lr)~ = constant ; (Sid)

and since wo have made no assumption as to the constancy of Ji, L, K,

and 6', we see that li uud L are left arbitrary, any functions of x. Or,

what comes to the same thing, JiJL and v are arbitrary, making the

attenuation and the speed variable, but without any tailing.

A third way is to examine what ha]t|). ns wlieu we place a bridge of

conductance X' across the junction of two distortionless circuits of

different types, but of the same nnpedance, along with a resistance r in

the circuit at the same place. The two conditions, u^>ing the former

notation, are

^i + ^t-O+^-W^s, 1 .....

fzom which, FJ J\ = 1 + r/2Lr + {k(2Sv){\ + r/Lr), 1

F^F^ - rjlLv - {kl2Si ){ 1 + rjLv), j

which give the ratios of incident and rcHectcd to transmitted wave.

We destroy the reflection by

rlLv^kjSv+rk,

and then the attenuation is

due to r and k An infinite number of these r's and l^s in succession,

placed infinitely close together, leads to the expression {80d),

We can also go a little way towards finding what occurs when the

only condition is />r = constant, so that there is tailing. For we then

have, at a single junction,

and therefore, when the distribution of r and k is made continuous.
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the atteiiuatiuu of th« head ot a disturbance in pa&siug througli auy

dutaiuieis

if i?| be tbe total resUtance and JT^ the total conductance of the leakage

in tnat part of the circuit. But we cannot similarly estimate to what
extent tne total ehaige and momentum have attenuated, as we could

when the circuit was uniform, because the attenuation now occurs at a

different rate in ditterent parts of the tail, and we are not able to trace

the paths followed by the difiereut parts of a charge as it splits up

repeatedly. The determination of the exact shape of the tul is of

course an infinitely more difficult matter. But an approximation may
be obtained by easy numerical calculations, if we concentrate the resist-

ance and lealnge in a succession oi points.

NOTB (Nov. 30, 1887).--The author much regrets to be unable to

continue these articles in fulfilment of Section XL., having been

requested to discontinue them.

XXXVI. SOME NOTES ON THE THEORY OF THE
TELEPHONE, AND ON HYSTERESia

IThA Ekdrieian, Feb. 11, 1887, p. 302.]

As was found in the early days of the telephone, its cores need to be
permanently magnetised before it becomes cificicnt. I refer, of course,

to the on] i nary magnetic telephone, in which an iron disc is attracted

by an elecironiagnet, which does not differ essentially tVoni a common
Alorse instrument with a flexible armature, with the important addition

that the electromagnet is permanently polarised. The permanent
magnetisation may be communicated by a pennanent current in the
circuity or, in the usual way, by employing a permanent magnet on
whose pole or poles the coils are placed. But the p<'rnianent magnetisa-

tion, except of the iron disc, is not essential. Thus we may abolish the

magnet and core from the telephone, leaving only the coil and disc, and
produce the necessary permanent field of force by means of an external

magnet suitably placed. The efficienqr is then greatly increased by
inserUng a soft'iron core in the coil. Similarly, we may destroy the
efficiency of a complete telephone by an external magnet, or we may
increase it, by suitably placing the external magnet so as to, in the first

place decrease, and in the second increase the strength of the permanent
magnetic field. And if we carry the destruction of the magnetic field

by the external magnet so far as to reverse it, and bring it on again

strongly enough, we restore the efficiency of the telephone. That is, the
permanent polarity may be of either kind. The disc is strongly

magnetically attracted in either case, and that is the really essential

thing. Most of these facts, if not all, are pretty well known, but it

appears to be different as regards their explanation.
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A good many years ago 1 read in Mr. Prescott's work on "The Tele-

phone," an article by Mr. EUsha Gray on the subject, contaming some
of the above facts, and, in particular, describing the effect of a pennanent
current in the circuit. He looked upon the necessity of a permanent
field of force as a great mystery, and suggested some reasons for its

necessity tliat appeared to me to be unwarranted and inadequate. I

now observe that Professor S. P. Thompson, in his recent paper, " Tele-

phonic Investigations," remarks upon this question {The ElecMcian,¥eh,

4, 1887, pp. 290, 291). Whilst not explaining the necessity of a per-

manent field, he brings in to complicate the thing such matters as

hy.steresis and the curve of induction referred to magnetic force, which
do not appear to be materiaily concerned. I have very little acquaint-

ance with telephonic literature, and, tlicrefore, it may happen that the

foUowing explanation has heen already well thnflbed out, and accepted

or proved to be erroneous, as the case may be ; but the perusal of the

remarks of the above authority has suggested to me that tlic following

explanation may be not only generally useful, but even absolutely nov^
to many of my readers.

The stress between the iron disc and the poles of the electromagnet

varies, under similar circumstances, as the square of die intensity of
magnetic force in the space between them. There is no occasion to

consider the relative intensity in different places, or to perform integra-

tions, as we have merely to deal with the fundamental fact of the stress

on the diaphragm varying as the square of the magnetic force. Now, as

we cause this diaphragm to execute forced vibrations by varying the

itreas upon it, we should make the variations <^ stress as ^eat as pos-

sible in order to obtain the greatest amplitude of vibration, and the

greatest intensity of sound from it.

Suppose, then, that there is a permanent field of intensity //, produc-*

ing a steady stres.s projiortiona] to //-', and that we vary the stress by
means of the magnetic force of uudulatory currents in the coils. Let h
be the amplitude of the undulations of magnetic force, small in com-
parison with //, so that we vary the real magnetic force from H-h to

H+ h, through the range 2A. This is quite independent of //, so
that if it were a mere question of the intensity of magnetic force,

we could just as well do without the permanent field, except for a

reason to be mentioned hlar. But the stress varies from being pro-

portional to (H-hf to {Hfhf'y or the range ia AHk, not troubling

about any constant multiplier. That is, the stress^variation ia pro*

portiooal to the prodmf of the intensity of the permanent magnetie
force into that of the uaduktory magnetic force. This contains the
explanation.

We see at once that it is in at least approximate agreement with facts.

For, with the same weak undulatory current passmg, which keeps h
constant^ we know that the intensity of sound continuously increases as

we increase the intensity of the permanent field. And, keeping the
pennanent field the same, we know that the intensity of sound con-

tinuously increases as we increase tlie amplitude of the current-undula-

tions, and therefore A. The question of exact proportionality is an

L/'iyiki._cCi Ly
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independent one. We have got already what appears to be the main
explanation.

Now to connder some other pdnta. It has been assumed for

simplicity thatH was several times K In a telephone JET is a very large
multiple of h under ordinary circumstances. But as // is reduced, or A
increased sufficiently, the effects change. Thus, if H^h, the magnetic
force varies from 0 to 2h, and the stress from 0 to {'2h)-. And if// is

less than h, the magnetic force varies i'rom a negative to a positive value,

whilst the stress varies from a positive value through zero to another
positive value. In the extreme, when the pennanent field is altogether

abolished, whilst the magnetic force varies from - A to+h, the stress

varies from through zero to //- airain. The disc is therefore urged to

execute vibrations of double the frequeiicy ot the current-undulations.

It is similar to sending reversals through a Morse instrument, when
the armature will make a rap for every current, positive or negative,

or two raps for every complete wave. This alone wonld be^ I think,

a serious hindrance to getting good speech from a magnetic tele-

phone without a permanent field. But, with ordinary speaking
currents, the double vibrations, in the absence of the permanent
field, are insensible. On the other hand, when we put on the strong

permanent field they are non-existent, t.^., in the stress-variations,

as there is no reversal of the magnetic field, but only a change in

its intensity.

But we may easily examine the effect of // alone, or in combination
with H of A similar strength, by. means of a vibrating microphone
sensitively set, producing a very large variation of current in the circuit

of battery, microphone, and telephone. Here the current is equivalent

to the co-existence of a pennanent current and of an undolatory cunent^
and the latter may be made not insignificant compared with the former,
but even \ or J its strength. It is not a matter of indifference now
which way tlic current goes. In one case the permanent current

increases, and in the other it decreases the permanent magnetic held of

the magnet, producing corresponding changes in the intensity of the

sound. We may cancel the pennanent field by an external strong
magnet, approximately, or make IT small compared with h. Then the
disc is attracted both when the current is above and when it is below
its mean strength.

We cannot increase the efficiency of a telephone indefinitely by multi-

plying the intensity of the permanent field. In the first place, tiie disc

becomes stiffened under strong attraction, so that ultimately a Uu^
increase in the stress makes litue difference in its displacement Again,
when the core is very strongly magnetised, we may expect that the

effective inductivity of the core, so far as variations in the magnetic
force are concerned, will be reduced, so that undulations of current of

given amplitude will not continue to produce stress-variations propor-

tional to the amplitude of the current.

There are many other things concerned, of course, between the stress-

variation and the intensity of sound, especially mechanical
;

as, for

Instance, the multiplication in the intensity of certain tones, especially
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the fundamental of the disc, which has also the disagreeable result oi

keeping up a sound after it should have ceased.

The application of the preceding is not merely to the telephone^ but
to various electromagnetic instrumenta. I frequently make use of the
multiplying ]iower of a permanent nia^jinctic field. For example, to

make a tremV)lor-V)ell u'o with a weak current; or to make an elertro-

magnetic intcrniitter go tirnily with a current that, unassisted, would do
nothing. Tlien a strong pennauent magnet takes the place of a strong

permanent current It should be so placed as to increase the strength

of field due to the electromagnet.

In the other way of getting power, by having a movable coil in a
strong permanent field, first done, I believe, by Mr. Oott in 1877
{JoaitL'd S.T.E., Vol. v., p. 500), the action is different, jis it is the

electromagnetic force on the moving coil that is operative. There
is no stress on the coil when no current passes in it But when a
current pa8ses, the torque may be taken to be proportional to the
intensity of the permanent field and to the current passing, as in

the other case.

In conclusion, a few words, from my own point of view, of course, on
the subject of the hysteresis which has lately become prominent, and
which has been, perhaps, rather overdone by some writers. It ia, snb-

stantially, an old thing in a new dress. Iron exposed to magnetising

force usually, perhaps always, more or less, become'^ magnetised intrinsi-

cally as well as elastieally, just as ductility is probably always in action

to some extent in a strained elastic spring. Thus, in changing the

elastic magnetisation, which does not involve any recognised or as yet
recognisable dissipation ofenergy, we change the intrinsio magnetisation,

whidi does. But that there is no sensible dissipation of energy in an
iron core placed in a rapidly intermittent or un<lnlatory magnetic field

of moderate strength I assured myself of exj)erinicntully some years ago,

as I mentioned in The EUdiician for June 14, 1884 [vol. i., p. 370]. 1

repeated the experiments in a far more effective form last year (The

EhefriekMy April 23, 1886), fvul. ii., p. 43]. The method is very simple

and obvious, being merely to show that iron, when sufficiently divided,

is exactly equivalent to self induction. Use the differential telephone,

or the Bridge. The ftjimer is a handy little thing, but the latter is

much more adaptable and generally useful Take two coils of the same
resistance but of widely different inductances, and complete the balance

by making up the deficit with iron. If sufficiently divided, the changed
resistance due to dissipation in the iron vanishes or becomes exceedingly

small. I formerly used a bundle of the finest iron wires I could get,

and the residual etlVot was small.

in the repetition I used iron dust, worked up witJi wax into solid

cores (I wax to 5 or 6 iron by bulk), and the residaal effect is far

smaller, scarcely recognisable. But if the magnetising force be made
stronger there is a small increased resistance, which can hardlv be due
to the Foucault or Farrago currents in the insulated dust It is |X)8sibly

due to hysteresis. Tint at the same time the variation in the inductivity

is recognisal>le, so liiat the effect is complex. It is clear that in the
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case of telpj)honp .speakin'T currents, dissipation f<'X(-ept F.) is nowhere,
whether the core be ])erniancntly magnetised or nut.

Wc require strong forces to make hysteresis important. Even then

it IB probable that when the variatione of force are very rapid (undiila-

toiy, not with jerka) dissipation dne to hysteresis may be considerably

reduced, and the results of Ewing and Hopkinson not be applicable.

XXXm ELECTROSTATIC CAPACITY OF OVERGROUND
WIRES.

{The Eleetrieian, Sept. 25, 1886, p. 375.]

In the late Prof. F. Jenkins "Electricity and Magnetism" (p. 332,

first edition) il a formula for the capacity of an overhead wire. Owing
to the remark there made, that experiment gave results nearly double
as great as tlio formula, which was attributed by him to induction

between tlie wires and the posts and insulatiiitr snjtjxjits, and thinking

that tlie presence of neighbouring wires should luivc a niuikcd iiiHuence

in increasing the capiicity, owing to the neighbouring wires being

earthed, I verified this by working out the theoretical formuhe for the

capacities (self and mutual) of overground ])arallel wires, and applying

them numerically in a special case. [Vol. i., Art. xii., p. Ji'.] With
one additional paiallel wire the increase of the capacity of the first was
II per cent. ; with thiee additionals it was 'li per cent. As tf) furthei-

increase by more wires, it would not be ten/ great, as they would be

practically mnch further away. As a guess, it might run up to 50 or
60 per cent., with a large number of wires, but of course it would
depend materially upon their mutual distances and height above the
ground.

The recent nieasui euiunts of capacities of wires in the North of

England supply some definite inlbrmation. Taking the case of a wire

20 feet above the ground, of diameter *08 inch, the calculated capacity,

supposing there to be no other wires (nor trees, etc.), is 0095 mcf ]>er

mile. The average result observed is given in Mr, Preece's paper {The
FI"fnrinn, ^e\it. 18, 1885, p. 34 S) as -0120 with the other wires in-

sulated, and •0142 when earthed. And for the iron wire, '171 inch

diameter, supposed 20 feet above the ground, the similar three results

are -0103, -0131, and 0169. I take v^SO^^ instead of the 2880<

oentim. used in the paper referred to [vol. I., p. 44].

In both cases we may observe that the experimental result with
\vi?es insulated is about midway between the calculat*'d result and the

< \[)(i iinental result ^^it]l wires earthed; so that it would appear that

the intiuence of surrounding objects (other than neighbouring wires

earthed) in increasing the capacity was about equal to that of the

neighbouring wires themselves. This might, of course, be true in some
particular case, but we cannot safely conclude it from the above, on
account of leakage, as may be seen thus. If the wire experimented on
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weie perfectly imnlttod from euth through the poles, whikt the other

wires (though insulated at the ends) were so very badly insulated at

the poles that they could be considered as connected to earth, it is clear

that a measurement of capacity of the first wire would give the highest

result. And this would be true with fair insulation, if the total charge

could be observed. But when the observation is made by throw of

needle, only a part of the charge is obeenred, the remainder (dne to the

leakage of the neighbouring wires) going in slowly, or coming out.

slowly when discharge is tal<pn. In any case, however, the effect of

the imperfect insulation of the neighbouring wires is to make the

apparent capacity greater, and so reduce the difference between the

capacity with wires insulated and to earth. Thus, bettering the insula*

tion would shift the middle results above given towaxds the lower.

How far this operates might perhaps be experimentally determined
by char^'ing the fir>^t wire with tlio others insulated, then waiting a
little, and observing the extra charge produced by suddenly earthing

the other wires. If the insulation be bad, the extra charge will be nil
;

if first-rate, it might amount to nearly the full diflference.

XXXVIII. MR. W. II. PKEECE ON THE iSELF-INDUCTION
OF WIRES.

[Sept. 24, 1KH7 ; but now lirst published.]

A VERY remarkable paper " On the Coefficient of Self-Indurtion of

Iron and Copper Telegrai)h Wires was read at the recent meeting of

the B. A. by William Henry I'reece, F.R.S., the eminent electrician.

This paper will be found in The Eledrieian, Sept. 16, 1887, p. 400. It

contams an account of the latest researches of this scientist on this

important subject, and of his conclusions therefrom. The fact that it

emanates from one who is as the Dailtj .Vcus happily expressed it in

its preliminary announcement of Mr. Preece's papers—one of the

acknowledged masters of his subject, would alone be sufficient to

recommend this paper to the attention of all electridaos. But there is

an additional reason of even greater weight The results and the
reasoning arc of so surprising a character that one of two things must
follow. Either, firstly, the accepted theory of electromagnetism must
be most profoundly moditied

;
or, secondly, the views expressed by

Mr. Preece in his paper are profoundly erroneous. \\ hich of these

alternatives to adopt has been to me a matter of the most serious and
even anxious consideration. I have been forced finally to the coU"

elusion that electromagnetic theory is right, and consequently, that

Mr. Preece is wrong, not merely in some points of detail, but radically

wrong, generally speaking, in methods, reasoning, results, and con-

clusions. To show that this is the case, I propose to make a few

remarks on the paper.

It will be remembered that Mr. Preece, in spite of the well-known
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ififluence of resistance in lowering the speed of signalling, was formerly

911 adToeate of thin wires of high resistance for telephony ; but that,

perhaps taught by costly fidlores in his own department^ and by the
expenence of more advanced Americans and Continentals who had
signally succeeded with wires of low resistuncf, he recently signified

his conversion. Along with this, however, it will be remembered that,

although it had been previously shown how very different the theoij

of the rapid undulatory currents of telephony is from the electrostatic

theory of the submarine eaUe, ho adopted rather pronouncedly what
should, it appears, be understood to he the electrostatic theory, with
full application to telephony. It is not to be presumed that Mr.
Preece meant to deny the existence of magnetic induction, but that he
meant to assert that it was of so little moment as to be negligible. It

will also he remembered that his views were rather severely critidsed

hy Trot S. P. Thompson, and that Pro! Ayrton and others pointed
out ihat he had not treated the telephonic problem at all. More
recently still, it may be remembered by the readers of this journal that

it has been endeavoured to explain how and why the electrostatic

theory has so limited an application to telephony. (E. AI. I. and its P.,

Section xi» H te^) [vol n., pp. 119 to 1 55.] Nothing damited, however,
Mr. Preece now, although to some extent modifying his views as

re^Sards iron wires, maintains that self-induction is n^gl^ble in copper-
wire circuits ; and in fact, on the basis of his latest reseiirches, asks us
to believe that the inducUince of a copper circuit is severed hundred

times mailer than what it is maintained to be by experimental theorists,

and n really quite negligible in consequence. His paper is devoted to
proving this. It is necessary to examine it in detail.

(1). Mr. Preece finds the inductance of a certain iron wire to be
•00504 macs per mile. The unit employed is inconveniently large.

It is 80 large that, even for use with coils, I have i)roposed that Y-oim
part, or 10'' ccntim. would be a convenient size. As regards straight

wires, however, I find that it saves much useless figuring to reckon the
inductance per centim. simply, with the result that we have a con-

veniently-sized numeric to deal with. Thus, in the present case^ we
have Zr = 31, if I» be the inductance per centim.

Now Mr. Preece tells us that the inductance of a copper circuit will

be approximately got by dividing by fi, the iuductivity of the iron,

which he reckons at fhnn 300 to 1000. This gives

£m*1 to "031 in copper circuits.

Let us compare with theory. The least value of the Z of a copper
wire of radius r at height h al>ove the ground is

i«21og(2A/r),

on the assumption that the return-current is on the suzCace of the
ground, and tnat the wire-current is on its surface, so that the real

value of L is greater than this formula states. The value ranges from
10 to 30, roughly speaking, according to radius and height Thus, as

a copper wire of 6 3 ohms per kilora. must be of radius '091 centim.,

if it M only 818 eentim. above the ground, the inductance is 177 per
H.KP.—VOL. II. L
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centim. This is 177 times as big as Mr. Preece's biggest estimate.

Even if we assume /a= 100, which is more in accordance with my ow^n

measuramenta, Mr. Plreeca's estimate wotdd be 60 times too smaU.
In the presence of such stupendous errors it is of course useless to take

account of the small correetions to which the above f(Mrmula is subject.

A proof will be found in my paper "On Electromagnets," Journal

S. T. K and R, vol. vii.. p. :(03 [vol. I., p. 101]. It is derived from
Maxwell's formula for the inductance of a pair of par<illel wires by the

method of images.

(2). Mr. PrMoe does not seem to have observed that in measuring
Uie permittance of his copper-circuits he was virtually measuring their

inductance, though very roughly. Thus, if L and S be the inductance

and the permittance of a solitary suspended copper wire, per unit

length, and v be the speed of light in air, or 30 ohms, then on the

assumption of retunmsurrent on the surface of the ground, we have
LSt^ = 1. This gives L = if « be the permittance per kilom.

in microfarads. Since Mr. Preece's copper wire was 7*44 microf. pet
261 miles, or 420 kilom., wo have s= "018, and therefore L = 6'2.

Although it is a considerable underestimate, yet we see that Mr.
Preece's enormous error has disappeared, ^^'hy it is underestimated

is mainly because the permittance is so greatly increased by the
presence of neighbouring wires, as is explained in my paper " On the

Klcctrostatic Capacity of Suspended Wires," Journal S. T. E. and
vol. IX., p. 115 [vol. I, p. 40]. Allowing for this inrtuence, we shall

certainly come near to the true magnitude of L. It is possible that

very carefully executed measurements by correct methods might reveal

some quite new correction, but we cannot expect anything amounting
to several hundred cent, per cent.

(.'5). Let us now liricfiy examine Mr. Preece's methods. Fir^t, he

tried to measure the L of a copper circuit by a ditfcrcntial arrange-

ment, and could not find that there was any to measure. But it will

be clear to those who are acquainted with the properties of electrical

balances that he did not go the right way to work. He supixjsed that

the bahmdng resistance balances the quantity he calls the ttirottling or
spurious resist.'inrc (R^ + L^n'^)K if // be the resistance, 7, the inductance,

and n/'lir the frequency. This would be tlie impedance of the circuit

if the effect of its permittance were ignorablo. But it was not, as the

permittance was, say 7 microfarads, so that the impedance formula is

quite different. But, in any case, it is not the impedance that is balanced

by resistance, but the resistance of the rircuit It is well known that

the resistance of a copper Miro is not sensibly increased, unless the

undulations be excessively raj)id, or the wire be very thick. And it

was not increased. Whilst corroborating theory to some extent there-

fore, Mr. Preece's argument fails completely, as his experiment proved
nothing about the impedance or the inductance, except in the indirect

way I mentioned in (2) above, which is wholly against his conclusion

that i = 0 nearly.

I shoidd remark, however, that the proper way to observe :nid

measure the inductance of a copper-wire circuit is to shorten it until

Digitized by Google



MR W. H. PBBBCB ON THK SBLP-INDUCnOM OP WIRES. 168

the effect of its permittance is insensible. The L will be found to bo
about what I have stated. Why it should be shortcnod in this way
will be obvious when it is remembered what a very rough business the
P. 0. duplex balancing with condensers is. In fact, no attempt seems
to haye been made to balance the nor would it be practieaue under
the circumstances.

(4) .
" It is, however, quite another matter with iron," as Mr. Preece

remarks. It is known that the resistance of, say, a No. 4 iron wire can
easily bo 2 or 3 times its steady value, when currents of telephonic

frequency arc passed. But, as before, Mr. Preece supjKjsed that he
was measuring the impedance^ or xither, what it would have been had
there been no permittance, which makes a material diffeience. Con-
sequently Mr. Preece's results are wrong. The value of L deduced is

not related to the quantity observed in the manner ho supposes. It is

not a question of small corrections, but of an entire change of method.

(5). Coming next to the " direct measurement of the time-constant

LjR;' we are involved in Airther mysteries. How the chronograph
was made to indicate the values of LJR is not stated. But &t us
assume that it did do this, and that -0044 sec. and -00667 sec. were
really the values of LjR for the copper and the iron circuits. Now one
is^ hsdf as great again as the other. The resistances, too, are not widely
diflforent It follows that the X's are of the same order of magnitude.
But Mr. Preece argues in quite another manner. He assumes that
self-induction is negligible first, and then reasons that the time-constant
of the iron circuit would have been less than the measured *006G7 sec.

in the ratio of the electrustatic time-constiiiit of the iron to that of the

copper circuit, and should therefore have been 00624 sec. ; and that the

difference '00043 tiras due to self-induetion in the iron wire ; from which
he finds L. It is scarcely necessary to stiy that there is no warrant for

this singidar reasoning from the ])oint of view of electromagnetic

theory. These questions have been pretty fully worked out, but there

is no resemblance to be found between Mr. Preece's methods and those

which are, I believe, generally admitted to be correct.

The values of L come out 277 copper, 540 iron, per centam., taking
the given -0044 and K)066 sec. as the values of LjR given by the
chronograph. These values of L and LjR are much too ^'reat. It is

suggested that the chronograph figures represent sometliing quite

diti'erent from LjR. If they represent the time of transit, the reason-

ing is equally erroneous.

(6). Mr. Freeee next gives a table of the values of the impedance on
the assumptions of no permittance, and that L had the value he had
en'oncoiislv dediucd, and that it was a constant. The table is quite

inapplicable, because tliere is {)<'rmittnnce, a great deal. If there were
not, the figures would not represent the resistance. Nor do they

represent the impedance, which does not run up in the way Mr. Preece
makes it do as the frequency is raised. In fact, I may remark that Mr.
Preece employs such entirely novel and uiiintcllidMc methods, that it

would surely be right that he should give some reason for the faith that

is in him.
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(7). In conclusion, I would point out what is perliaps the most
striking thing of all, in its ultimate consequences. Mr. Preece wants
to prove that L is negligible in cop|>er circuits, being under the idea

that self induction is prejudicial to long-distance telephony (and also

very iai>id telegraphy, of course, if rapid enough). Mr. Piraece bas
spoken through a copper circuit of 270 x 2 miles with a dearnew of
articulation that is " entirely opposed to the idea of any measurable
magnitude of L" As regards the speaking, it has been done over a
thousand (1000 x 2) miles in America. But the importiint thing is the

vital error involved in the reasoning. So far from being prejudicial,

Sreciscly the eontrary is the case, as I have proved in considerable

etaii in this journal. [The Electrician is referred to.] Increasing

L increases the amplitude and diminishes the distortion, and therefore

renders long-distance telephony possible under circumstances that

would preclude possibility were there no inductance.

The following examples will serve to show the importance of this

matter. Take a circuit 100 IdlonL lon^ 4 ohms and \ mierof. per
kilom., and no inductance in the first place. Short-circuit at both ends.

Tntrodurp nt ciul A a sinusoidal impressed force, and calculate the

current-amplitude at the other end B by the formula of the electrosUitic

theory which Mr. Preece believes in. Let the ratio of the full steady

current to the amplitude of the actual ciurent be and let the

frequency range through 4 octaves, from ii-*1350 to 20,000, where
» s. 2ir X frequency. Ae values of /> are

1723, 8-431, 10*49, 68-87, 77a

It is barely credible that any kind of speaking would be possible,

owing to the extraordinarily rapid increase of attenuation with the
frequency. Nothing but murmuring would residt.

Now intrwluce the additional datum that L has the very low value

of 2^ per centim., without other change, and calculate the corresponding

results. They are

1-5G7,' libiO, 5-687, lO-iOG. 16607.

The change is marvellous. It is by the preservation of the currents

of great frequency that good articulation is possible, and we see that

a very little inductance immensely improves matters. There is no
"dominant" frequency in telephony. What is wanted is to have
currents of dl frequencies reproduced at the distant end in proper
proportion, attenuated as nearly as may be to the same degree.

Change L to 5, which is a more probable value. liesults :

—

1-437, 2-251, 3-176, 4 169, 4 670.

We see that ^ood telephony is now possible, though much distortion

remains.

Finally, increase Lio 10. liesults:

—

1-235, l-niO, 1-729, 1-826, 1-854,

showing splendid articulation. In fact we have apprOKimated very
considerably towards a distortionless circuit.
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Now, tliifl is all done by the inductance wliich Mr. Preece dreads so
much, and would make out to be 0. It is the very essence of ^ood
long-distance telephony that inductance should not be negligible.

R/Ln must be made small, a fraction. The bigger L is the better

{cateru paribus). It is proved, not merely by theory but by the
experimental facts, especially with copper wires of low resistance. It

is not the inductance ofiron that is prejudicial, nor yet its impedance^
but its high TsaiBtanoe. B is increased whilst L is reduced, whidi
is exactly the opposite to what is required for good articulation over
long circuits.

But it is impossible to treat these questions by the electrostatic

theory. Nor yet^ as Mr. Preece attempts, by a mixed process, a littlo

bit of the electromagnetic theory put mto toe eleetrostatie. The true

tboorj takes both the static and the magnetic effects into consideration

simultaneously. No particular exactness Tioofl he attributed to the

above figures. What is important is the nature of the effect of self-

induction, and that it is, without entering into refined calculations, of
great magnitude. The permittance has been purposely chosen large.

XXXIX. NOTES ON NOMENCLATURE.

{TU SUetnekM ; Note 4, June 24, 1887, p. 143 ; Note 6, Migr 11» 1888, p. 27.J

Note 4. Maonktic Bbbistance, ktc.

As there is at the present time at least a |K)ssibility of the various

words I haye proposed coming into general use, I take the opportunity

of making a few casual remarks upon the subject supplementary to
those of 1885 and since. First, I ohaervo (J%6 SUemBum, June 17,

1887, p. 114) it mentione<l that I disapprove of "magnetic resistance."

This is only a part of the fact. To illustrate this, I may say that were I

investigating the theory of the dynamo, I think I should make use of

the term myself, proTisiotiaUy. What is really my objection is to its

permanent use. There must always be a certain latitude allowed £o in-

vestigators who do not find words ready to meet their wants. Were it

an isolated question, there would be little difficulty in finding a

perfectly unobjectionable word ; but it is not an isolated question. My
aim has been to make a scheme which shall be at once theoretically

defensible and yet thoroughly practical. Bearing this in mind, I prefer

to leave a blank in the place A "magnetic resistance** at present [vol

n. p. 125].

To illustrate the difficulties connected with nomenclature I may
mention that, last summer, I was extremely in want of a term which
dunild be an extension of impedanoe, Tbe imjpedance of a circuit at a
given frequency (under stated external conditions) is quite definite

nrith occasional departures duo to want of proportionality between
torces and fluxes), u it be a simple circuity or reducible to a simple
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dicuit^ flo that the strengUi of ihe current does not vary in difforont

parts. But when it does, we can certainly only apply the term impedanee
legitimately at the seat of the impressed force, if at a single sjwt ; or
else, if it be wholly localised in a part of the main circuit in which the
cui rent does not vary, then the term impedance is again applicable. Now,
I used impedance in an extended senae^ hut expressly stated that it waa
only done pro\i8iona]ly [vol ii., p. 65]. I have linoe found a far better
way of expressing results, viz, in terms of ** attenuation " and "distor-
tion,"' both vei v important things. The idea of attenuation, expressed
in a more roundabout manner in terms such as " diminution of ampli-

tude," and so forth, is nothing new; the word "attenuation " I found
Lord Bayleigh use, and at once adopted it myself as the very thing I

wanted. " Distortion," on the other hand, I cnose myself as prefcraV)Io

to "mutilation" and similar words. Its meaning is obvious. Make
current-variations in a certain way at one })lace. If the current-varia-

tions at another place are similar, no matter how much attenuated they
may be, there is nodistortioa The eztremest kind of ^tortion is to

be found on Atlantic eablea. ]>rawn on the same scale, there is little

resemblance between the curves at one end and at the other. Tele-
phony would obviously be impossible even were the frequency allow-

able to be sufficiently great, which is of course out of the question

under present conditions. But, only make the distortion reasonably

tmall at a snffieiently great frequency, and telephony is at once
possible, provided the attenuation be not of unreasonable amount.
(Frequency is Lord Kayleigh's word for "pitch," number of waves per
second.)

Referring to magnetic resistance again. A certain person once
declared that E^Bv, to express Ohm's law, waM nonsense ; it must be
C = EjFL This eminent scienticulist could not see the fbroe of Max*
well's ai|;ttment, that electricity could not be a form of enmgy because
it was only one of the factors of energy. Now, however, by the

development of the electric light rendering energy a marketable com-
modity through electric agency, there is little fear of converts being

made to these views. So we may return to B^MC, or C-KBy if K
be the conductance. One is just as good as the other, theoretically,

-and is just as meanirigful. Which to use (including the ideas) is purely

a matter of convenience in the jmrticular application that is in question.

As a general rule, resistances are more useful, because we usually deal

with wires in sequence. But if they be in parallel, eonductances are the

proper things to use. With condensers, on the other hand, permit-

tances are more uaeftil; should, however, we join in sequence, then
clastances are tlie proper things. In theoretical investigations discon-

nected from special applications, the unit-volume proj)erties conductiv-

ity, inductivity, and pemiiLtivity, arc generally much more useful than

their reciprocals, resistivity (]), freluctivity], and elastivit}-. Now, in

late years, there has been some development of practical applications in

connection with the flux magnetic induction
; in theory, inductivity

would be the more convenient basis ; but sc^ oral practicians find that

the reciprocal ideas, say, provisionally, "magnetic resistivity" and
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" magnetic ndttance," ate more udeful I think their choice has been
a wise one, whilst at the same time I recognise the difficulties with
which they have to contend, through " magnetic leakago," and so forth.

It is for the practicians to find practical ways of getting a round peg to

fit a scjuare hole. They know best what they want, and whether
empirical formal® will not suit them better than more elaborate

empirieum, which could, perhaps, be 8eientiiiea% better defended. Fcrt

it is clear that^ beyond the region ol proportionality of force to flux,

the science of magnetic induction must continue very empirical for some
time to come. 1 do not think the time has yet arrived for laying down
the law by conventions or committees in this matter (as it may have
come in more definite parts of electrical science) ; but that practical and
theoretical investij^tore should be allowed to develop their ideas freely.

In ihort, ConTOntions or Committees should not meddle with matters
(save very lightly) which are in a jiro\nsional stage. And I may add
that, just as treaties arc made to bo broken, so the laws of Conventions
will be broken as soon as ever it is found inconvenient to obey them.
The introduction of anything of the nature of officialism into scientific

matters should be strenuously opjpoeed—^in thU country. It would be as
bad as the passport system. The utility of a Convention seems to
consist in the formation of a temporary consensus of opini<m fmm
which to make fresh deixartures. There cimnot be any finality.

Mac.—Here we are on firmer ground. There cannot, I think, be any
question that this is the right name for the practical unit of inductance^

in honour of the man who knew something about self-induction, and
whose ideas on the subject are not yet fully appreciated. This was
verv much his own fault. He had the most sj)lendid and thoroughly
philosophical ideas on electromagnetism all round, but kept them too

much in the bockgmund. Maxwell's treatise requires to be studied^ not

read, before the inner meaning; of his seheme can be appreciated. Had
he lived, he would probably, m some future edition, have brought his
views prominently forth ab inifio, and developed the whole treatise on
their basis exclusively. Should the mac be 10^ or 10^ centimetres? If

10*, which has great recommendations, then millimac will be practically

wanted, to avoid decimals. It is quite a euphonious and unobjectionable

word.
Inductometer.—^Naturally, in accordance with induction, inductivity,

and inductance, this is a measurer of inductance (self or mutual) in

terms of units of iTiductance—macs, or millimacs. I would apply the

term to any instrument that measured inductance at once in terms of

known inductances, as resistances are compared with known reeistanoe^

Some practical acquaintance with self and mutual induction, desultory,

but of long continuance, has gradually forced uiK>n me the idea (not to

be eiisily displaced) that really practical ways of measnrir)g inductJinccs

should l)e in terms of standard inductances—or, which is the same thing,

by a properly calibrated inductometer—and not absolute measurements.
What particular method d making the compariBons is best I do not
know, nor yet how best to calibrate the inductometer. If it were a
mere question of coils of fine wire, nothing is simpler, or more szpedi-

Digitized by Google



ELECTRICAL PAPERS,

tioiis» or more accurate, or more sensitive, than theImmediate balancing of
the aelf-mduction againet that ofan induetometer of mriahU indnotance,

using the telephone [yol Ii., p. 37 and p. 100]. The advantages and
the simplicity arc so great th.it I think practical men might well turn

their attention to practical ways of extending the method to cases other

than those in which mere coils are alone concerned.
'* Abeolutiem."—^The most abeolute of all ways of finding the in-

ductance at a eoO is with a tape. Herein lies a moral of very wide
application.

Note 5. Maonbtio Rbluotancb.

There is a tendency at the present time among some writers to

greatly extend the appUeation of the word resistance in electro-

magnetism, so as to signify cause/effect This seems a pity, because the
term resistance has already become thoroughly specialised in electro*

magnet iTn in strict relationship to frictional dissipation of energy.

What tile popular meaning of resistance may be is beside the point

;

ditto dimensions, etc.

I would suggest that what is now called magnetic xesistanee be
called the magnetic reluctance ; and when lefetred to unit Toliime, the
reluctancy [or lelnctivity].

XL. ON TU£ SELF-INDUCTION OF WIRES.

[PhiL Mag., 1886-7. Pirt 1, Ausiut, 1886, p. 1 18 ; Part 2, Sept, 1886, p. 273

;

t 3, Oct., 1886, p. 332; Part 4, Nov., 1886, p. 410 ; Part 5, Jan., 18S7, p. 10 ;

1 6, Feb., 1887, p. 173 i Part 7, July, 1887, p. 63 ; Part 8. now first publiabed.]

Part L

Remarks on the J'roDogali&n of Eleclroma^ielic IFam alomj Wires outside

Uienif and ike Pmekatum of Curreni wUo Wires. Tendency to Surface

(kiiiicmiMkn. Profttsor Mughe8*8 expermeiUs.

A SERIES of eneriments made some years ago, in which I used the

Wheatstone-briclee and the differential telephone as halanoes of induc-
tion as well as 01 resistsiiee^ led me to undertake a theoretical inveeti-

cation of the ]>henomena occurring when conducting cores are placed in

long Rolctioidiil coils, in which impressed electromotive forCc is made to

«ct, in order to explain the disturbances of balance which are produced
by the dissipation of enei^ in the cores. The simpler portions of this

investigation, leaving out those of greater mathemadciu <]Ufficnlty and
less practical interest^ relating to hollow cores and the effect of allowing
dielectric displacement, were published in The EleeMdan, May 3, 1884,
and after [vol. i., Art. xxviii., p. 35^].

This investiptiou led me to the mathematically similar investigation

of the transmission of cunent into wires. I say into wires, instead of
through wires, because the current is really transmitted by difltasion
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from the boundary into a wire from the external dielectric, under all

ordinarily ooeorring circumslianoM. In the case of a ooro placed in a
oral, the magnetic force is longitudinal and the current circular ; in the

case of a straight round wire, the current is longitudinal and the mag-
netic force circular. The transmission of the longitudinal current into

the wire takes place, however, exactly in the same manner as the trans-

mussion of the longitudinal magnetic force into the core within the coil,

when the honndaiy conditions are made similar, which is easily realis-

able. Similarly, we may compare the cirenlar electric cnrrent in the
core with the circular magnetic flux in the wire.

I also found the transfer of energy to be similar in both cases, viz.,

radially inward or outward, to or fbSm the axis of the core or the wire.

It was therefore necessary to consider the dielectric, in order to com-
plete the course of the transfer of energy from its source, say a voltaic

cell, to its sink, the wire or the core where it is finally dissipated in the

form of heat, with temporary storage as electric and magnetic energy
in the field generally, including the conductors.

Terminating the paper above referred to, having so much other

matter, I started a fresh one under the title of " Electromagnetic Induc-
tion and its Propagation,** [vol. l., Art. xxx., p. 429 ; and vol ii., Art.

XXXV., ]). 39]. Having, according to my sketched plan, to get rid of

general matter first, before proceeding to special solutions, I took occa-

sion near the commencement of the paper to give a general account of

some of my results regarding the propagation of current, in which the

following occurs, describing the way we current rises in a wire, and the
consequent approzhnation, under certain circumstances, to mere surface-

conduction. It was meant to illustrate the previously-mentioned 8toi>-

page of current-conduction by high conductivity. After an account of

the transfer of energy through the dielectric (concerning which I shall

say a few words later) I continue [roi i., p 440] :

—

** Since, on starting a current^ the energy reaches the wire from the
medium without, it may be expected that the electric current is first set

up in the outer part, and takes time to penetrate to the middle^ This
I have verified by investigating some special cases.

" Increase the conductivity enormously, still keeping it finite, how-
ever. Let it, for instance^ take minutes to set up a cnrrent at the axis.

Then ordinary rapid signalling 'through the wire' would be accom-
?inied by a snrface cnrrent only, penetrating to but a small depth,

he disturl)ance is then propagated parallel to the wire in the manner
of waves, with reflection at the end, and hardly any tailing ofl". With
infinite conductivity, there can be no current set up in the wire at all

There is no dissipation ; wave-propagation is perfect The wire-current

is wholly superficial, an abstraction, yet it is nearly the same with very
high conductivity. This illustrates the impenetrability of a perfect con-

ductor to magnetic induction (and similarly to electric current) applied

by Maxwell to the molecular theory of magnetism. ..."

Attention has recently been forcibly directed towards the phenomenon
above described of the inward transmission of current into wires by
Professor Hughes's Inaugural Address to the Sode^ ol Telegntpti
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EngMiaeis and Eleetridana, January, 1886. Thia paper wat, for man^
reasons, very remarkable. It was remarkable for the ignoration of well-

known facts, thoroughly worked out already ; also for the mixing up of
the ertects due to induction and to resistance, and the author's apiwrent
inability to separate them, or to see the real meaning of his results; one
might indeed imagine that an entirely new science of induction was in

its earliest stages. It was remarkable that the great experimental sktU
of the author should have led him to employ a method which was in

itself objectionable, being capable of giving, in goneral, ticithcr a true

resistance nor a true induction-balance (as may be easily seen by simple

experiments with coils, without mathematical examination of the theory)
—^a method which does not therefore admit of exaet intoprstatloii of
results without full particulars being given and subjected to laborious

calculations. Finally, it was remarkable as containing^ so far as eouM
be safely guessed at, many verifications of the approximation towards
mere surface-conduction in wires. This is, after all, the really important
matter, against which all the rest is insignificant.

As remds the method employed, I have shown its inaecnracy in my
paper "On the Use of the Bridge as an Induction-balance " [vol. ii., p.

33J,
wherein I also described correct methods, including the simple

Bridge without mutual induction, and also methods in which mutual
induction is employed to ^'et balance, giving the requisite formulae,

which are of the siitiplubt character.

As rogsrds the interpretation of Professor Hughes's thick-wire results,

showing departure from the linear theorv, which I mean the theoiy
that ignores differences in the currentJensity in wires, I have before

made the following remarks [vol. it., p. 30]. After commenting upon
the difficulty of exact interpreuition, 1 proceed :

—

" The most interesLing of the experiments are those relating to the

effect of increased diameter on what Prof. Hughes terms the inductive

capacity of wires. My own interpn^tion is roughly this. That the

time-constant of a wire first increases with the diameter " (this is of
course what the linear theory shows), "and, then, later, decreases

Ki])i<liy : and that the decrease sets in the sooner the higher the con-

ductivity and the higher the inductivity (or magnetic peraieability) of

the wires. If this he correct, it is exactfy what I should have ezpe(Bted

and predicted. In fact, I have already described the phenomenon in

this Journal
;

or, rather, the phenomenon I described contains in itself

the above interpretation. In The Elecii-ician for January 10, 1885, I

described how the current starts in a wire. It begins on its boundary,

and is propagated inward. Thus, during the rise of the current it is

less strong at the centre than at the boundary. As reguds the manner
of inward propagation, it takes place according to the same laws as the

propagation of magnetic force and current into cores from an enveloping

coil, which 1 have described in considerable detail in Tlie Elechicmn

[vol. I., Art xxviii. ; see especially § 20]. The retardation depends

upon the conductivity, upon the inductivity, and upon the section,

under similar bounda^-conditions. If the conductivity be high enough,

or the inductivity, or Uie section, be huge enough to mako uie eontoal
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current appreciably less than the boundary-current during the greater

jMurt of the time ol rite of the euixeiit, there will be an apparent reduc-

tion in the time-constant Gk> to an extreme case- very rapid short

currents, and largo retardation to inward transmission. Here we have

the current in layers, strong on the boundary, weak in the middle.

Clearly then, if we wish to regard the wire as a move linear circuit,

which it is not, and as we can onlv do to a first approximation, we
ahoold remove the eentral port of the wire—^that ii, mcrease ita resist-

anoe, regarded as a line, or reduce its time-constant. This will happen
the sooner, the greater the inductivity and the conductivity, as the sec-

tion is contiiuiously increased Tt is only thin wires that can be treated

as mere lines, and even they, it the speed be only great enough, must
he treated as solid conductors. I ought also to mention that the influ-

enee of extmal conducton, as of the return conductor, is of importance^
sometimes of very great importance, in modifying the distribution of

current in the transient state. I have had for years in manuscript some
solutions r( lating to round wires, and hope to publish them soon.

" As a general assistance to those who go by old methods, a lising

current inducing an opposite current in itseu and in parallel conductors,

this may be useful raraUel currents are said to attract or repel,

aeeovding as the currents arc together or opposed. This is, however,
mechanical force on the conductor. The distribution of current is not

affected by it But when currents are increasing or decreasing, there is

an apparent attraction or repulsion between them. Oppositely-going

currents repel when they are deereasittg and attract when they are
increasing. Thus, send a current into a loop^ one wire the return to
the other, both being close together. During the rise of the current it

will be denser on the sides of the wires nearest one another than on the
remote sides. ..."

An iron wire, through which rapid reversals are sent, should afterwards

he fonnd, by reason of its magnetic retentiveness, magnetised in con-

centric cylindrical shells, of alternately positive and negative magnetisa-

tion. This would only occur superficially. The thickness of the layers

would ^'ve information regarding the amount of retardation, from wnirli

the inductivity could 1)0 (Icdiucd. The case i.s similar to that nf the

superficial layers of magnetization produced in a core placed in a coil

through which reversals are sent^ the magnetisation being then, however,
lotuntudinal instead of circular.

The linear theory is departed from in the most extreme manner,
when the return-current closely envelops the wire. The theory of the

rise of the current in this case I have given before [vol. Ii
, p. 44], and

also the caac of the retuni-cuneut at any distance [vol. II., p. 50j. The
investigation following in this paper is more comprehensive, takmg into

account both dectrostatic and magnetic induction, working down to the

magnetic theory on the one hand, and approximating towards the

electrostatic theory (long submarine cable) on the other ; with this

difference, that inertia is not so wholly ignorable in the long-line case as

is elastic yielding in the case of a short wire. Nor is the variation of

enirentrdensity wholly ignorable.

Digitized by Google



172 £L£CTEICAL PAPERS.

New (DupUz) Method of Treating the Electromagnetic Eguaiions,

The Flux of Energy.

But fii*st as regards the transfer of energy in the electromagnetic
fidd. This is a very important matter theoretically. It is a necessity

of a rationally intelligible scheme (even if it be only on paper) that the
transfer of energy should be explicitly definable. It is the absence ol
this dcfiniteness that makes the German methods so repulsive to a plain
man who likes to sec where he is going and what he is

meUiphysics in science.

I found that I had been anticipated by Prof. Poynting [PAt/. Trans.

^

1884] in the deduction of the tnuisfer-of-ener^ formula appropriate to

Mazw^'s eleetromagnetic scheme^ in the mam. It is, therefore, only
as haying given the equation of activity in a more general form, the
most general that Maxwell's scheme admits of, and having deduced it

in a simple manner, that I can attach myself to the matter. In connec-
tion with it, however, there is another matter of some importance, viz.,

the use of a certain fundamental equation. That I should have been
able to arrive at the most general form, taking into aooount intrinsic

nuupietixation, as well as not confining myself to media homogeneous
and isotropic as regards the three quantities conducti>4ty, inductivity,

and dielectric capacity, in a simple and direct manner, without any
volume-integrations or complications, arose from mv method of treating

the general equation!. I here sketeh out the scheme, in the form I
give it

Let Hi be the magnetic force and V the current. (Thick letters here
for vectors. The later investigation is wholly scalar.) Then, " curl

"

denoting the well-known rotatory operator. Maxwell's fundamental
current-equation is

curlHi»4irr, (1)

and is his definition of electric cuiTcut in terms of magnetic force. It

necessitates doeure of the electric cnrrent, and, at a sur&ce, tangential

continuity of Hj and normal continuity of F. The electric current may
be oonductiTe» or the variation of the elastio "displacementi'' say

where 0 is the conduotlott-cnrrent^ and D the displacement^ linear func-

tions of the electric force S, thus,

C = ifeBi, D = cBi/4ir;

k being the conductivity, and c the dielectric cajmcity (or c/iir the con-

densercapacity per unit-volume). Equation (1) thus connects the

electric and the magnetic forces one way. But this is not enough to
make a complete system. A second rektion between B| and H, is

wanted.

Maxwell's second relation is his equation of electric force in terms of

two highly artiiicial quantities, a vector and a scalar potential, say A and
P, thus

ai--A-VP. (2)

doing, and hates
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ignoring: impressed force for the present From A we get down to

again, thus,

enrlA«iB, B = fiR^;

B being the magnetic induction, and /* the inducti\'ity. (Here we
ignore intrinrie magnetization.)

The equation (2) is arrived at throu^ a rather eomplex investigatioii.

From these equations arc deduced the general equations of electromag-

netic disturbances in vol. ii., art. 783. They cont;iin both A and P.

One or other must go before we can practically work the equations,

which are, independently of this, rather unmanageable, although thej

are not really general, for impressed forces are omitted, and the intrinsic

magnetization must be aero, and the medium isotropic. Again—and this

is an objection of some magnitude—the two potentials A and P, if given

everywhere, are mt sujfkieat to specify the state of the electromagnetic

field. Try it; and fail

Even nithont using these complex senend equationa referred to^ but
those on which they are based, (1) and (2), the ver^ artificial nature of

A and P greatly obscures and complicates many investigations. Not
being able to work practically in terms of A and P in a general manner,
and yet kmjwing tnere was nothing absolutely wrong, I went to the

root of the evil, and cuied it, thus :

—

Ab a companion to equation (1) use this,

-curlEi=4ir0; (8)

where G is the magnetic current, or B/-iir. That this may be derived

at once from (2) is obvious. But what is of greater importance in view
of the difficult establishment of (2), is that (8) can be got immediately
independently, and that (2) is its consequence. Equation {?>) is, in fact,

the mathematical expression of the Faraday law ot induction, that the

electromotive force of induction in any closed circuit is to be measured
by the rate of decrease of the induction through it

Now make (1) and (3) the ftmdameutal equations^ and ignore (2)

altogether, except for special purposes. There are several great advan-
tages in the use of (3). First, the abolition of the two potentials.

Next, we are brought into immediate contact with E, and Hj, which
have physical significance in really Refining the state of the medium
anywhere {k% /x, and c of course to be known), which A and P do not^

and cannot, even if given over all space. Thirdly, by reason of the

dose parallelism between (1) and (3), electric force being related to

magnetic current, as magnetic force to elect tie current, we are enabled

to perceive easily many important relations which are not at all obvious

when the potentials A and P are used, and (3) ignored. Fourthly, we
are enabled with considerable ease, ifwe have obtained solutions rdlating

to variable states in which the lines of E, and H, arc related in oneway,
to at once get the solutions of problems of quite ditlerent ])hypical mean-
ing, in which E^ and H,, or quantities directly related to them, change
places. For example, the variation of magnetic force in a core placed in

a coil, and of electric current in a round wire ; and many others.

That the advantages attending the use of (3) as a fuiuSamental equa*
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tion are not imaginary, I have repeatedly verified. The establishment
of the general equation of activity, however, which I now reproduce
[oL I., p. 449], shows that (3) is really the proper and nataru fimda-
montal equation to use. But we must first introduce impressed forces,

allowing energy to be taken in by the electric and magnetic currents.

In (1) and (3), and Hj are not the effective electric and magnetic
forces concerned in producing the fluxes conduction-current, displace-

ment, and induction, but require impressed forces, say e and h, to bo
added. Let BaE^ + e, and H*-H|+n; then we shall have

B = /iH, C = X-B, D = cB/47r, (4)

as the three linear relations between forces and fluxes ; two equations,

r = C+D, a«B/4r, (6)

showing the stroeture of the corrents; and two equations of eross-

eonnection,

curl (H - h) = 47rr, (6)

- curl (E - e) = 4rG (7)

Next, let Q be the dissipativity, U the electric onecg^, and T the mag-
netic energy per unit volume, defined thus

:

Q-BO, U»iXD, . T«iHB/4ir, (8)

(according to the notation of scalar products used in mj paper in the

Philosophical Miui>t-.'n)i\ June, IS^.") [vol. ii., p. 4]: ^, and /i are in

general the operators appropriate to linear connection between forces

and fluxes). Then we get the full eauation of activity at once, by
multiplying (C) by E, and (7) by H, and adding the posnlts. It is

er+hG = Br + HQ + div V(B - e)(H - h)/47r,|

- Q+ + r+ div V(B - e)(H - h)/4ir,/

where div stands for divergence, the negative of Maxwell's convergence.

The left side showing the energy taken in per second per unit volume

by reason of impressed forces, and Q+O'-^-T being expended on the

spot in heating, and in increasing the electric and magnetic energies, we
see that V(E - e)(H - h)/47r is the vector flux of energy per unit area

yter second, or the energy-cun-cnt density. The appropriateness of (7)

as a companion to (C) is very clearly shown.

The scheme expressed by (4), (5), (6), (7) is, however, in one respect

too general. The magnetic current is closed, by (7) ; but that does not
necessitate the closure of the magnetic induction, which is necessary to

avoid having unipolar magnets. Hence

divB-0 (10)

is required to meet facts, in addition to (4), (5), (6), (7). There is no
magnetic conduction-current with dissipation of enei^, analogous to

the electric conduction-current.

As regjirds the meanings of e and h, in the light of dynamics they

define themselves in the equation of activity ; that is, so far as the
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mere measure of impressed forces is concerned, apart from physical

causation. Thus, e is the amount of energy taken in by the electro-

magnetic field per second per unit olume per unit electric current, and
ll is similarly related to magnetic current. Under e have to be included
the recognised voltaic and thonnoelcrtric forces. liut besides them, e

has to include the impressed electric force due to motion in a magnetic
field, or VvB, if v. is the vector velocity, necessitating a mechanical
force VFB. It has also to include intrinsic electrization, the state

which is set up in solid dielectrics under the continued application of
electric force. Thus,

J = ce/4ir

connects the intensitj of intrinsic eloctrintion J with the correspond-
ing e.

I can find only two kinds of h. First, due to motion in an electric

field, viz., 4s-VDv, necessitating a mechanical force 47\'DG ; and,

secondly, much more importantly, intrinsic magnetisation I, eonneetad
with the corresponding h thus,

I-i/dl/4ir.

As re^rds potentials, there are, to match the two electric potentials

A and P, two magnetic j)otentials, say Z and 12; 12 being the single-

valued scalar magnetic j)otential, and Z the vector-potential of the

m^netic current, some ui who^e properties in relation to dielectric and
conductive displacement I have worked out in the paper referred to
before.

As regards the general equations of disturbances, like Maxwell's (7),

chapter xx. vol. ii., they are far more a hindrance than an assistance in

general investigations. But when wc come to a special investigation,

and need to know the forms of the functions involved, then we muv'

eliminate either X or H between (6) and (7), and use the suitable

coordinates.

AppUrotwn of the General Kquufions to a Bottnd IFire with Cmxinl Prtmii-

Tfihf. The IHgemUial Eguaiions and Nmnal Solutions. Arbitrary

Initial State.

Wc may make use of the above eijuations at the start, in |)assing to

the question of the pruiJii^jutiun of disturbances along a wire, after

which the investigation will be wholly scalar. Put ObQ in (7) ; then
we SCO that we cannot alter the magnetic force at a point without
giving rotation to the electric force. Now, as in a steady state the

electric f(»rcc has no rotation (away from the seat of impressed force), it

follows that under no circumstances (except by artificial arrangements

of impressed force) can we set up the steady state in a conductor
Strictly according to the linear theory. We may approximate to it very
closely throughout the gi eater.part of the variable period, but it will be
widely departed from in the very early stages.

Lot there be a straight round wire of radius flj, conductivity h^,

inductivity /x^, and dielectric capacity Cj ; surrounded up to radius n.,

by a dielectric of conductivity kp inductivity fi^ and dielectric capacity
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A.; In iti tank innmiiided to ndhu by a coiidnctor of and e,.

This might be carried on to any extent ; but we ifeQp at r«a,, r being

di'^tmco from the axis of the win, M the outer eonanetor is to be the.

return to the inner wire.

Let the magnetic lines be such as would be {iroduccd by longitudinal

impressed electric force, viz. circles in planes perpendicular to Uie uds
of the wire, and eentred thereon. Let H be the intensity of mag-
netic force at distance r from the axis, and distance s along it from a

fixed [)oint. Use (6), with h = 0, to find the electric current. It has

two com|)onents, say F longitudinal, or parallel to z, and y radial, or

pardliel to r, given by

4rr-l^,ir. 4^—f. (11)

We have also l=/>r, if /> is a generalised resistivity, or

(">

Now use equation (7), with e = 0. The curl of the longitodinal and
of the radial electric force are both circular, like H, giving

'^-e-a •<^'>

In this nse (IIX uid we get the JST equation, which is

The suffixes
^, ^ and 3 ore to be used, according as the wire, dielectric,

or sheath, is in question.

In a normal state of free subsidence, d/dt=p, a constant Let also
(lii(j:^= -m\ where is a constant^ depending upon the tenninal
conditions. Also, let

"S^^Aviihp'^lu^'i'mK (16)

Then (14) becomes ~^^^rH + ^JI=0; (16)

which is the equation of the JAn) and its complementary function,
which call Ky{sr), Thu8» lor reference^

JT^jr) . .log«-+^ - (I +i)^ + ....

\

(17)
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.(18)

We have therefore the following sets of sohitions, in the wire,

dielectric, and sheath respectively, the A's and B's being constants:

—

= AiJ^{s^r) cos {mz + 0)e'^,

ivyi = AiJ^{s^r)m sin (niz +
iirV^ = cos (mr + 6')€'^,

=
{ J/i{s^r) + B^k\{s2r) \ cos {na + 0)^,

iiry^ =
{
A.^J^{s^r) + B^K^{s^r)

)
m sin {mz + 6)*^,

To harmonise these, we haye the boundary conditions of continuity

of tangential electric and magnetic forces, and of normal electric and
magnetic currents (or of magnetic induction). Thus, y\'^y%

= ^2^2' ^ = *i> give US

{AJA^){J^Ko - /o^i)(V,) = Ji{s,ih)K,(s,a,) >

As there is to be no current beyond the sheath, y,» 0, or = 0, at

r = fij. This gives

B,^^A,^8^^. (20)

Thig, and the conditions = y^ and ^^F^ = /3.2^2« r-a^, give us

.(19)

.(21)

whence, eliminating A^ by division, and putting for A^ and their

values in terms of tiirough (19), we obtain the determinantafequa-
tion of the j/a lor a partiedlar vaJne of mK It is

_ (/>igi/>gg2W^-itfi)«/i(^a^i)-^i(^»^KQ(^^i) ^ ....(22)

'hi'/h) + ^1(^2)

where the dots indicate repetition of the fraction immediately over

them.
Before proceeding to practical simplifications, we may in outline

continue the process of finding the complete solution to correspond to

any given initial state. The m's must be found from the terminal

conditions. Suppose, for example, that the wire, of length /, forms a

closed circuit, and that the sheath and the dielectric are simihrly
B.I.P.~V0t.. IL X
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closed on themselves. Then, clearly, we shall have Fourier perio<lic

series, with
iii»0, 2wlt, 4t//, 6t/2, etc.

If, again, we desire to make the sheath the return to the wire, with-

out external resistance, join them at the end = 0 bj a conducting-

plate of no resistance, placed perpendicular to the axis ; and do the,

same at the other end, where z = l. This will make

y = 0 at z = 0, and at z= l;

will make the ^'s vanish, and make

m = 0, TT/l^ 'Itt/I, Stt/I, etc.

Each of these w's has its infinite series of p's^ by the equation (22).

Now, as regards the initial state, the electric field and the magnetic

field must be both given. For, although the quantity JI, fully

expressed, alone settles the complete state (n the system after the first

moment, yet at the first moment (when the previously acting impressed

forces finally cease) the electric field and the magnetic field arc inde-

pendent. The energy which is dissipated according to Joule's law has

two sources, the electric and the magnetic energies. Now we may, bj
longitudinal impressed force, set up a certain distribution of magnetic
energy, wiUiout electric energy. Or, having set up a certain magnetic

and a certain electric field by a particular distnbution of impressed

force, we may alter it in various ways, so as to keep the magnetic field

the same wliilst we vary the electric field. So both fields require to be

known, or equivalent information given.

We may then decompose them into the proper normal systems by
means of the universal conjugate property derived from the equatwn m
activity, that of the equality of the mutual electric energy of two com-

plete normal systems to their mutual magnetic energy [vol. i., p. 523.1

Thus, if i/^j and T^^ are the doubles of the complete electric ana
magnetic energies of any noruuil system, and 6^0^ is the mutual electric

energy of the initial electric field and the normal electric field in ques-

tion, and is the mutual magnetic energy of the initial magnetic field

and the normal magnetic fiekl, we shall have

^, = -^01-^01 (23)

'^u •'11

as the expression for the value of the onetTicient . which settles the

actual size of the normal system in question. F/jual roots require

further investigation. This would complete the theoretical treatment.

It is best to use the electric and magnetic forces as initial data in the

general case. As regards potentials, we cannot express the electric

energy in terms of merely the electric potential and the electrification,

but require to use also the vector-potential Z and the magnetic cnnent.

Sini^lifications. Thin Rdui n Tube of Constani Resistance. Also Return

of no Resitlanee.

Now there are several important practical .simplifications. Suppose,

first, that the thickness of the sheath is only a small fraction of its
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distance from the axis. Then it m%j he treated as if it were infinitely

thin, making the sheath a linear conductor; of course its resistance

may remain the same as if of finite thickness. Let a. be the very small

thickness of the sheath, then the big fraction on the left side of (22)

will become

wherom and Kmm derived from /. and iT* as the latter are derived

from and So the left side of (22) will oecome

_/^8^3 _!_= _ _P3
(24)

The induetiTity of the sheath is now of no importance. Being on the
outer edge of the niagnctio field, the thinness of the sheath Tnakes its

contribution to the magnetic energy be diminished indefinitely.

Again, in important practical cases, the resistance of the return is

next to nothing in comparison with that of the wire. Then put ps>*0
in (22). This makes the left side vanish, and then we sweep away the
denominator on the right side, and get the determinantal or differential

equation

(p,s,;V.A)J„(.--,«,)./,(s,«,)-,//s,„,)y„(s^,)
•^••^ ^ '

Although we may have the return of nearly no resistance and yet of

low conductivity (^as in the case of the earth), ^et it cannot be quite

sero without infinite conduetivity, which is what is here assomed. The
result is that we shut out the retum*oonductor from participation,

except superficially, in the iiheuomena. (25) will result from the
condition ^.,1^ = 0, or T., = 0, at r = n , : that is, no tangential current,

or electric force, in the dielectric close to the sheath. If there couhl be
any, it would involve infinite current-density in the sheath. As it is,

there is none, and the return-current has become a mere abstraction, to

be measured by the tangential magnetic force divided by 47r, and turned

round through a right angle on the inner boundary of the sheath. In

a similar manner, if we make the wire infinitely conducting (or of in-

finitely great inductivity * cither) the wire will be shut out. Then the

magnetic and electric fiehls are confined to the dielectric only, and we
shau have purely wave-propagation, unless it be a conductor as well.

Now, with the return of no resistance, let the dielectric be non-
conducting and the wire non-dielectric, or rj = 0, ^'o^O. The most
important simplification arises from the smallness ofs^ For we have

' [The case, parenthetically mentioned, of infinite inductivity, though reaem«
bling that of iofinite conductivity in excluding magnetic disturbances from the
body of the conductors, differs widely from it in other respects. Considering here
only the effect on a train of waves sent alon^ the conductors, the effect of increas-

ing conductivity with constant inductivity is a tendency to surface-concentration
and also to a state of perfect slip, without attenuation. But the effect of increas*

ing inductivity is a tendency to surface-concentration together with large

tion io trwaait. The 3.H. aolationa will give more detaus on this poinC]
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If the length / of the line is a large multiple of the greatest ininsverse

length a, we are concerned with, m- is made a small quantity

—

Y&ry
SDUul when the line is mfles in length, except in case of the inm'gnificsnt

tenns involving large multiples of « in m—nw/L Again, (fi^y^ is the
speed of light uirough the dielectric, so that unless p be extravagantly
large fi^p- is exceedingly small al-^o. Thus, with modeFate distance of
return-current, >vt._, is in general exceedingly small.

Therefore, in the expressions (17), take tirst terms only, making

^0 (V ) = 1' (V )
=^ ' V ' 1 ^26)

These, use<l in (25), bring it down to

'°8?;.^.(v.)-j^/A«,>: («)

ooneeming which, so £eu* as substantial accuracy is concerned, the only
assumption made is that the retnrn has no resistanoe.

We have noiw the foUowing complete normal system :

—

^1- AJi(tyr) cos(ms -f

4«7jm AJi($ir)m sin{mz+ ^«',

A^V^ « AJJisf)ti cos(ms+ ^c^,

if,- ^(s,V)-» ooe(f}t2r

+

4*7,-B{4r)~^ sin(fli2

+

M\»B log(Vr) coB(ms4-

where B- ^(pi'i 7>2)/o('''i«i) ^ log
(«2/^i)-

The longitudinal current and electric force in the ilielectric vary as

the logaritmn of the ratio a^/r, vanishing at r»a^ The radia] com-
ponents vary inversely as the distance. Numerically considered, the
longitudinal electric force is ncgligiitle nguinst the radial, which is

important as causing the electrostatic retardation on long lines. But,

theoretically, the longitudinal component of the electric force is very
important when we look to the phydeal actions that take place, as it

determines the {Missage of energy from the dielecMe, its seat of trans-

mission along the wire, into the conductor, where it is dissipated.

liegarding (28), however, it is to He remarked that, on account of the
approximations, the dielectric solutions do not satisfy the fundamental
equation (6). Applying it, we get r = 0. But the other fundamental

(7) is satisfied. To satisfy (6), take

= - i^i'V ^ i-V (logV - 1

)

lejuling to the determinantal equation

log;^/.(^,,).My^^„,){^l+i«.(iog^+i)},

and requiring us to substitute

(s,V)-» + irlog(a^r)+ir

for (j^V)"! in the JSr, and formulae in (38). Then (6) is nearly
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satisfied, and is quite s^itisfied if wo chaiigo the last term in the last

expression to ^r. But the other fundamental is violated.

Ignond DidMbrk Disphcenmi. Magneiic Theory of EdabUtkment of
OurreiU m a fFire. Fiactnts Fhid Anaiogif,

Nov take in = 0 in (27), making -si^t^^cp't and bringing (27)
down to

iWo(*i«i)= (29)

where X^»»2fi,log(a^/ai),

the eoeffieient of eelf-liiduction of the surface-current^ and

the resistance of the wire, both per unit length of wire; so that R^,

is the time-constant of the linear theory, on the supposition that the

renstanee of the wire ftally operates, although the enrrent is eonfined
to the surface. This case of m 0 is appropriate when the line is so
short that the electrostatic induction is really negligible in its effects on
the wire-current. In fact we shall arrive at (29) from purely electro-

magnetic considerations, with c — 0 cver3'where. But it is also the

l^roper equation in the m^O case when the electrostatic retardation

IS not negligible. It must he taken into aeeoont^ for instance, in the
subsidence of an initially steady current^ independently of the eleetro-

static charge.

Expanding (29) in powers of p, by means of ^^'aj's ~P^li^ we get

Taking first powers only, we get

= (/i, + Zo)/^o;

which is greater than the linear-theory time-constant of the wire by the

amount ^ft^A'o, sinee J/^^
is the inductanoe per unit length of wire

when the retum-current is upon its surface.

But taking second powers as weU, we get, ifir-i/A|+X^

-j>-i-Z/^ and y^B^
of which the first is exactly the linear-theoiy value. The real time*

constant of the first nonnal system nf current, therefore, exceeds the

linear-theory value by an amount which is less than i/^,//^o» when the

return is so disUnt, or the retardation ii^Jc^a^) of the wire is so small

that a stcatly current subsides with very nearly uniform current-

density, being very slightly less at the boundary tlian at the axis. It

is not, however, to be inferred that the subsidence of the current in

the wire " is delayed. It is accelerated, at least at first

Equation (29) may be written *

WA>^i(«i«i)-l«i«iJ'i(«i«i)» (31)
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the appropriate {om when a full investigittion is desired. Draw the

curves Vi = right member, and ~ member, the abscissa being SjO^.

Their intersections will give the values of s^a^ satisfying (31). The
first root has been already considered, when /-tj/Z/o is very small. The
rest, under the same circumstances, will be nearly those of Ji(s^(ii) = 0.

Bat if the wire is of iron, /Xj/Zo may be very large, and there will

be no ai)proach to the linear toeory. Many normal systems must
be taken into account tO get numerical solutions. Similarly if the
sheath be close to the wire, whether it be magnetic or not.

Electrostitic chai Lrt' lieing iL^nored, join the wire and sheath to make
a closed circuit, in which insert a steady impressed force e at time t - 0.

Let r be the current at distance r ftom the aads at time i, (There is

no y now.) The rise ofF to tlie final steady value, say is given by

<-)

where q = Z^/Sfij. The values of s^a^ arc to be got by (31).

The total current C, or the current m the wire, in ordinary language,

rises thus to its final value Cq:—
(«)

The boundarycondition of F is that, at r = a„

r+9^^=0, therefore ^(SiOj)-*!}. (34)

Considering the first term only in the summation in (33), as may be
done when the linear theory is nearlv followed, that is, aifter the first

stage of the rise, put -p"^ « {L^l^fR^ where must be very small

compared with L', then

When the current is st.irtod, by a steaxly impressed force in the coil-

circuit, in a long solenoidal coil of small thickness, containing a solid

conducting core, the ma^etic force in the core rises in the same manner
as the current in the wire, according to (32) ; because the boundary-
condition of the magnetic force is of the same form as (34), q being
then a function of the number of windinj^s, etc.

There is also the water-pipe analogy, which is always turning up.

This I have before made use of [vol. I., p. 384]. Water in a round
pipe is started from rest and set into a state of steady motion by the

sudden and continued application of a steady longitudinal dragging or

shearing-force applied to its homiairyy accming to the equation (32).

This analog}' is useful because every one is familiar with the setting

of water in motion by friction on its boundary, transmitted inward by
viscosity.

Graphically representing (32), abscisssB the time, and ordinates F, at
the centre, intermediate points, and the boundary, by what we may
call the arrival-curves of the current, and comparing them with

r = r,(i
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the linear theory arrival curve at all parts of the wire, we may notice

these characteristics. The current rises much more rapidly at the

boundary than according to the linear theory, at first, but much more
elowly in the later sta^. Going inward from the boundary we find

that an inflection is produced in the arrival-curve near its commence'
mont ; the rapid rise l>eing delayed for an appreciaMe interval of time.

This dead period is, of course, very marked at the axis of the wire,

there bciug practically no current at all there until a certain time has

elapsed. That the central part of the wire ia nearly inoperatiTe when
rapid reversals are sent is easily understood frcnn ihis, or perhaps more
easily by the use of the water-pipe analogue. Some curves of (32), for

two special values of q, I have already given [vol L, p. 398 ; vol. ii.,

p. 68],

MagneHe Thterif <^ 8,S, Fatiaiiotts Jmprested FoUaff$ and
rendUng OmrmL

Let there he a simple-harmonic imprened force e sin nt in the oircmt

of wire and sheath, with no external resistance, making a total circuit-

resistance R. (I transhte the core-eolution into the wireeolution.)

The boundary condition is

e sin nt
-r, ,

dV

and the solution is

^-^,W-^ftr*{(^o^+Ca^l8in»<-^(Po^'-^^ ; -m
whereM and N aie the following functions^

iV= jao(Wt) - ik/a(W - i)J ^
'

t standing for and x for ijAv/t^n, Also

P^M + q.W, Q = N+qN\ (38)

the ' denoting dift'erentiation to r. In (36), M and N have the values

at distance r, and Pq, Qq the values at r= ap the boundary.
We have

Fi + Q^^AP + N'' + 2q{MW + NN') + q^{Ar- + N'^) (3U)

Ify i> s {^rfi^k^rhi)\ we have the following series :

—

4A 4''6='V* SnoA^ 12-'l4^^^16n8^

" 16rV 6''8«V WVl^ Une^^ 18=^:40^
"*

(40)
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These are suitable for calculating the amplitude of F or of C when y is

not a yery large (jUHiitity. The wire-enrrent C is given hf

«-*('f^:-?)'-^("'-"-«?-s?>
where P, ^ N' have the boundaiy Talues. As for ifand N
thenuelveB, their eacpannons are

2*4* 2^*6*8*
(42)

.(43)

2> 2*4*6* 2*4*6*8*10* /

Bat these seriee are quite ttnsaitable when y is very laige. Then
use the approziinate formulaB

which make, ii/=yK

Jfar+ JVJV'« €'^/2»rV2.

In the extreme, very high frequency, or large retardation, or both

eombined, making y very great, the amplitude of the wire-enrrent C
tends to he represented by

^IW^i
showing that the current is stronger than according to the linear theory,

and far stronger in the case of an iron wire, or very close return.

The amplitude of the current density at the axis, under the same
circumstances, with r = in /, is

which is of course excessively sniull. On the other hand, the boundary
current^ensity amplitude is

which may be greater than the linear-Uieory amplitude.

Analogous to this, the amplitude of the current in a coil due to a S.H.
impressed force in the coil-circuit is greatly increased l>y allowing dissi-

pation of energy by conduction in a core placed in the coil, when the

corresponding y is great, a large core, high inductivity, etc. ; that is, the

.in«rtia or returding-power of the eleetrotnagnet is greatly reduced, so

&r as the coil-current is concerned. This is, in a great measure, done
away with by dirid^ the core to stop the electric currents, when the
linear theory is approximated to.

Digitized by Google



ON THE S£LF INDUCT10N OF miiES. PART IL 185

It y= IGOO, the axial is abuut one-fourteenth of the boundary-current
ampUtode. To get thk in a thick copper wire of 1 centinL radium a
frequBncy of about 850 waves per second would be required. But in

an iron rod of the same sise» if we take f^a 500, only about 8J waves
per second wouW suffice.

Returning to the former cxpn'ssioiis, if we go only as far as n'\ the

amplitude C'q of the wirc-ciiriciiL is given by C^^elWlf where the

square cUBf*, which is the " apparmt resistance," or the impedance, per
unit length of wire, is given by

where g = (/x, 7t/7iL)-| and Hq and L have the former meanings.
When only toe total current Is under investigation, the method

followed by Lord Rayleigh {Phil. Mag.^ May, 188G) possesses advan-
tages. I find it difficult, however, to understand how the increased

resistance can become of serious moment. For, above a certain fre-

t^uency, the current^mplitude is increased; whilst, below that frequency',

its reduction, from that ^ven by the linear theory, appears to be, m
copper wires, quite insignificant in general [voi ii., p. 67j.

Part II.

ExtnisioK of General Tlieory lo two Coaxial Conducting Tuba,

In Part I. the inner conductor was solid. Let now the central

portion be removed, making it a hollow tube of outer radius and
inner a^. The reason for this modification is that the theory of a tube

is not the same when the return-conductor is outside as whuu it is

inside it; Uiat is to say, it depends upon the position of the dielectric,

the primary seat of the transfer of eneii^. The expression for ifj, the
magnetic force at distance r from the aziS) will now be

^i-WM-W^i)(«i«a)^i(v)Mi; m
instead of the former of the first of equations (18); if we
impose the condition H^^O at the inner boundary of the wire (as we
may still call the inner tube). This means that there is to be no
current from r = 0 to r = ; we therefore ignore the minute lont^itndinal

dielectric-current in this space, just as we ignored that Iji voikI r^a^
previously. If we wish to necessitate that this shall be rigidly true,

we may suppose that within and beyond r^ii,, we have not
merely A but alsoc^O, thus preventing current, either conducting
or fliclcctiic. In any case, with only/; = 0, the dielectric disturbance

must be exceedingly small. On this point I may mention that my
brother, Mr. A. \V. iicaviside, experimenting with a wire and outer

tube for the return, using a (for telegraphic purposes) very strong

currenti rapidly interrupted, and a sensitive telephone in circuit with a
parallel outer wire, could not detect the least sign of any inductive
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action outside the tube, at least when the source of energy (the battery)

wBi kept at ft distance from the telephone. In explanation df the iMt
remark, we need only contider that^ although the truufer of energy is

from the hettcry along the tubular spaee hetween the wire and return,

yet, before getting to this continetl spnce, there is a spreading out of

the disturbfiiices, so that in the neighbourhootl of the battery the disk

of a telephone may be strongly intluenced by the variations of the

magnetic field. On the other hand, the induction hetween parallel

wires whose circuits are completed through the earth, is perceptible

with the telephone at hundreds of miles distance, or practically at an^
distance, if the proper means be taken which theory poiiits out. His
direct experiments have, so far, only gone as far as forty miles, ^uite

recently ; but this distance may easily be extended.

Cknreqponding to (49) we sludl have

4irr, = s,{J,{s,r) - (J,/Arj)(vgAro(.^r) >
; (50)

omitting, in both, the z and / factors. Now, to obtain the correstx)nding

development of the general equation ^22), we have only to chance the

jQisioJ) in it to the quantity in the ( ) in (50), and the Ji{s^a^) to that in

the {} in (49), with r«»ai in both cases.

EUelrieal Intciyrdution of the DiffierenHal EguaHons, Pnutieal Simplifica-

Hon in Term of VdUage Y and Current C.

The method by which (22) was got was the simplest possible, reducing

to mere aJgebra the work that would otherwise involve much thinking

out; and, in particular, avoiding some extremely difficult reasoning
relating to potentials, scalar and vector, that would occur were they

considered ab initio. But, having got (22), the interpretation is com-

paratively easy. Starting vrith the inner tube, (49) is the general

solution of (14), witii the fimitation i7, « 0 at r» ; if, in 5, given by

- 5* s= 4ir/x,/:j^ + m*,

wc let p mean d ill and in- mean - f/-/f/r-, instead of the constants in a

normal system of su]>si(lence, and let be an arbitrary function of

g and t Similarly, (50) gives us the connection between and Ay
From it we may see what means. For, put r-o^ in (50) ; then,

since

wo see that - iwa^^{8ia^)T^

if is the current-density at r = aQ. When the tube is solid,

^j = 47rrQ ^j. But, without knowing yl., (49) and (50) connect

and r, directly, when is eliminatea by aivision. Also, //j = Cj x (2/f),

if C'l be the total longitudinal current from r — to r ; hence

connects the cumntKlensity and the integral current.
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Now pass to the outer tube. C^uite simil&rlj, remembering that

i/j = 0 at r = tty we shall arrive at

2xr jj..... K,
* ^ '

connecting Fg, the longitudinal current density at disUmce r in the

outer tube, with Cg, the current through the circle of radius r in the

plane perpendicular to the axis.

Nezt» let there be longitudinal impressed electric forces in the wire
and return, of uniform intensitieB ^ and €^ over the sections of the two
condooton. We shall have

if £j and are the longitudinal electric forces **of the field."

Therefore

e^-^«e-pjr,-p,r,-(^,-^,), (54)

where e is the impressed force per unit length m the eireuU at the jfiace
considered : the positive direction in the circuit being along the wire in

the direction of increasing z, and opjwsitely in the return.

If we take r = a^ in (51), and r^a^ in (52), and use them in (54),

then, since 6\ becomes C, the wire-current, and becomes the same
phis the longnttdinal dielectrioHnurent^ we see that if we i^ree to ignore

the latter, and can put - in terms of (54) wul become an
eqaatioa between e and C.

To obtain the required P\ - E^, consider a rectangular circuit in a
f)lane through the axis, two of whose sides are of unit

ength parallel to z at distances and from the axis,

and the other two sides parsUel to r, and calculate ^e
E.M.F. of the field in this circuit in the direction of the

circular arrow. If z be positive from left to right, the
positive direction of the magnetic force through the circuit

is upward through the paper. Therefore, if be the line-

integral of the radial electric force from r-=a^ to r = ap
SO that dV/dz is the part of the E.M.F. in the rectangular
circuit due to the radial force, we shall have

hj the Faraday law, or equation (7) ; iT, being the magnetic force in the
dielectric This being 2C/r, on account of our neglect of we get, on

performing the integration, - LJo, on the right side^ where is the
previously-used inductance of the dielectric per unit length. This
brings (54) to

QM 2lltl| «/j - , A|

2£TO| ."*••••«••••••. ..Jiri.i....
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which, for brevity, write thus,

e-'^^L^+JH^C+USC, (66)

svhere and li" define tbemsolvcs in (55), They are cenenilised

resistances of \?ire and return respectively, per unit lengtn. But of

their structure, later. Equation (56) is what we get from (22) by
treatibjs s,r as a small quantity and using (26); remembering also the
extension ironii a solid to a hollow wiret

By more complex reasoning we may similarly put the right member
of (54) in terms of ( ' without the neglect of and arrive at (22) itself,

in a form similar to (5a; or (56). But we may get it from (22) at once

by a proper arrangement of the terms. It becomes

0-(j^+i«f^+i!S+^')a (67)

Here It" and T?, are as before, whilst /i'o'( and li^ arc similar expressions

for the dielectric, on the assumption that U'kO at r<*a| or at f»a,
respectively ; thus,

Rff-4- P'i^''^ -^oi^^h)
- (A/Ari)(^aai)Ao(faOa)^ ^2ira^ J,......-

•

27raj Ji - Ki

ij;^ has a different structure, being given by

" 2iroi j; - ...............jTi.....;

In these take 9^ small ;
they will become

7r(/r,? - 2)

that is, if p., he imagined to be resistivity, the steiuly resistance per

unit length of the dielectric tube (fully, is the reciprocal of + c^^y 4»r)

;

and, wiUi A^»0,

if iS^ is the electric capacity per unit length, such that Then,
introducing e, (67) reduces to

e^{L^p + m''/Sp+ R?-^Ji^)C, (68)

which is really the same as (56). For, by continuity, or by the second

of(U),

^^ = l7ra^y^ = 2ira^p<r = SpF, . (59)

if o- is the time-integnd of the radial current at r-Oj, or, in other

words, the electrification sorfacfrilensity there, when the conduoton
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are non-dielectric. (There is e<|iial - a- at the r = surface.) Therefore

which e.stal)lishes the equivalence.

Purticukr attention to the meaning of the quantity is needed. It

IB the line-iutegial of the ndial force in the dieleetric from r^a^ to

r»a^ Or it may be defined by

if Q be the charge })€r unit length of wire. But it is not the electric

l)otential at the suriface of the wire. It is not even the excess of the

potential at the wire-boundary over that at the inner boundary of the

return. For, as it is the line-integral of the electric force from end to

end of the tubes of displacement, it includes the line-integral of the

electric force of inertia. It has, however, the obvious property of

allowing us to express the electric energy in the dielectric in tne form
of a surface-integral, thus, hVa- per unit area of wire surface, or i 77^ per

unit length of wire, iiisteatl of by a volume integration throughout the

dielectric. Uouce the utility of V. The possibility of this property

depends upon the comparative insignificance of the longitudinal current

in the dielectric, whicii we ignore. It mav happen, however, that the

longitudinal displacement is far greater tmui the radial ; but then it

will be of so little nioniont that the problem could be tiiken to be a

purely electromai;iu tic one. We iuhhI not use V at all, (58) heing the

equation between t and C without it. It is, however, useful in electro-

static problems, for the above-mentioned reason. Again, instead of V,

we may use o- or Q, which are definitely localized.

The physical intcr])retation of the force - dl '/dz, in terms of Maxwell's

inimitable dielectric theory, is sufficiently clear, especially when we assist

ourselves by imagining the dielectric displacement to be a real displace-

ment, elastically resisted, or any similar eUstically resisted generalized

displacement of a vector character. When there is current from the

wire into the dielectric there is necessarily a back electric force in it

due to the elastic dis]>lacement ; and if it vary in amount along the wire,

its variation constitutes a longitudinal electric force.

(58) being a differential equation previously, let be a constant in it.

Then nna MS may be thus expressed :

—

m=i:{+L{p, n^^ji'^+i^p, (61)

where /I'f and Iif>, L' and Lt wvv functions of /)-. The utility of this

notation arises from Il[ etc. hecunung mere constants in simple-harmoni-

cally vibrating systems. Let and be the corresponding

quantitiee for the particular m ; then, by (56),

where K^Bl^-^Bl^ 14-4 It,. (64)

Or e^-'ll^ = {i:L + L'^p)Cm, (ti3;
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JZl and 14 ftmetioiis of ji*. Therefore, by (62), nimiiihig np^

«-^=2(i?:+x.:i^)6v (65)

Now, although Bi^ and 14, are really different functions of p- for

every different value of m, since they contain m-, yet if, in changing

from o!ie m to another, through a cTP.it many m's, from m = 0 upward,

they should not miiterially change, we may regard and Li, as having

the m — 0 expressions, as in the purely electromagnetic case, and denote

them by and 1/ aimply. Then (G5) becomea

4^^^{Itf+I/p)C (66)

simply. The equation of Fia now

-^+^-(ii'+i.>>S>>^i ^^^^

and that of being

e^''{BL'¥LLp+m^iSp)C^ (68)

in the m ease, that of C becomea now simply

Spe+^={B^ + L^p)Spa (69)

The asanmption above made is, in general, justifiable.

Previmis Ways of treafing the subject of Propagatim along fFtres.

Let us now compare these equations with the princijial ways that

have been previously employed to express the conditions of promgation
of signals along wires. For simplicity, leave out the impressed force

First, we have Ohm's system, which may be thus written :

—

Here the first equation expresses Ohm's law. C is the wire>enrrcnt, R
the resistance per unit length, and /'is a quantity whose meaning is

rather indistinct in Ohm's memoir, but which would be now called the

potential. The second equation is of continuity. Misled by an entirely

erroneous analogy. Ohm supposed electricity could accumulate in the

wire in a manner expressed by the second of (70), wherein 8 therefore

depends upon a specific quality of the conductor. The third eqimtion
results from the two pre^nous, and shows that T, or or Q- S7' difluse

themselves through the wire as heat does by ditierencc of temperature

when there is no surface-loss. This system has at present only historical

interest The most remaiinble thing about it is the getting of equations

correct in form, at least approximately, by entirely erroneous reasoning.

The matter was not set straight till a l;( iteration later, when Sir W.
Thomson arrived at a system which is formally the same as (70), but in

which Fis precisely defined, whilst S changes its moaning entirely. F
is now to be the electrostatic potential, and is the electrostatic capacity
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oj the coiuleiiMr formed by the opposed sui t'uc^ of the wire and return

with dielectric between. The continuity of the current in the wire is

anerted ; hat it can be discontiniious at its surface, where electricity

accumulates and charges the condenser. In short, we simply unite

Ohm's law (with continuity of current in the conductor) and the similar

condenser law. The return is supposed to have no resistance, and F»U
at its boundary.

The next ohvioos step is to hring the electric foree of inertia into

the Ohm's law equation, and make the corresponding change in that

of V; that is, if we decide to accept the law of ([u;\simcompressibility

of electricity in the conductor, which is implied by the second of

(70), when Sir W. Thomson's meanings of S and are accepted.

Kirchhoff seems to have been the first to take inertia into accoimt^

arriving at an equation which is reducible to the form

I am, Qnfi>rtanatel7, not acquainted with his views regarding the con-

tinuity of the current, so that, translated into physical ideas, his equa-

tion may not be conformable to Maxwell's ideas, even as reganls the

conductor. Also, as his estinifition of the quantity L w.us founded upon
Weber s hypothesis, it may possibly turn out to be diHerent in value

from that in the next following system. In ignorance of KirchhoflTs

investigation, I made the necessary change of bringing in the electric

force of inertia in a jjaper " On the Extra Current " {Phil, Mag.^
August, 1876)^ [Art Xiv., vol. i., p. 53] getting this eystem,

J[^{R^I^)C, -ji"^^ ;^r=(^+/4')*F; (71)

wherein everything is the same as in Sir W, Thomson's system, with

the addition of the electric force of inertia - LpC, where L is the co-

efficient of self>inductton, or, as I now prefer to call it [voL ii., p. 281,

the inductance, per unit length of the wire, according to Maxwells
qrstem, being numerically equal to twice the energ}', per unit length of

wire, of the unit ciurent in the wire, uniformly distributed.

The system (71) i.s amply sufficient for all ordinary purposes, with

exception.^ to be later mentioned. It ai)plies to short lines as well as to

long ones; whereas the omission of i, reducing (71) to (70), renders

the system quite inapplicable to lines of moderate IcMLith, as the influ-

ence of .S tends to diminish as the line i.s shortened, relatively to that of

L. An easily-made extension of (71) is to regard Jt as the sum of the

steady resistances of wire and return, and V as the quajitity Q/S^ Q
being the charge per unit length of wire. Nor are we, in this approxi-

mate system {71), obliged to have the return equidistant from the
wire. It may, for instance, be the earth, or a parallel wire, with the
corrciiv^nding changes in the formuln for the electric capacity and
inductance.

But there are extreme cases when (71) is not sufficient. For example,

an item wire, unless very fine, by reason of its high inductivity ; a very

thick copper wire, by reason of thickness and h^h conductivity ; or, a
very close return-current, in which case^ no matter how fine a wire may
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be^ there U extrane departure from luufoniiity of corrent-distrilmtloii

io the ariable period ; or, extremely rapid reversals of curreDt, for, no
matter what the conductors may be, 1>y nufficieiitly increanng the fre-

quency we approximate to snrface-conduction.

We must then, in the system (71), with the extension of meaning of

it and V just mcntionetl, change li and L to li' and L\ as in and
Other equations. In a S.H. problem, this simply changes R and L from
certain constants to others, de|)ending on the frequency. Bat, in

general, it woidd, I imagine, be of no use developing etc. in j)ower8 of

p, 80 that we must regjird + L\p) etc. merely as a oonyenient abbrevia-

tion for the 11" etc. defined by (56) and {^•^).

A further refinement is to recognise the differences Ijetw een li* and
U in one m system and another, instead of assuming m *>0 in And
lastly, to obtain a complete development, and exact solutions of Max-
well's equations, so as to be al>le to fully trace the transfer of energy

from source to sink, fall back upon (57), or (22), and the normial

systems (18) of Part I.

Thf Eff^'dive Resistance and Tndftctaiwe of Tubes.

Now, as regards our obtaining the ex|>jinsions of ii'J etc. in powers of

/r, we have to exj»and the numerators and the denominators of li" and
li^ in powers of perform the divisions, and then sejparate into odd
and even powers. When the wire is solid, the diyision ia merely of
^jrJjlx) by Ji(x)f a ccmiparatively easy matter. The solid wire li* and
// expansions were given by Lord K;iyleigh {Phil. Matj

,
M^ay, 188C).

1 should mention that my abbreviated notation was suggested by his.

But in the tubular case, the work is very heavy, so, on account of pos-

sible mistakes, I go oidy aa for as p*, or three terms in the quotient,

The work does not need to be done separately for the inner and the
outer tube, :i8 a simple change converts one li' or 1/ into the other.

Thus, in the case of the inner tube, we shall have

li^'h,^\+n{^k,rra,)^^^ 3-a+ T^«+
a«(aj'-X')

K{log(a>o)}-^1-]

where is written for ji-, for the S.H. application.

As for Li, it is simply the inductance of the tube per unit length (of
the tube only), as may l)e at once verified by the square-of-force metlio<l.

The first correction depends upon p'\ Kut li{ gives us the first correc-

tion to /I'l, which is the steady resistance, so it is of some use. To
obtain JH and 14 from these, change ^, to li^ p^ and to p^ and Uq
to Og, and a, to Or, more simply, (72) and (73) being the tube-
fortnnln' wlien the return is outside it, if we simply exchange Oq and
we shall get the formulas for the same tube when tiie return is inside it.

Digitized by Google



ON THE SELF-INDUCTION OF WIRES. PAliT U. 193

If the tube is thm, there ig little change made by thus shifting the
locality of the return. But if ny'tif, be large, there is a large change.
This will be readily under8too<l by considering the ca^^e < a wire whose
return is outside it, and of great Imlk. Althoni^h the strady resistance

of the return may be very low, yet the percentage correction will be
verv large, compared with that for the ware.

Taking aJ<iQ = 2 only, wo shall find

ni^B^ll +(xitjtt,Vj»)=* X -012]

when the return is outddoi and

Ri^ltJil + (wk^a^ti^ny x 503]

= /?i[l + (ir^-,rt;/i,«)« X -031],

when the return is inside. In the case of a solid wire, the decimals are
'083, so that whilst the correction is reduced, in this (iJaQ = 2 example^
the reduction is far greater when the return is outside than when it k
inside.

The high-frequency tube-formulae are readily obtained. Those for

the inner tube are the same as for a solid vrive, and those for the outer

tube depend not on its bulk, but on its inner radius. That is, in both

cases it is the extent of surface tlmt is in question, next the dielectric,

from which the current is transmitted into the condnetors. Let
G^x)*m(2lT)K^{»), and 0,(x)-(3/ir)jr,(fl;); then, when te is very large,

Jq{x) = - G^{x) - (sin ./ + cos x) ~ (Trx^A .y^v

= Gq{x) = (sin X - cos x) -i- (rrx)^.
j

Use these in the Bi fiaction, and put in the es^nential form. We
shall obtain

But i^^i - ('^^i')^t therefore "* OhPii>/"^i)^

Also, f^^-n\ therefore i'*-()i»)*(l+t)-(|n)*-l-jKl«'*)*t

so that, finaUy, Bi^ibtl^ U''^ (76)

where q = w/27r is the frequency. To get and 14 change the /i and p
of course, and also to

It is clear that the thinner the tube, the greater must be the fre-

quency before these formulae can be applicable. For the steady

resistance is increased indefinitely by reducing the thickness of the

tul>c, hilst the high frequeno}' resistance is independent of the steady

resistiince, and must be much greater than it. In (75) then, q must be

great enough to make W several limes itself very largo when the

tube is very thin. Consequently thin tubes, as is otherwise clear, may
be treated as linear conductors, subject to the equations (71), with no
con-ections, except under extreme circumatances. The L may be taken

as Lq, except in the case of iron.

H.B.r.—VOL. IL K
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Train of Wofta dm to 8.H, In^praui FoUtufe. PradktA StihiiiaiL

I win now give the S.H. solution in the general ease^ subject to (58).

Let there be tny distribution of e (longitudinal, and of unifonn
intensity over cross-sections). Expand it in the Fourier-series appro-
priatc to the terminal conditions at ~=^0 and /. For defmiteness, let

wire and return be joined direct, without any terminal resistances.

Then, sin being e at distance z, the proper expansion is

^0 = ^00 + + <'o2
cos + . .

.

,

where roy^xjl^ m^^^vjl^ etc. (It should be remembered that e Is the
- «2 of ^54) and (63). Shtfting impressed force from the wire to the

return, with a simultaneous reversal of its direction, makes no diffinnence

in e. Thus two r's directed the same way in space, of equal amounts,
and in the same plane ^ = constant, one in the inner, the other in the

outer conductor, cancel. This will clearly become departed from the

distance of the return fiom the wire is increased.) Then, in the equa-
tion

we know ; whilst Bi^ and //„ are constants. The complete solution

is obtained by adding together the separate aolutious for e^, etc.»

and is

p 1 fgoo8in(n<>-^o) . « v> sin (ni - cos tfw \

where the summation includes all the m% and

A practical case is, no impressed force anjrwhere except at « 0, one end
of the line* where it is sin fil Then, imagining it to be FJz, from
z = 0 to c-= r^, nnd zero dsewheie, and diminishing indefinitely, the
expansion required is

FJz,^{r,m+2^ cos;W/0,

J going from 1, 2, ... to oc . Thi^5 makes the current-solution become
TpT 8in(n/- e^J . ny aw (n l - 0J cos mz \

r\{H'^+L'hi^)i ^ ^ \m + - ///-/Nn-yv-'ii/

If the line is shorty neglect the summation altogether, unless the fre-

quency is excessive. Now (77) may perhaps be put in a finite form
when BX^ is allowed to be different from li\ though I do not see how to
do it. But when B'^^Ii' and L'^ = L' it can of course be done, for
we may then use the finite solutions of (66) and (67). Thus, given
^= siu «/ at z = 0, and no impressed force elsewhere, find F and C
everywhere subject to (66) and (67) with « = 0, and F = 0 at ^ = /.

Let

{( )*+ "..}»J ^ ^

tan tf,- sbi SQf + (r*"- cos 2gf),

tan ^1-(UnV- JJ'O) + (^jP

+

t'nQ)
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then the finite Famd C solutions are

€«(^ +€-*«- a COB 2^^)* J* ^
'

If we expand the last in cosines of 772^ we shall obtain (77), with Bi, = Bf.

There are three waves ; the first is what would represent the solution

if the line were of infinite length ; hut, being of finite length, there is a
reilected wave (the term), and another reflected at z = Ot the third

and least important
The amplitude of C anywhere is

r. {Sn)i r^-^

+

€-«^+ 8 COS 20(1 - zy-\h

^W^+I^L €-«+€-«-2cos2«J J
•

At the distant {z = /) end it is

Effects of Quasi-Bfsonanee. Muetmiicns in the Impedance,

I have already spoken of the apparent resistance of a line as its

impedance (from impede). The steady impedance is the resistance.

The short-line impedance is (B^ + L^yi or {Rf^ + L^n^)H, at the fre-

quency ft/Sir, acccoding as current-density differences are, or are not^

ignorable. Hie impedance according to the latter formula increases

with the frequency, but is greater or less than that of the former
formula (linear theory) accoroiug as the frequency is below or above a
certain value.

Bat if the frequency is sufficiently^ increased, even on a short line^

the formula ceases to represent the impedance, whilst, if the line be
long, it will not do so at any frequent except zero. According to (82),

we have

^-i£L|^(^+.-«.J«.8m (83)

as the distant-end impedance of the line. That is, we have extended

the meaning of impedance, as we must (or else have a new word), since

the earrent4Lmplitude Taries as we pass fit>m beginning to end of the

line. (83) will, roughly speaking, on the average, give the greatest

value of the impedance. It is what the resistance of the line would
have to be in onier that when an S.H. impressed force acts at one end,

the current-amplitude at the distant-end should be, without any
magnetic and electrostatic induction, what it really is. The distant-end

impedance may easily be less tlum the impedance according to the

nu^gn^^ reckoning. "Wliat is more remarkable, however, is that it
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may be much less than the steady resistance of the line. This is doe
to the to-and-fro refleetion of the dielectric waves, which is a pheno-
menon similar to resonance.

To show this, Uke W - 0 in the first phice, which requires the con-

ductors to be of infinite conductivity. Then L' = the dielectric

inductance. We shall have, by (83) and (78),

^Vr, = X^,rsin(«//r), ....(84)

where r = (Z].„.S^)~i = (/x.y.,) -i, the speed of waves through the dielectric

when undissi[Kited, llie sine is to be taken positive always. If

n//r = 7r, 2ir, etc., the impedance is jsero, and the cuirentamplitude
infinite. Here al >• tt means that the period of a wave equals the time
taken to travel to the distant end and back again. This accounts for

the infinite accumulation, which is, of course, quite unreaHzji)>lc.

Now, giving resistance to the line, it is clear that although the

impedance can never vanish, it will be subject to maxima and minima
values as the speed increases continuously, itself increasing, on the
whole. We may transform (83) to

rjc,

where t/ - (I/S) -
1, and // -

( R'/I/ny.

The factor outside the
[ ] is the electromagnetic impedance

;
and, if we

take only the first term within the [ I,
we shall obtain the former infinite-

conductivity formula (84). The effect of resistance is shown by the

terms containing A.

With this and h notation (83) becomes

To/Co -- JLV(1 + A)i{«»«+«-«- 2 008 2Ql}i ; (86)

where

^«(«//t/)(^/r+A+i)»4>/2,

iV _ (/,//K)(v/r+/t- l)i-s/2.

Choose Q so that 2QI = '2ir, and let A = 1. This requires ft//i/ » 2*86.

Then
r«/r„ = ^LV . 2*[*'-»+€— - 2]».

^- (\0'6 U ohms,

if we Uike v = 30^** cm. - HO ohms. This implies U - Z^, and the
dielectric air. Without making use of current-density differences, we
may suppose that the conductors are thin tubes. Therefore

Impedance 60-6 ZMO^ , ^ 202
T >

•
~

rnt " aOOUt - -

,

Resistance H'l 285

by making use of the above values of h and
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But taking '2QI = Jir, or one fourth of the above value. Then

FtlCt^23L' ohms,

and
Impedance ^ 4

Resistance 3

Thus the amplitude of the current, from being less than the steady

strength in the hist case, becomes 42 per cent, greater than the steady

current by quadrupling and keeping h-l. We have evidently

ranged from somewhere near the first maximum to the first minimum
alue of the impedance. These figures suit lines of anv length, if we
ehoose the resistances, etc, properly. The following will show how the

above apply practically. Remember that 1 ohm per kilomu » 10* per
cm. Then, if /} = length of line in kiloni.i

\(y\ and L' = 1,
•

* • fi-10», and /, -856,

10^ L' = 10, II Ji-103, » - 8568,

10*, »

'

U = 1. » n«10«, = 85,

lo^ L'^ 10. i}
»=-10»,

i»
= 856,

» U = 100, M n=102. >>
= 8568,

10^,
>»

= 1, it n=105, »»
= 8-5,

105,
>» 10, 11 n=10^ »>

= 85,

„/^'= 105,
>J L' = 100, it n=103. » = 856,

•> X/= 10, »l n = 10», h = 8-5.

The resistances vary from 100 ohms per kilom., the inductances

from 1 to 100 per cm., the frequencies from 10727r to ]0Y27r, and the

lengths from 8 5 to 8568 kilom. In all cases ^ is the ratio of the

distance-end impedance to the resistance. The common value of lU^ is

856800.
In the other case, nljv^ has one fourth of the value just used, so that^

with the same and L\ li has values one fomrth of Uiose in the ahove
series.

Telephonic currents are so nipidh undulatory (it is the upper tones

that go to make articulation, and convert mumblings and murmurs into

something like human speech) that it is evident there must he a con-

siderable amount of this dielectric resonance, if a tone last through the

time of several wave-periods.

Derivalitm of Ihtails fioni ih^ Solulim /or tlte Totai Current.

Having got the solution for (\ the wire-current, we may obtain those

for r, and y from it. Thus, //^ being the same as (2 r)C^ where CV
is the longitudinal current through the circle of radius r, we may first

derive C, or from C, and then derive F and v from either by (11).

Thus> niake use of (49) and (50), and the value of Ai there given.

Then we shall obtain

.,.(87)
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where, in the «p p and are to be d/di and - <^/d!f^. Siinilarly for

the retum-tabe.
In a comprehensive inyestigation, the C-flolution would be only a

special result. As this special rcsTilt is more easily got by itself, it might

appear that there would be some saving of labour by first getting the C-

solution and then deriving the general from it. But this does not stand

examination ; tbe work Ina to m done, wlMther we derive the ipeelal

results from the general, or eonvenely.

In the aolid-wire case

or

Or, use the M and N iunctiona of Part L, equations (42). For we
have

J,{8,T) = {M-^iN){s^ri^),

where s^inS takes the place of the y in those equations. M contains the

even, and N the odd powers of {p-^nk^jiTftJt^,

We have also

Fg being V at fi-O
; and, since by the first of these,

connects the boundary and axial current^enaities, we see that the ratio

of their amplitudes in the S.H. case is

using the faOi ejqfirasnons, with m«*0.

N<fU on (he InvestigaHon of SimpU-Harmonic SiaUs. (July, 1 892.)

[I have been asked by more thaii one correspondent how the above

solutions (80) and (81) are obUiined, and therefore add some details,

giving the working rather fully, as it will serve to show the procedure

m other cases.

We have an impressed force acting at one spot^ and desire to know
the effect produced there and elsewhere. The first step is to form the

differential equation connecting the impressed force with the effect pro-

duced. Now we have

^F/diifi^{K+S^}(Hf+I/p)F»FW .(lA)
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in the line genenlly, if we introduce K the Iflakage-conduetance per
unit length (as in l^irte lY. and V.^ and therefore

r-€^.^ (2a)

where A and B are undetermined. To suit the present eaBe» we find

them by the terminal conditions

r-0 at x^l^ therefore 0-€".^+«-'».^,

V^e at x-C^ therefore A+B;
which give A and B and develop (2a) to

^-^^^£fiP«-
This is the difierentiBl equation connecting F at « with e at z^O, the

latter being any function of the time. It may also bo regarded as the

solution of the problem of finding Fduc to e. For the march of V 18

strictly connected with that of e through the operator in (3a) and by
uothing else, all IndeHniteness having oeen removed by the previous

work. But, whilst (3a) is the solution, it is (usually) in a very con-

densed form, needing development to more immediately interpretaUe

forms. If, however, F l)e conirtant, as happens when p = 0, (3a) needs
no development It then represents the mtimate steady state of V due
to ste^idy e. But the primitive solution in genernl requires a good deal

of develounicnt. Thus, if we wish to hnd the ulumatc simple-harmonic

State of K due to simple-harmonic e of frequency n/2ir, we know that

jp*= - k'^, or j> = ii{, making F'-^P+Qi^ where J' and Q are given in the

text (when A'=0). This substitution made in (3a) will make it he
convertible to the simple form

F«{a-^lp)€, (4a)

expressing F" fully when e is given fully in any amplitude and phase.

The work is now to turn (3a) to (4a). First put F^P + Qi, then (3a)

becomes, when the real and imaginary parts in the numerator and
denominator are separated,

jr ^^f-'i - c-^'- *') cos Qj l - z) + t(e^'-" + €-^^-") sin Q(l - z) .

e
*

(c« - c-*^) cos Ql + i{€" + €-") sin Ql
'"^ '

To rationalise the denominator, muUiply it and the numerator by the

denominator with the sign of t changed, producing

~ « /r

+

(^'* - «"'^) <»•w -
«) •

COS Qn
€ lL+( + )8in. (... + ....) sin ...J

^^T — (•••••• " •••••..) cos ..••«•••« •(••• ^ ••••) Bin

(••«••• + ••••••) sin ••••••••••(••• "~ ....) cos •••J

J

^ Qc« - €-'^iX!^Ql + (€« + £-")2 sinsg/J (6a)

This is in rational form, since t =ji/ii* But it can be simplified. The
denominator, say i>, is evidently

i> - + «-«« - 2 cos (7a)

r
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and we may easfly reduee (6a) to

r= l^cos Qi(^<-^+ i-'^e^' - (c^ + €-'•') COS '2Qi^

+8in - («^ + sin 2^/^

+ i cos ^ + (€' • • i.-''') sill 2^/^

^imnQz {e*€-^ - - (f*- c***) cos 2^/)J
^ ... (8a)

the full solution with e simple-harmonic, but left arbitrary in amplitude

and phase. If it is V^^ sin then the terms in the first two lines of

(8a) receive sin nt as a factor, whilst the next two lines receive cos nt

(by the operation of the ditferentiator i on c), giving the result, after

rearrangement,

8iu 2gi[€'^ co6(ii^ + ^) - ^-'^ co8(«< - Qft)\

-co8 2Qi[^... 8in( ....8in(
)J

+€»»€-'*8iii(«<-a»)+«-*«€«toui(fi<+Car)|. (9a)

This differs in form from (80), which was arranged to show the solution

for an infinitely long line (obtainable by the same process, only greatly

simplified) explicitly, with the additions caused by the reflection at

z= l and the subsequent complex minor reflections at beginning and
end of the line. To get (HO) from (9a) observe the form of D in (7a),

and add aiul substract from (9a) terms 80 as to isolate the solution for

an infinitely long line. Thus

r= Fo«-'''8iu(«<-^«) + ro''"|^^^^[€^oo8(fi<+ Q»)-e-'»oos(ii<-Q*)]

+ Ko'—:~^'[...sin( )-.... ein< )}(10a)

The transition to the shorter form (80) is now obvious, by taking

Some of the above work may be saved, perhaps, by taking e= Vq^^"* at

the bc^nning, that is, a special complex form of impressed force. The
result IS a complex solution, divisible into one due to cos ut and
another due to K.sinfi<, either of which may be selected, or any com-
bination made. But I find the above method more generaUy useiid.

We may derive C from V thus,

„^ - dVldz ^ _ R' - Up dV

This process may be applkd to the final form of solution for For to

any previous form, as the primitive (3a). The easiest way wfll depend
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on eiiH unist.iuces. bimikrly we may derive the K-solutiou trom the

C-solutiou, by

The above detaik will also serve to illustrate the working of the

problem in Part Y., for it is the same problem as above, but with
arbitrary terminal connections (instead of short^irciiits), and is done
in the same way. Its complexity arises from the reactions between the

terminal apparatus and the main circuit.]

Part III.

JUmarks on the ExpaiMwn oj Arbiirary Functions in Series.

The subject of the decomposition of an arbitrary function into the sum
of functions of special types has many fascinations. No student of

mathematical physics, if he possess any soul at all, can fail to recognise

the poetry that pervades this branch of mathematics. The ^'reat work
of Fourier is fiill of it, although there onlv the mere fringe of Uie

subject is reached. For that very reason, and because the solutions can

be fioUy realised, the poetry is more plainly evident than in cases of

greater complexity. Another remarkable thmg to be observed is the

way the principle of conservation of energy and its transfer, or the

equation of activity, governs the whole subject, in dynamical applica-

tions, as regards the possibUity of effecting certain expansions, the '

forms of the functions mvolved, the manner of effecting the expansions,

and the possible nature ol the " terminal conditions " which may be
imposed.

Special proofs of the possibility of certain expansions are sometimes

very vexatious. They are frequently long, complex, ditticult to follow,

unconvincing, and, after all, quite special; whilst there is an infinite

number of functions equally deserving. Something is clearly wanted
of a quite general nature, and simple in its generality, to cover the

whole field. This will, I believe, be ultimately found in the principle

of energ}% at Icjist as regaixls the functions of mathematical physics.

But in the present place only a small part of the question will he

touched upon, with special reference to the physical problem ol the
propagation ol electromagnetic disturbances through a dielectric tube,

bounded by conductoi^.

iL will be, perhaps, in the recollection of souu* readers that Professor

Sylvester, a few years since, in the course of his learned pajier on the

Bipotentiid, poked fun at Professor Maxwell for having, in his invests

gation of the conjugate pro{>erties possei^sed by complete spherical*

snr&ce harmonics, made use of (ireen's Theorem concerning the mutual
cnerfry of two electrified systems. He said (in effect, for the (flotation

is from memory) th.il one might as well prove the rule of three Ity the

laws of hydrostatics—or something similar to that. In the second

edition of his treatise^ Prof. Mazweu made some remarks that appear
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to be meant for a reply to this ; to the effect that although names,
involving physical ideas, are ^ven to certain quantitiee, yet^ as the
re asoning is purely mathematieal, the phyneist haa a right to asaist

himself by the physical ideas.

Certainly ; but there is much more in it than that. For not only tho

conjugate properties of spherical harmonics, but those uf all other

fiinetions of tne fluctuating character, which preaent themaelvea in

physical problems, indnding the infinitely undiscoverable, are involved

in the principle of cnertxy, and arc most simply and immediately proved

by it, and predicted beforehand. We may indeed get rid of the prin-

ciple of energy, and treat the matter as a question of the properties of

quadratic functions ; a method which ma^ commend itself to the pure
mathematieian. Bat b;^ the use of the principle of energy, and aaaiated

by the phyaical ideaa involved, we are enabled to ^ atraight to the

mark at once, and avoid the unnecessary complexities connecto<l with

the use of the special functions in question, which may be so great as to

wholly prevent the recognition of tho properties which, through the

principle of energy, are ncceaaitated.

I%e ConjvffoU Fmperty U^ = T^2 Dynamical Sydem with JUnuar
Cormertionn.

Considering only a dynamical system in which the forces of reaction

are proportional to displacements, and the forces of resistance to

velodtiea, there are three important quantitiea—the potential eneigy,

the kinetic energy, and the dissipativity, say T, and Qy which are

quadratic functions of the variables or their velocities. When there is

no kinetic energy, the conjugate properties of normal systems are U.^ = 0

and Q,^ = Q ) these standing for the mutual potential energy and the

mutual dissipativity of a pair of normal systema. When^ere is no
potential energy, we have ^12 = ^ ^is^^- When there is no
diaaipation of energy, U^^^O and ri,««0. And in general, U^^T^^
which coven all eaaea^ and has two equivalents, iQi2+^is=0, and

+ = 0 ; for, as the mutual potential and kinetic energiea are
equal, the mutual dissipativity is derived half from each.

Let the variables be their velocities 1;^ =^ and the

equations of motion

= Mil + B,^p + C'ii/)/i + {A ,, + + C'lj^Va +..•,!

where jP|, are impressed forces, and j> atanda for dj^ Forming
the equation of total activity, we obtain

Si^-G+JZ+I*; (89)

where

Q = B,,v* -i-2B,,v^v^ + B^,v,' + I (90)

22*= Cut',' +2Ci2rit;, + C^t',' +
....J

So £ur will define, in the briefeat manner, U, T, Q, and activity.
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Now let the F'h vanish, so that no energy can be communicated to

the system, whilst it can only leave it irrereraibly, through Q. Then
let be any two values of jp satisfjnng (88) regarded as algebnic
Let Q^, U^y J\ belong to the system existing alone ; then, by (89)
and (dO)^

o-Ci+£/,+r„ or o-g,+2^i(i^i+ri);

Bat when existing simnltaneoiuly, so that

^12»

where T^2> Q12 tlepend upon products from both systems, thus :

—

the accents distinguishing one system from the other, we shall find, by
forming the equations m mutual activity ^Fi/=.. , and Si^irai...,

that is, with the i"s of one sjrstem, and the i^s of the other, in turn,

adding which, there results the equatioii of mutual aetlrity,

0 = C^i2 + (Pi ^V2 + ^12). or 0 = Q^^ + +

;

and, on subtraction, there results

o-(Pi-ft)(i^M-^i.) m
giving C/,2 = ^^ J**'

unequal. But this property is true

whether tne yslbe equal or not ; that is. i/^ = T^, when is a repeated

root. I have before discussed various ca.ses of tne above, with special

reference to the dynamical system expressed by Maxwells electro-

magnetic equations. pTol. i., pp. 520 to 631.]

ApplicaHm io the General EkdromagneHe SqmUoiM,

The following applies to Maxwell's system, using the equations (4)

to (10) of Part. lJvoI il., p. 174} A comparison with the above is

instructive. Let 1^, Hj and IL H, be any two systems satisfying these

equations, with no impressed forces, or e = 0, h = 0. Then the enei)gy

entering the unit volume per second by the action of the first system on
the second is

conv y%fijiir = (Ej curl - H, curl Bi)/4ir,

= E1F2 + H„Oj,

= BiC2 + EiD2 + H2Bi/47r (92)

Similarly, by the action of the second system on the firsts

oonvVliHi/ir^^liOi+fl^x-l-Bi^^iv. (93)
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Addition giyea the equation of mutoal activity. And, snbtracting (93)
from (92), we find

conv (\TS,H2 - VB,H,)/4t= (E,I), - Kfi,) - (H.B. -E5B^)/4jr ; ..(94)

since EjC^ = Ej^E^ = EJ;Ej = E^Cj, ii there be no roLatory power, or C be
a aymmetrical linear mnctiou of 2. Similarly for D and B, and B and
H. Hence, if the systems are normal, making d/dt^'pi in one, and ji^,

in the other, (94) becomes

oony (VBiH, - VBjHi)/4t» (p^ "PiYJV^t ' ^iBJ4w) (96)

Therefore, by the well-known theorem of Convergence, if we inte-

grate through any region, and U^^, T^^ be the mutual electric energy
and the mutual magnetic energy of the two systems in that region, we
obtain

u„-T„. yjiiXM.--vW^^ (96)

where N is the unit aiormiil drawn inward from the boundary of the

region, over which the .summation extends. And if the region include
the whole space through which the systems extend, the right member
will vanish, giving t/j2=7'j._„ when these are complete.

From (96) we obtain, })y differentiation, the value of twice the excess

of the electric over the magnetic energy of a single normal system in

any region ; thus

2{U-r)-^»(Vlg-vgH)/4,. „ (97)

This formula, or some special representative of the same, is very useful

in saving labour in investigations relating to normal systems of sub-

sidence.

Afplieaiwn k any ElednmoffMiic Ammgmeats subject lo V< ZC.

The quantity that appears in the numerator in (96) is the excess of

the energy entering the region through its boundary per second by the

action ofthe second system on the first, over that similarly entering

due to the action of the first on the second system. Bearing this in

mind, we can easily (ovm the corresponding formula in a less general

case. Suppose, for example, we have two fine-wire terminals, a and 5,

that are joined through any electromagnetic and electrostatic combina-

tion which does not contain impressed forces, nor receives energy from
vdthout except by means of the current, say (7, entering it at a and
leaving it at b. T.ot .dao be the excess of toe potential of a over that

of b. Then Ft' is the energy-current, or the amount of energy added
per second to the combination thtnucjh the terminal connections with,

necessaiily, some other combination. (In the previous thick-letter

vector investigation V was the symbol of vector product There will,

however, be no confusion with the following use of F, lis in Part II., to

express the line-integral of an electric force. One of the awkward
things about the notation in Prof. Tait's " Quaternions " is the employ*
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raent of a number of most useful letters, as S, T, U, V, K, wanted for

other purposes, as mere symbols of operations, putting another barrier

in the way of practically combining vector methods with ordinary

scalar mot&ods, besides tne perpetiuu negative sign before scalar pro-

ducts.) The combination noied not be of mere linear circuits, in which
ditforences of current density are insensible ; there may, for oxnTr!])le, be

induction of currents in a mass of metal either connected conduct ively

or not with a and b ; but in any case it is necessary that the arrange-

ment should terminate in fine wires at a and b, in order that the two
quantities F and C may suffice to specify, by their product, the raergy*

current at the terminals. Even in this we completely ignore the

dielectric currents and also the displacement, in the neighbourhood of

the terminals, i.e., we assume c = 0, to stop displacement. This is, of

coiu-se, what is always done, unless specially allowed for.

Now, supposing the strodure of the combination to be given, we
can always, by writing out the equations of its diiTerent parts, arrive

at the chaiacteristic equation connecting the terminal F and C, For
iustauce,

r^za, (98)

where Z is a function of tfldt. In the simplest case Z is a mere resist*

ance. A common form of this e(juation is

where the fa and g's are constants. But there is no restriction to such

simple forms. All that is necessary is that the eqiuition should be

linear, so that Z may be a function ot jk If, for example, (dCidif oc-

cttired, we could not do it

Now this combination must necessarily be joined on to another,

however elementary, to make a complete system, unless F is to be zero

always. Tlio complete system, without impressed forces in it, has its

proper normal modes of subsidence, corresponding to deftnitc values

of p. Consequently, by (96),

Un - T,, = (
f,C\ - V,C,) V (p, -p,) (99)

if r„ C\ belong to /?„ and F.^, T'., to whilst the left member refers to

the combination given by F= Z'C. Or,

U,,-T,,^C,CJ^^^A ^ {p,-p,)^C,C,l^ - 1\ (100)

and the value of 2(2/- J) in a single nonnal system is

2(i/-r)=^£-c^--c|^--c«g. (101)

In a similar manner we can write down the energy-differences

for the complementary combination, whose equation is, say, F^YC;
remembering that - V€ is the energy entering it per second, we get

Y - y dY
(7(7 and C'^s-i respectively.
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By addition, the complete U^^ - ^12 ^

(7jC,?i:iA::A±^-0-0,C?/'-*J; (108)
P\~p% Pi "Pi

and the complete 2{U-T) ia

C'j^iY-Z), or C«^. (103)

where <^ « 0, or F- Z« 0, is the determinaotal equatioQ of the complete
system (both combinations which join on at a and where Fand C' are

reckoned), expressed in such a form that every term in ^ is of the
dimensions of a resistance.

Dtttemiimii'um of Size of Normal Systems of V mul C to expressi Initial State.

Complete Solutions obtainable wUh any Terminal ArrangemenU provided
R, S, L are Constants.

If the complete syst-em depends only upon a finite number of vari-

ables, it is clear that the number of independent normal systems ia also

finite, and thera ie no difficulty whatever hi understanding how any
possihle initial state is decomposable into the finite nmnber of nonnu
states ; nor is any proof needed that it is possible to do it The con-

stant A^, fixing Uie size of a particuhur nonnal system |»|, will be
given by

by the previous, if Z/p, be the mutual electric energy of the given

initial state and the normal system, and Tqi, similarly, the mutual
magnetic energy.

And, when we increase the number of variables infinitely, and pass to
{Kirtial differantial equations and continuously vai3ring normal functions,

it is, by continuity, equally clear that the decomposition of the initial

state into the now infinite series of normal functions is not only possible,

but necessary. Provided always, that we have the whole series of

normal functions at command. Therein lies the difficulty, when there

is any.

In such a case as the sjrstem (71) of Part II., involving the partial

differential equation

-d^'^m^^w <^^>

wherein S, and L are constants, to hold good between the limits

z^O and z = I, subject to

at s-0, and F^Z^C at g^l,

there is no possible missing of the true nomial fimetions which arise by
treating didt as a constant ; so that we can be sure of the possibility of
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the expansiona. Thus, denoting BSp + LSp^ by ~m', we may take the

u^mn{m'^$^ (106)

and tlw eorraqpondliig nomial C-fbnction as

+|coB(««+ d) ...(107)

Here 0 will be determined by the terminal eonditions

^-<2o at a = 0. ^-Zi at g^l, (108)

and the complete Fand C eolations are

r-2y^M€^, C^'EAw^ (109)

at time / ; where any ^ is to be found from the initial state, say Vq, (7^

functions of by

provided there be no energy initially in the terminal arrangements. If

there he, we must make corresponding additions to the numerator,
without changing the denominator of The expression to be used
for ujw is, by (106) and (107),

2^ = '"tan(iiw+^ (Ill)

remembering that m is a function of p. There are four components in

the denominator of (110), as tiiere are three electrical ^sterns; viz.,

the terminal arrangements, which can only reoeiye eneiOT hem the
" line," and the line iteelf, which can receive or part with energy at
both ends.

CumpUte iSolutions obtainable wlu n li, S, L are Funciioiis o/ z, though not

of p. Effect of Enen/i/ in Terminal Arrangements.

In a similar manner, if we make B, S, and L any sin^'le-valned

functions of 2, subject to the elementary relations of (71), i'art II., or

-ij^^BC+LC, -^^SF, (112)
dz dz ^

getting this characteristic equation of (7,

/,(^-f)=(*^4ff'

and, after putting w for C and p for ^ this equation for the cuirent-

function,

lj^s-"'£y(iuLp)p^. : 014)
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and finding the it-fanetion by the eeoond of (1 12), giving

^116)

we see that the expansions of the initial states J ^ and Cq can be efl'ected,

subject to the terminal conditions (108). For the normal potential- and
current-functions will be perfectly definite (singularities^ of course, to

receive special attention), given by (115) and (114), each as the sum of
two independent functions, and the tfiinirial conditions will settle in

what ratio they must he taken. (101)) and (110) will constitute the

solution, except as regards the initial energy beyond the terminals.

It is, however, remarkable, that we can often, perhaps universally,

find the expression for the part of the numerator of (110) to be added
for the terminal arrangements, except as regards arbitrary multipliers,

from the mere form of the Z-functions, without knowing in detail what
electrical combinations they represent. This is to l)e done ly first

decomposing the expression for C-^dZjd})) into the sum of squares, for

instance,

(^^=r,{/,{p)y + r,{/Jip)r'+ (116)

where r2,...are constants. The terminal arbitraries are then

^4/iCp)> ^-^fjip)* calling these -^2> •••» additions to the
numerator of (110) are

- i^i^ifiip)+fyif^)+ — }» (117)

wherein the £'s may have any values. This must be done separately

for each terminal arrangements The mattw Is beet studied in the con-

crete application, which I may consider under a separate heading.

Tt is also reniarka])lc that, as regards the obtaining of correct expan-

sions of functions, there is no occasion to in^jose upon li, <S', and L the

physical necessity of being positive qtutntities, or real This will be
understandable by going back to a finite number of variables!, and then
passing to continuous functions. [See Art XX., vol I., 141, for

examples.]

Case of Coaxial Tubes wlien the Current is Longitudinal. Also when Uie

BUckie Displa^mteni is NegligihU,

Let us now proceed to the far more difficult problems connected with
propagation along a dielectric tube bounded by concentric conducting
tubes, and examine how the preceding results apply, and in what cases

we can be sure of getting correct solutions. Start with the general

system, equations (11) to (14), Part I., with the extension mentioned
at the commencement of Part II. from a solid to a tubular inner con-

ductor. Suppose that the initial state is of purely longitudinal electric

fbroe, independent of ^r, so that the longitudinal E and circularH are

functions of r only. How can we secure that they shall, in subsiding,

remain functions of r oiil}-, f?o that any short length is representative of

the whole ? Since i*' is to be longitudinal, there must be no longitudinal
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energ)' current^ or it must be entirely radial. Therefore no enragy
rnnat be communicated to tbe system at9»0or2»^or leave it at
those places. This seems to be secnrable in only five cases. Put
infinitely conducting plates across the section at either or both ends of

the line. This will make F= 0 there, if V is the line-integial of the

radial electric force across the dielectric Or put nonconducting and
non-dielectric pktee there similarly. Tins will make <7*0. Or, which
is the fifth case, let the inner and the outer conductors be closed upon
themselves. In any of these cases, the electric force will remain longi-

tudinal during the su1>si<lence, which mil take place simihurly all along
the line. By (14), the equation ofH will be

dr r dr »

and it i^^ clear that the normal functions are qmio definite, so that the

expansion of the initial sUite of E and H can be truly efiected* In the
already-given normal functions, take m = 0.

But if we were to join the conductors at one end of the line through
a resistance, we should, to some idztent, upset this regular subsidence
everywhere alika For energy would leave the line; this would cause

radial displacement, first ;if tlie end where the resistance was attached,

and later all along the line. (By " the line " is meant^ for brevity, the

system of tubes extending from s = 0 to s= /.)

Now in short-wire problems the electric ener^ is of insignificant

importance^ as compared with the magnetic It k usual to ignore it

altogether. This we can do by assuming c-0. This necessitiites

equality of wire- and return-current, for one thing
;

but, more im-

j)ort«intly, it prevents current leaving the conductors, so that C and //,

and V the current density, are independent of ^. Tliero will be no

radial electric force in the conductors, in which, therefore, the energy-

current will be radial. But there will he radial force in the dielectric,

and therefore longitudinal energy-current. Since the radial electric

force and also the magnetic force m the dielectric vary inversely as the

distance from the axi.H, the longitudinal energy-current density will vary

inversely as the square of the distance. But, on account of symmetry,
we are only concerned with its total amount over the complete section

of the dielectric This is

^^?£.E^.27rrdr=^FC, (118)

if r is the line-integral of i?,. the cadial force, and C the wiroKsurrcnt.

It is clear, then, that we can now allow terminal connections of the

form I'/C ^ Z beiure used, and still have correct expansions of the

initial magnetic field, giving correct subsidence-solutions.

But it is simpler to ignore V altogether. For the equation of

SLiLF* will he
t^^^Z^^Z^^lL^-^im^lBHYi, (119)

if ^0 i.s the total impressed force in the circuit, 7^' and U'l the wire* and
sheath-functions of equations (55) and (56), Part IL, on the assumption

a.a.p.—voi^ II o
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m-O, and Zq, the terminal funelions, mch tliat VIC = Z^ at zst,

and B - JSTg at ^ ^ 0. It does not matter bow is distributed so far as

the magnetic field and the cnrront are concerne<l. \^.t it then be

distriltuted in such a way as to do away with the radial electric field,

for simplicity of reasoning. The simpie-haimonic solution of (lid) is

obYiouBlj to be got by expanding and Z^^ in the form i^+i^* where
R and L are ftmctions of j}*, and adding them on to the l(B^'¥l/p)

c<iiiivalent of l{L^jp + IVl + A'^'), as in equation (66), Part IL
lieganling the free subsidence, putting Cq-O in (119) gives us the

detenu inantal equation of the ;''s ; and as the normal //-functions are

definitely known, the expansion ui' tlie magnetic field can be effected.

The inflaenoe of the terminal arrangements must not be forgotten in

reckoning A.

Coaxial Tuhrs itnih THsphirement allmved for. Foilure to oltain Solut'wns in

Terms of Y and C, nrept when Termimd Comhtioii^ arc VC = 0, or

wlien titere are iw TcnninaUf on account of ilui Longitudiiud Encnjy'

Flux tn^ Condwtan.

ill coming, next, to the more general case of equation (56), but

without restriction to exactly longitudinal current in the conductors,

it is necessary to consider the transfer of energy more fidly* In t|ie

dielectric the longitudinal energy-ciu-rent is still FC. The rate of

docreaso of thin quantity "with is to be accounted for by increase of

electric and magnetic energy in the dielectric, and by the transfer of

energy into the conductors which })ound it. Thus,

az 08 az

But here,

-^^SK and -^^L,C+E-F, (120)

by (59) and (66), Part. IT., E and F being the longitudinal electric forces

at the inner and outer boundaries of the dielectric (when there is no
impressed force). So

-'^FG^avV^Lfib^EC-FC. (121)

The first term on the right side is the rate of incroase of the electric

eneri^, the second term the rate of increiise of the magnetic energy in

the melectriCy the third is the energy entering the inner conductor per
second, the fourth that entering the outer conductor; all per unit

lengtb.

If the electric current in the conductors were exactly longitudinal,

the energy-transfer in them would bo exactly radial, and EC and - FC
would be precisely equal to the Joule-heat per second plus the rate of
increase it the magnetic energy, in the inner and outer conductor,

respectively. But as there is a small ittdial current, there is also a
small longitudinal transfer of energy in the conductors. Thus, E^ and
ir', being the radial and longitudinal components of the electric forces
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in the i;iner conductor, for example, the longitudinal and the radial

conjpoiiciits of the energy-current per unit area are

EJJ/Att and EJIjiir,

the Utter being inward. Their oonyeii^nces are

.^M and I'^rM

if and V, are the components of the electric current<lensity. The
ram of the first terms is clearly the diasipatiyity per unit volume ; and

tbat of the aeoond terms is, by equation (13), Part I., J7/d^/4ir, the
rate of increase of the magnetic energy.
The loniritndinal transfor of energy in either conductor per unit area

is also expresstMl by - {iTrk)-^II{dJI/(lz)
;

or, by - {iirkti)-\(lT^'dz)

across the complete section, if 1\ temporarily denotes the magnetic
energy in the eonductor per nnit length.

Now let J&j, F^Cit Fi, and refer to two distinct

normal ^ \ terns. Then, if we could neglect the longitudinal transfer in

the conductors^ we should haye

- Tn = jVx(^2 - f^^Ci) ^ ilh -M (122)

the left side referring to unit length of line
;
and, in the whole line,

^it - = [^A - ^Ai * 0*1 -A) (123)

Similarly, for a single normal system,

per unit length ; and, in the whole line,

2('^-^)=Kil
We have to see how far these are affected by the longitudinal transfer.

We have

therefore, if the systems are normal,

^( - f'A) = ip, -p^sF^r, -Ws) - (^1 - + (^. - ^i)Cv

It will be found that we cannot make the parts depending upon E
and F exactly reprssent the U^^ - Tj, in the conductors except when
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rv^ is the same in both systems and In that case, the parts

{Er)dII)^ and {E^).^{II)^ of the longitiidiiuu tFunfer of energy in the

oonauctors, depending upon the mutual action of the two systems, are

equal ; (E^)i and {E,)^ bein^ pfopoitumal to sin mz, and and
proportional to cos ?»r. So, in case and are vahios of p belonging

to the same m-, the itiHueiice of the longitudinal energy-transfer in the

conductors goes out from (122) and (123), which are thereluro true in

spite of it Similarly, provided the m*B can be settled independently

of the ;/s, eqiuitions (124) and (125) are true.

Now the normal Fand C ftinctionSi saj u and w, as before, may be
taken to be

«=^(iVi(V'i) - i^'i(^i/^i)(^'i«o)^'i(-^i«i))«n(ii«+^,|

^^^^^

Wm
^ „.y!M{mg^6)J

so that F^Au€'^, C^Awt", and

J,U«tan(iiMf+(?); ,(127)

and the complete equations for the determination of m, 0, andp are

gUint^ = Z^ gUin{nd + 0) = Z,, 0 =^+^+ ^'^; (128)

the first two of these being the terminal conditions, and 72^+ Li,p being

merely a convenient way of writing the real complex expressions

;

(equation (G8), with ^ 0). It is clear that the only cases in which
the m's l)ecome clwir of the p's are the before-mentioned five cases,

equivalent to /jq and Z, being zero or infinite, and the line closed upon
itself, which is a sort of combination of both. Considering only the

four, they are summed up in this, R7b 0 at the terminalsi or the line

cut off from receiving or losing energy at the ends. We have then the

serios of 7/i's, 0, ir/l, 'Itt/I, etc.; or '^tH, ^ir/l, etc.; and every ?//'-' has

its own infinite series of ;/s througli the third equation (128). These,

though very special, are certainly im^iortant cases, as well as being the

most simple. We can definitely effect the expansions of the initial

states in the normal funetioni» and obtain the complete solutions in

every particular.

Ferificaiion bjf Direct IiUegnUkmt, A Spedai JnUitd SlaU,

Although rather laborious, it is well to verify the above results by
direct inte|pration ofthe proper expressions for the electric and magnetic

energies of normal ^ystMus throughout the whole line. Thus, let

^ i ^rZfi + siU^ = 0, where - s » = 4^r/i,^^ +

^ ~ ^rH^ +hU^= 0, where - s,' = Airp^k^^ + ml.
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in the inner conductor. We shall find

as //, = 0 = //j at r = rtfj ;
T, and P., being the longitudinal conent-

densities at r Oj. Similarly, for the outer conductor,

if Cj, still be the currents in the inner conductor; the accents

merely meaning chnii^os produced by the altered /x and k in the outer

conductor. We have Jli ^0 = at r = in this case. Then, thirdly,

for the intermediate sjjcIcc,

rir7J2?n^«C,C;x41og^
.1, *1

Therefore the total mutual magnetic energy of the two distributions per
unit length is

[ ffiH^ . 2«rfr+ ^2 p^J3» .Wr + T^JSR . 2wrdr,
4jrJ^ ^'J*! '*'''J«i

which, by usiiig tbe above ezpreenons, becomas, provided vin/,

Lfi^C^ - + ^sC?, .lii) ^i2ea)
Px-Pi Pi -Pi

'

E and F being r/^'* or the longitudinal electric forces at r = a, or r^a,.
iiut •

i

where R" = the i^' +7^? of equation (56), Part 11. ; and

80 (126) becomes

('•^' - ^ "

The mutual electric energy' is obviously SF^V^ per unit length. By
sammation with respect to z from 0 to 2, subject to VC^ 0 at both ends,

we vciify that the total mutual m.ignetic energy equals the total

muluiil elcctnc energy. The value of 2jr in a single normal system is,

by (126a) and the next equation,

L.C^+C^^C^^f^iR'+I/p) (128a)

per unit length ; and that of 2(/ is SV^, Hence, per unit length,

2{U-r)^SV''- C'^R' +L» (129)
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In this lue F^u and C- w, cquatioDS (126), and we ahaO obtain, for

the complete energy-difference in tlie whole Une,

- {^Ah'h) - -Yi
+ + i>) =^ (»30)

which ifl Uie expanded fonn of

as may be verified by performing the differentiations, unng the expres-

sion for ii/jv in (127X remembering that ui* in it is a function o(p; or,

more explicitly, put J - Sj){Jl' + L']>) for m, and then dift'erentiate to p.

Given, then, the initijil state to be F= K„, a function of c, and II = //^j

in the inner coiiducLor, i/y^ in the dielectric, and Hq^ in the outer con-

ductor, functions of r and z, and that the system is left without
impressed force, subject to F(7» 0 at both ends, the state at time I later

will be given by

the summations to include every with similar expressions for H, F,

y, etc., the magnetic force and two rnmponcnts of current, by substitut-

in;,' for n or w the proper corresponding noniuil functions ; the cocthcifiit

A being given by the fraction whose denominator is the expression M
in (130), and whose numerator is the excess of the mutual electric

energy of the initial and the normal system over their mutual magnetic
eneigy, expressed by

-£cos(ifi«+ U) d.i^^')iJI,,Cidr+jl''iJ^J^dr+ ...(131)

where (T^ - {JJKMh^mVh)) J

and C{ is the same with r put for and Ci is the same with r put
for ttj, Og for and 53 for It should not be forgotten that in the

case m — Ot the denominator (130) requires to be doubled, J/ becoming
I. Also that Bf, or B^+Up, contains m*, and must not m the ni^O
expression for the sama
To check, take the initial state to be r^/l - - 7), with no niac^'nctic

force, and let F=0 at both ends. We hnd immediately, by (130) and
(131), that at time /,

F-»-r5V smiwsV-

—

J ^ ^ (132)

where the wis are to be tt//, 2??//, Stt//, oLc. ; tlie first summation being
with respect to and the second for the p's of a particular m.

But, initially.
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Therefore we must have

Simplified, it makes this theorem :

—

if the ji^s are the roots of </>(p) sOi This is correct.

The Effect of Longitudinal Impressed EUekk Force m the CireiiU.

The Condenser Method.

To determine the effect of longitudinal impressed force, keeping to

the case of uniform intensity over the cross-section of either conductor.

Let a steady impressed force <rf int^ral amount e^ he introduced in

the line at distance ; it may be partly in one and partly in the other

coniluctor, as in Part II. Hv elementary methods, we can find the

steady state of A', C it will set up. Il, then, we remove wo can, by
the preceding; find the transient state that will result Let be the

steady state of F set up, and P\ what it becomes at time / after removal
of ; then Fq - F. represents the state at time t after is put on, So>

if ^Au represent tne Kset up by the unit impressed force at z^^

V^V^-e^Av^
will give the distribution of V at time / after «o is put on, being zero

when / = 0, and F^^ when / = oc . No zero value of p is admissible here.

From this we deduce that the effect of lasting from /->/, to

< B
/i +(^|, at the later time /, is

therefore, by time-integration, the effect due to an impressed force e^ at

one spot, variable with the tim^ starting at time t^ is

in which e^^ is a function of/^.

By integrating along the line, we find the effect of a continuously dis-

tributed impressed force, e per unit length, to be

r= -2 ^^"^ ^ Ae€-'*^dz^dt^ (133)

wherein « is a function of both and /. , and starts at time t^^ ; whilstA
is a function of the position of the elementary impressed force edzy.

To find A 9M9k function of we might, since '^Au is the Fset up oy
tmit e at z^, exj^and this state by the former process of integration.

Hut the followin^j; method, though unnecessiiry for the ])resent purpose,

hiis the advantage of being a|>plicable to cases in whicii FC is not zero

at the terminals, but V^ZC instead. It is clear that the integration

process, including the energy in the terminal apparatus, would be very
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lengthy, and would require a detailed knowledge off the terminal com-
binations. This is avoided by replacing the impressed force at b}' a

charged condenser
;
when, cleiirly, the integiation is conHncd to one

BpuU Let 6'^ be the capacity, and Fq the ditiereuce of potential, of

a oondenaer mserted at S|. If we increase 8i infinitelv it beeomee
mathematically equivalent to an impressed force without Uie con-

denser.

Suppose ^Av/f.'"' is the current at z at time / after the introduction

of the condenser, of finite capacity ; then, since - S^V is the current

leaving the condenser, or the current at z^^ we have

Wi being the ralue of at f|. The expansion of, is therefore

initially ; and the mutual potential energy of the initial chaige of the
condenser and of the normal correspomung to v/ must be

But since there is, initially, electric energy only at and ma^etic
ener^ nowhere at all, the only term in the numerator of A will be
that due to the condenser, or this - V^jpi hence

A^-r^jvM,
where if is the ^fJ-T) of the complete normal system, as modified by
the presence ol the oondenser, is the value ciAiaF^ ^AuU", making

expressing the effect at time t after the introduction of the condenser,

and due to its initial char|^
So far Si has been fimte, and consequently u', tc^y ilf, and p depend

on its capacity ns well as on the line and terminal co!i(litif»ns. But on
infinitely incrcisin^ its capacity, //' and 7i/ become it and w, the same as
if the condenser were non-existent. Therefore

F--^ --^F^wJ^MjiW (134)

expresses the effect due to the steady impressed force Fo at r,, at time i

after it was started. This will have a term corrc^^ponding to a zero

(due to the intinite increase of ^'j in the previous problem), expressing

the final state. Hence, leaving out this term, the summation 0^^)y
with sign changed, and fs^O, expresses the final state itseE Thus,
taking Fo-l,

^Au = ^u\ufpM

is the expansion required to be applied to (133). Put A » wJpM in it^

and it becomes

-2 (|/)'''[r
(IM)

fully expressing the effect at /, due to the impressed force Cy a function

of «| and starting at time /q. To obtain the current^ chskuge u to 147
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outside the double integral. The if, when the condition FC = 0 at the

ends is imposed, is that of ( 1 30) ; the « andw ezpreerionB those of ( 1 26).

But if we regard S, Sf, and L' as constants (or functions of z\ then

(135) holds good when terminal conditions V^ZC are imposed, pro-

vided the impressed force be in the line only, as supposed in (135).

Spedd Caset of Ing^rmed Force,

When the impressed force is steady, and is confined to the place

x» 0, and is of integral amount «q, (135) gives

r« «o- ^u^JpM - f-o^ uw^€"'lpM (136)

being the value of u; at = 0, as the eticct at time i after starting e,^.

Tae first summation expresses the state finally arrived at.

Af^un, in (135) let the impressed force be a simple-harmonic function

of the time. I have already givm the solution in this case, so far as

the formula for C is concerned, in the case 0 at both ends, in

equation (76), Part IL, which may be derived from (135) by using in

it w instead of u at its commencement, }>utbiiig c - e^sin nt^ and effecting

some reductions. The ^formula may ])e got in a simihu* manner to
that used in getting (76), hut it is instructive to derive it from (135), as
showing the inner meaning of that formula. Let e-e^ sin [nl + a) in it,

where is a function of z. Wmti the ^ integration, with i^sQ for
simplicity. The result is

The first summation cancels the second at the first moment, and
ultimately vanishes, leaving the second jKirt to represent the final

periodic solution. Take a = 0; and use the ?/, u\ M expressions of (126)
and (130), and let «/>^ stand for + 6p{Jii + Ll^p), so that «/»„ = 0
gives the p's for a particular mK Then we ohtain, (with r^O at both
ends),

, cos mz\ COB . ef/h^ . (p sin iU+ n cos nl)

r-i^L—^— —
d 2

COB flul cos mz^ . sin nt . dz^

h .

ife T^s^f^:
^'''^

\Si~^) dp

because d^/di^^ -n\ But^ if «b^^ equation of is
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(by (60) and (03), Part II.), so that

^'-^'k-t^i'^'^i,
\dt ^Jdp

by a well-known algebraical theorem, the summation being with respect

to the p's which are the roots of = 0, considered as algebraic. We
have also

«(, = J- >) COS mz I cos mz, eJtz,^ (140)
I Jo

the summation being with resj>ect to m.

Uniting (139) and (140), there results the previous equation (138),

in which the summation is with respect to all the ^'s belonging to all

the ins. In the case m = 0, the 2// must l)c halved. In the form of a

summation with respect to w, simiLir to (77) for 6*, the corresponding
F-solution is

y_ _ 2^ wi sin mz{{L'^ - m'ISn^)n sin nt + cos nt]

SiU^' 7C + (L^^7«76V-)V'
'

the impressed force being ^)Sin7i/, at z = 0. This, on the assumption

/I'fn = Ji'i -~
^'i will be found to be the expansion of the form (80),

Tart U.

How to vidk4; a Practical JFwling System of V and C Connectwns.

Now to make some remarks on the impossibility of joining on ter-

minal apparatus without altering the normal functions, the terminal

arrangements being made to impose conditions of the form V= ZC. It

is clear, in the first place, that if the quantity VC at c = 0 and z = l

really represents the energy-transfer in or out of the line at those

places, then the equation

^1- ,

•mW be valid, provided u and w be the correct normal functions. But
to make VC be the energy-transfer at the ends, re(]uirc8 us to stop the

longitudinal tninsfcr in the conductors there, or make the current in

the conductors longitudinal. This condition is violated when the

current-function w is proportional to cos {mz -f 6), as in the previous,

except in the special cases, because the radial current y in the conduc-
tors is proportional to sin (mz + O), and y has to vanish. Not in the
dielectric, but merely in the conductors.

We can ensure that FC is the energy-transfer at the ends, by coating

the conductors over their exposed sections with infinitely conducting
material, and joining the terminal apparatus on to the latter. The
current in the conductors will be made strictly longitudinal, close uj) to

the inlinitely conducting material, and y will vanish in the conductors.

But y in the dielectric at the same place will l>e continuous with the

radial surfaco-ciurent on the infinitely conducting ends, duo to the
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sudden discontinuity in the magnetic force. Thus the energy-transfer,

at the ends, is confined to the mdectric
It 18 dear, however, that the nonnal current-fiinetioiis in the two

GOnductorB must be sildl as to have no radial components at the ter-

minals, so that they cannot bo what have been used, such that f/'- 'r/:'-

=

constant. They re<iuire alteration, of sensible amount, it may l)e, only

near the terminals, but, theoretically, all ulon^ the line, it would

tiierefore appear that only the five cases of Fm 0 at either or hoth ends,

or C^O ditto, or the line dosed upon itself, admit of full solution in the

above manner. The only i)Kietical way out of the difficulty is to

alwjlish the radial electric current in the conductors, making (6C) the

equation of and VC the longitudinal energy-transfer, with full appli-

cability of the V=ZC terminal conditions.

Pabt IV.

Pradkal ll^orHng System ia kiws of V nwl C admitting of I'eminal
CondituriiS of the Form V = ZC.

As mentioned at the close of Part ITI., it would appear that the only
practicable way of making a workaMc system, which will allow us to

introduce the terminal conditions that always occur in practice, in the

form of linear difierential equations connecting C and F, the corrent

and potmtial-difference at the terminals, is to abolish the very small

radial component of current in the conductors. This does not involve

the abolition of the radial dielectric current which produces the electric

displacement, or alter the equation of continuity to which the total

current in the wires is subject. The dielectric current, which is »S7 '{)er

unit length of line, and which must be physically continuous with the

radial enrrent in the conductors at their houndaries, may, when the
latter is abdished, be imagined to be joined on to that part of the longi*

tudinal enrrent in the conductors that ,e;oes out of existence by some
secret method with which we are not concerned.

We assume, therefore, that the propa^tion of magnetic induction and
dectric current into the conductors takes j)lace, at any part of the line,

aa if it were taking place in the same manner at the same moment at dl
parts (as when the dielectric displacement is ignored, making it only a

question of inertia and resistance), instead of its l>eing in different

stages of progress at the samo moment in ditierent parts of the line.

This requires that a small fraction of its length, along which the change
in C is msensible, shall be a large multiple of the radina of the wire.

The enrrent may be widdy different in strength at places distant, say,

a mile, and yet the variation in a few yards be so small that this

section, so far as the |)ropa«:ation of magnetic induction into it is con-

cerned, may he regarded as independent of the rest of tlie line; the

variation oi the boundary maguetic-force, or of C, fully determining the

intemd state of the conductors^ exactly as it would do were there no
dectroetatic induction.
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In a copper wire, in which /*=!, and ^=1/1700, the value of the

quantity Avfdp is j9/135. On the other hand, the quantity m in
- s' = iTTfjJcp + m- has values 0, tt//, 2rjlf etc, or a similar series, in

which / is the length of th<" h"nc in centimetres, so that jTrJl is a minute
fraction, unless / be excessivt ly large. But then it would correspond to

an utterly insignificant normal system. We may therefore take

It will be as well to repeat the system that results, from Part II.

The Kne-integral of the radial electiic force 'across the dielectric being

y, from the inner to the outer conductor (concentric tubes), and the
line-integral of the magnetie force round the inner conductor being
AirC, so that C is the total current in it, accompanied by an oppositely

directed current of e(|ual strength in the outer conductor, F and C are

connected by two equations, one of continuity of 6', the other the

equation of electric force, thus :

—

"^"SF, e-^^I^C+JUlC+JlSa (141)

Here e is impressed force, S the electric capacity, and Lq the inductance

of the dielectric, all i)er unit length of line ; and L"' and Ti*' are certain

functions of and constants such that !,"'(
' and - J!"f' are the longi-

tudinal electric forces of the field at the inner and outer boundaries of

the dielectric, which, when only the first difl'ereutial coefficient dVjdi is

counted, become

respectively, where i/p L^, and J2y are the steady resittanoeB and
inductances of the two conductors.

JSxtenswii to a Pair of Parallel IVireSy or to a iSiiiyle IVire.

The forms of A*J' and li" arc known when the conductors are concen-

tric circular tubes, of which tln" iTiner may be solid, making it an

ordinary round wire. Now if tlie return-conductor be a parallel wire or

tube externally placed, it is clear that we may regard il'l and 11^ a^

known in the same manner, provided their distance apart be sufficiently

great to make the departure of the distribution of current in them from

symmetry insensible. We have merely to remember that it is now the

inner boundary of the return-tube that corre6i>onds to the former outer

boundary, i.e. wlicn it surrounded the inner wire concentrically.

The quantity V will still be the lino-integral of the electric force

•cross the dielectric by any path that keeps in one plane perpendicular

to the axes of the conductors, in which plane lie the lines of magnetic

force. Alsd, the product VC will still represent the total longitudinal

transfer of energy per second in the dielectric at that plane, or, in short,

the energy-current. As regards the modified forma of !S and L^, there

is, in strictness, some little difficulty, on account of the dielectric being

necessarily bounded by other conductors than the pair under oonsidera-

tton, in whicJi others eneigy is wasted, to a certain extent. tDiis can
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only be allowed for by tho equations of mutual induction of the various

conductors, which are not now in question. But if our pair, for instance,

be suspended alone at a uniform height above the ground, so that only

the very small dissipation of energy in the earth interferes, it would
seem, so far as the wire-current is concemed, to be an unnecessary re-

finement to take the earth into consideration. There are, then, two or

three practical courses open to us ; as to suppose the earth to he a per-

fect nonconductor and behave as if it were replaced by air, or to treat it

as a perfect conductor. In neither case will there be dissipation of

energy except in our looped wires, which have no connection with the

earth, but there will })e a different estimation of the quantities Lq and
S required. For, when we suppose the earth is perfectly cooductine, we
shut it out from the magnetic field as well as from the electric field.

The electric capacity S is that of the condenser formed by the two wires

and intermediate dielectric, as modified by the presence of the earth

(the method of imagt-s gives the formula at once), and tho value of Lq
is such that L^='tic = v~^, where v is the velocity of undissipated waves
through the dielectric ; that is, as before, is simply the inductance of

the dielectric, per unit length of line. On the ground, there will be
both electrification and electric current, due to the discontinuity in the
electric displacement and the magnetic force respectively ; but with
these we have no concern. In the other case, with extension of the

magnetic and electric (iel<Is, the product atill equals v'-. Neither
course is quite satisfactory ;

perhaps it would be best to sacrifice con-
sistency and let the magnetic fiela extend unimpeded into the earth,

considered as nonconducting, with consequently no electric current and
waste of energy, wliilst, as regards the external electric field, we treat it

as a conductor. We must comprtiinisc in some way, uidess we take the

earth into account fully as an ordinary conductor. Similarly, if the

line consist of a single wire whose circuit is completed l^rough the
earth, by regarding it as infinitely conducting we replace the true
variai)ly distribut<MT retuni-currcnt V>y a surface-current, and, termi-

nating the magnetic Held there, have L^^S = r~-] but if w^e allow tho

magnetic field to extend into it, thougli with insignificant loss of energy
by electric current, we shall no longer have this property.

Effed 0/ Pefftd Candueiinty of FarML Bimigld CmdaOon. Urns of
EleeMe and Maffjutk Farce sfrkthj Orthogonal^ im^tdke of Form
of SeeHon of ConducUn^ Co»stant Speed of Propa^atum,

The property is intimately connected witii the infiuence'of perfect

conductivity on the state of the dielectric. For perfect condactivity
will make the lines of electric force normal to the conducting bound-
aries, will make them cut perpendieularly the magnetic-force lines,

which lie in the planes z = const, and are tangential at the boundaries,

and win make £^ irrespective of the shape of section of the con-

ductors. Now, at the first moment of putting on an impressed force,

wires always behave as if they were infinitely conducting, ?o that, by
the above, the initial efifect is simply a dielectric disturbance, travelling
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along the dielectric, guided by the conductors, with velocity r, irre-

spective of the form of section. Of course dissipation of energy in the

conductors immediately begins, and finally completely alters the state

of things* which would be, in the absence of dinipation, the to-»nd-fro

passage of a wave through the dielectric for ever. Except the ext^^nsion

to other than round conductors, this docs not add to the knowledge
already derived from their study. Tiie etrect of alternating currents in

tending to become mere surface-currents as the frequency is raised

(Part £) may be derived firom, or famish itself a proof o!^ the property

above mentioned—that at the first moment there is merely a oioleotrie

disturbance. For in rapid alternations of impressed force, we an eon-
tinually stopping the establishment of the steady state at its very com-
mencement, aiul substituting the establishment of a steady state of the

opposite kind, to bo itself immediately stopped, and so on.

when the dieleetrieis unbounded—not enclosed within eondnetors

—

there is also the outward propagation of dbturbances to be considered

;

but it would appear, by general reasoning, that this is, relatively to the
main effect, or propagation parallel to the wires, a secondary phe-

nomenon.

BxkntUn of (As Pradieal SfftUm io Heterogeneaus Gmmis, mUh Cm-
tkaih wrymg from plae$ to place, ixammaiion of Enargp Pro-
perties.

It is clear that the same principles apply to conductors having other

forms of section than circular, when F and C are made the variables,

provided the functions and 7?^' ran bo properly determined. The
quantity VC being in all cases the energy-current, its rate of decrease as

we pass along the line is accounted for (as in Part IIL), thus, by making
use of (141), with s»0,

-^rC)-|^(i^r^ + iL,C'} + CIi'^C+ CJ^d (U2)

that is, in increasing the electric and magnetic energies in the dielectric,

and in transfer of energy into the conductors, to the amounts and
CK^C per second respectively ; which are, in their turn, accounted for

by the rate of increase of the magnetic energy, and the dissipativity, or

Joide-heat per second In the two conduetois ; or

CR'!C= Q, + 7\, C/^C= (?, -J- n (143)

Q being the dissipativity and T the magnetic energy per unit length of

conductor.'

These equations (U3) must therefore oontain the enlarged definition

of the meaning of the functions R^ and Si. For it is no longer true

that R"C is, as it was in the tubular case, the longitudinal electrio

force at the boundary of the conductor to which belongs. It is a

sort of mean value of the longitudinal electric force. Thus, we must
have

^.ds^CRlC, (144)
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if E be the lougitudinal electric force and II tho component of the

magnetic force along the line of integration, which is the circnital

boundary of the section of the conductor perpendicular to its length.

But no extension of tlie meaning of V is required from that last stated.

Let us, then, assume that ]i( and li" can be found, their actual dis-

covery being the subject of independent investigation. We can always
fall back upon rouud wires or tabes if required. They are functions of

dfdt and constanta^ if the line is homogeneous. Bat^ as we have ^ot

nd of the radial component <^ current in tlie conductors, and its diffi-

culties, the constancy of the constants in and IV-l (as the conductivity

and the inductivity, or the steady resistance, or the diameter) need no
longer be preserved. Provided the conductors may bo regarded as

homogeneous along any few yards of length, they may be of widely
different resistances, etc., at places miles apart. Then JS^, become
functions of s as well as of dfdt^ and S a function of s. Let our system be

.^^S"V, tf-^-iW, (145)

where both IH* and 5" are functions of djdt and z, Aa regards .9", it is

simply S{dlilf) when the dielectric is quite nonconducting. But when
leakiii^e is allowed for, it becomes K+ S{(I:(ll), wliere A' is the con-

ductance, or reciprocal uf the resistance, of the dielectric across from
one conductor to the other. Then both K and S are functions of z.

The conduction-current is KF, and the displaoemen^current SP", whilst
their sum, or is the true current across the dielectric per unit
length of line. We have now, by {ii^), with e 0,

^^(FV)^fnrF'¥ClfO^KF^+^^iSV*+ClifC, ....(146)

The additional quantity KT- is the dissipativity in the dielectric per
unit length, whilst now ('Jt"C includes tho whole magnetic-energy

increase, and the dissipativity (rate of dissipation of energy) in the
conductors.

Let K}, (7}, and Fp be two systems satisfying (145) with e»0.
Then

from which wc see that if tho systems be normal, dJdt becoming j>| and
respectively, we shall have

|(r,C, - r,C,)-(ft-ft){sr,K,-:|^j6',C^} (147)

li" and being what 7^" becomes with and for d/dt. As the

quantity in the (j is the l^ig- I\i o( Fart ill., and the first term is

U^^f we see that tne mutual magnetic energy is

Tu=C\a,{J{[' - i^i') (p, -p,) (148)

The division by p^ -p^ can be effected, and the right member of (148)
put in the form
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When this is done, we can find the mntiul nu[|;netic enei^ of any
magnetic field (proper to our system) and a normal field, in tenns of

the total current in the wiie and its differential coefficients with respect

to t ; 80 that, in the expansion of an arljitrary initial state, C\ C\ C, etc.,

may bo the data of the magnetic energy, instead of the magnetic field

iu>el£

We Me akO) from (148), thafc If T be the magnetic energy of any
nonnal ^*stem per unit lei^h of line, then

2r«C?*^ij^; (149)

and therefore, if Q be the dissipativity in the conductors,

dp) (^^^

Now consider the connection of the two solutions for the normal
functions. Since the equation of C iii general is, by (H5),

Ui't:)'^'-" ••<•»')

the nonnal (7-fhuction, say w, is to be got from

ia-s^
Wil li <1UU=p in and making them fhnctionB of z andjx. Let X
and Y be the two solutions, making

w-JT+jr, (153)

where ; is a constant The normal F-function, say u, is got from w by
the first of (145), giving

""-i^^'-i'^^'''-^^^''^'
^^^^>

if JP^dX/dz, r^dY/dz.

In X and T, which together make up the w in 053), p has the same
value. Theiefore, in (147), supposing (7| to he JT and (7, to be F, we
have disappearance of the nght member, making

^(FjC, - TjCi) » 0, or TjCj - F^C^ = constant,

or jn^-yjr'«5^xcon8tant-AS*, say, (155)

leading to the well-known equation

connecting the two solutions of the class of equations (152); which we
see expresses the reciprocity of the mutual actinties of the two parts

into wliich we may divide the electromagnetic state represented by »
aingle normal solution.
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Also, by (U7), integrating with respect to z from 0 to

r^u.v-- (166)
Jo JtA-J^i A -ft

either member of which represente the complete U^^ - 7*,, of the line.

The negative of this quantity, as in Part III., is the corresponding

y\i~ ''^ the terminal arrangements; so that the value of 2{l/—T)
in a complete normal system, including the apparatus, is

XU-T).^s^.l^^.^'f*.;f, ^W)

if ViC=Z^ at r=»/ and Z,, at z = 0, (these being functions of p and
constants), and u;^ Wq are the values of to At, I and 0. Or, which is

the same,

2(i/-i, = [»^|Q-^)];. (158)

as before used.

The Soiution /cr V and C dm to an Arbitrary DUtrihuHm of e, mbjed
to any Temmal Condiiiont,

Tiiere is naturally some difficulty in expressing the state at time t

in this fonn :

—

due to an arbitrary initial state, on account of the difficulty connected
with

and the unstated forni of li". But when tlie initinl state is such as can
be set up by any steadily-acting distribution ot longitudinal impressed

force {e an arbitrary function of c), so that whilst V is arbitrary, C is

only in a very limited sense arbitrary, and C', C', etc., are initially zero,

and certain definite distributions of electric and magnetic energy in the
terminal apparatus are also necessarily involved ; in this ease we may
readily find the full solutions, and therefore also determine the efTect of

any distribution of e varyin<; anyhow with the time. In fact, by the

condenser-method of Part ill., we shall arrive at the solution (l'35j

;

we have merely to employ the present « and w, and letM be the value
of the right member of (158). The following establishment, however,

is quite direct, and less mixed up with physical considerations.

To determine how V and C rise from zero everywhere to the final

state due to a steadily-acting arbitrary distribution of e put on at

the time / = 0. Start with at z^^z^ and none elsewhere, and let

(JT-f ^pIO^o (^^ + 'ii^ ) ^ ^^ currents on the left (nearest z^O)
and right sides of the seat of impressed force. We have to find q^^

and Ay The condition F-^Z^G at a-O gives us, by (153), 164),

therefore ?o= -W+fi^^iXo) 4.(11; +fl?iiro). (159)

H.n.r.~vou II. r
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SimUarly, V—Zfi at 2 = /, gives us

ft--(JC(+55'^ijri)+(y(+.^^iy,). (leo)

Here the numbers ^ and
, mean that the Tallies of JT, etc, and SP at

2 = 0 and at r = / are to be taken.

Now, at the place z = z.^, the current is continuous, whilst the rises

by the amount suddenly iu passing through it. These two con-

ditions give us

where the means that the values at = 2^ are to be taken. These
determine Aq and A^ to be

Now use (155), making the denominator in (101) be h(qo-qy). We
have then, if C'o and tU are the currents on the loft and right sides of

the seat of impreaeed force,

M'h-'h) * H'h-<h)

These are, M'hen the j> is throughout treated as dldt, the ordinary

differential eq^uatiotis of ( and C\ arising out of tiic nartial diticreiitial

equation of C by subjecting it to the terminal oonaitionB and to the

impressed-force discontinuity.

Now make nse of the algebraical expansion *

* [The limitations to which this expansion is subject render its use in the a]>ove

manner undesirable even when it gives correct results, and, of coarse, when it

gives incorrect results, as when the uaitial O is not zero, the manner of implication

•honld neoenarily be ehwged. We should ratlMr pcooeed thiu :—Let

C^^i^e (1)

be the differential equation coniieotiiig C with e, where /ip stands for dj'lt, and
^(;>) = 0 is the dctertninantd et|uation of tlie syetem, that la, ^(y) may )h> cither

the i-haracteristic function in fully dcvrlDpvd fonn, or the f utio multiplied by any
function that does not cunliict with its u.si: in the determiuantal e(|uatiou. Then
we shall havei by the algebraical theoran,

where 0^ means d^ldp, and the summation includes all the roots of 4t{p) = 0.

Therefore, by (1), using (2) and integrating,

c ^Ai>o)l,r-^ ,^,^fAvo):^''*^, (3)

€ being xero before, and constant aft^r f 0. But also, by (2),

w
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the summation being with respect to the which are the roots of

'Kp)^^\ without inciuiring too curiously into its strict applicability, or

troubling about equ&l roots. Uero has to be djdt, and the p& the

roots of

so that (162) expands to

qY){X.2 + ql\) ^j^^j

where the single q takes the place of the previous or Oj, which have

now equal values, and C has tne same expression on boui tidea of tho

seat of impressed foroe. But is constant with respect to t, whilst C
is initiaUy sero ; hence

djfU-p -p
'

where 0g meana ^ with /} = 0, so that (3) becomes

<7»«Aj»t)^+</lA)2^^

Now parform the i^eistians indicated hyjtpc) and we get

Cf^e^+eZAS?*" W
where means / with ;> = 0. (Sec also the investigation at the end of the (later)

paper on '* Resistance and Cunductanoe Openton.") Hero </g/fh is the final

ateiidy current, when there is such a thing.

Thus, if we take 0 = A(^o ^
^i). '^"*1 (G), (162) lead to

Co=">i^P-o)+2^..^ (7)

<7, =?^=0)+2:^.e'*, (8)

instead of (165). Li the flnt tennsthojisOvRlnw most bo tslcen, with

Wt'Xt-¥qi7t in(7)> and tt^sX^+f^r, hi (8).

Here 7,, and a. are not the same, but they are the ouno in th« nmmatlon $ becanso
then 0 = 0. Wo may write (165) thus :

-

cf=<7,+2;^.«^ (»)

where is tho final iteady current, to be got direct from the fint or MOOnd of

( 162) ae the caeo may be. Therefore (166} should bo

c=Ci^.2l.J^'^.t^ (10)

where is the final steady carrent at z dne to the whole fmpraned force.

In accordance with the above (167) is not always applii iil)U;, and in accordance
with the text (168) is incorrect. Bat the substituted method of finding viz.

(169), win do when (164) ia applicable, and faU otherwise. The result (17U),

however, is independent of thia reatrictlott, as it Is immediately obtainable fmn
the differential equations (162).

So up to (162) indnaive the text is comet. Then paaa on to (170), (172), as tho
next clear resnlta. Between these places modify too meyiod as in the preaent
note.)
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which bring* (164) to

C= ^(^+gt^Kj^,-Hyl^,),^l (165)

which 18 the cnmplete solution. By integration with respect to 2 we
find the eflect due to a steady arbitrary distribution of e put on at

<«0; thus

t^l ewdz

(166)

where = d4>ldp^ and « is the normal eunent-ftinetlon X+^F. To
express the F-sohition, tarn the first « into «. The extension to e

variable with t, as in Part III., is obvious. But as the only practical

case of e variable with t is the case of periodic «, whose solution can be
got immediately from the equations (162) by putting - n^, constant,

the extension is useless. Kote that q^^ and are not equal in (162),

and therefore in the periodic solution obtained from (162) direet thi^
must be both used.

The quantity - which occurs here is identical with the former
complete '_'( U - T) of the line and terminal apparatus of (157) or (158).

Let Cg be the finally-reached steady current. By (166) it is

(^^-^

To this apply (163), with 0. Then a finite expression for is

eo = ^6JV^,~, (168)

where and 4'q ^^re what w and </> become when = 0 in them. Or,
rather, it would be so if and taken as identical could be consistent

with p = 0. lint this is not generally tme, so that (168) is wrong. To
suit our present purpose, we must write, by (162),

»•2(

"

P"^') ~ ; (169)

the 9o being used in and the q^ m u\. Now we can take ;>«0, and
get the correct formula to replace (168), via.

= ^J^wj/^'w^ "'ooj[«^io^-J ; (170)

the second p meaning that p 0 in and
If there is no lealcage (ik>"0 in Sf\ becomes a constant^ gi?en by

C^'^^edz^^lidz-^li^-^ll^, (171)
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where the numerator is the t^tal impressed force, and the denominator
the total steady resistance ; ii, ii^, and being what B'\ - and
beooDM whenp—0 in tbem.
Bat when there is leaka^ (^0) waa^ be used ; it would require a

very special distribution of impressed force to make Cq the same every-

where. To find the corresponding distribution of say in the

steady state, we have then

so that a single differentiation applied to (170) tinds

Knowing Uius Co finitely, we may write (166) thus,

c-c.-2:(-^^,)£«<-'..^. ("2)

where Co is given in (170). The summation her^ with ^ = 0, is there-

fore the expansion of

The internal state of the wire is to be got by multiplying the first w
by such a function of r, distance from the axis, and of whatever other

variables may be necessary, as satisfies the roTiditions rclatinn; to inward
propagation of magnetic force, and wliose value at the boundary is

unity. In the simple case of a round solid wire, (172) becomes, by
(87), Part IL,

6V-C.r- y- TT^v r^—nJ'' (173)

This gives CU the current through the drele of radius r, less than a,

the radius of the wire, C^g. being the final value. The value of S| is

( - 47r/A,^'jp)J. Here of course we give to /x,, l-j, and their proper

values for the particular value of z. Ad before remarked, they must
only vary slowly alon^ z.

In the ease of a wire of elHptieal section it is naturally suggested

that the closed curves taking the place of the concentric circles defined

by rs constant in (173) are also ellipses ; and that in a wire of square

section they vary between the square at the boundary and the circle at

the axis. The propagation of current into a wire of rectangular sec-

tion, to be considered later, may easily be investigated by means of

Fourier^eries, at least when the retnm-cuiTent dosdy envelops it.

EaqAieU Example of a CiratU of Farymg ItesUlaneef ek. Sessd Fundums,

As an explicit example of tlie prenous, let us, to avoid introducing

new functions, choose the electrical data so that the current-functions

X and y are the /« and Kf, functions. This can be done by letting 12*

be proportional and inversely proportional to the distance from
one end of the line. Let there be no leakage, and

where ^8^ is a constant, and SH a function of d/di, but not of s. The
electoomagnetie and electrostatic time^onstants do not vary tnm one
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put of the line to another. The eqiuitioo of the cQnent^ftmction it

li.(^)=«^^ («=^>

from which we see that

X = Mfz), A'.C/:), where /= ( - 7^^)*-

But, owini; to tlie infinite conductivity at the r = 0 end of the line,

making A'o(/:)^oo there, we shall only be concerned with the

function, that is, on the left side of the impressed force, in the first

place. Since V h made permanently jsero at 2» 0, the terminal condi-

tion there ie nogatory. So

vt=J^{fz), and «^=/o(/-)

J

u^{flSp)J,(fz), and u = (flSp){J,{/z) + .,,h\{fz)) ;

on the left and right sides of an impressed force, say at 2;=;!^ The
aIne of got from the F>-Z, (7 condition at z-/, is

We hsrealso

and the C-solution (166) becomes *

^ -jHt/y ^J^/z)^eJ^/z}dz.{l - «"), (166a)

where <^ = -
^i/*S'o/>, and jj is given by ( 1 60//).

If we short-circuit at making ^i = 0, we introduce peculiarities

connected with the presence of the series of p^B belonging to /«0.
The expression of ^, u then, by (160a)^ q,^ —^i(/^)/i^i(/0- seems
ratlier singular that we should have anything to do with the

function, seeing that C and F are expandt-d in series of the Jq and

Ji ftmctiuut). liut on performing the diil'erentiatiou of ^ with respect

to|» it turns ont to be all right, the denominator in (166a) becoming

in general ; whilst in the 0 case, which makes </> ^If^l'^, we liave

The value of ^ when j>« 0 in it is, b^ inspection of the expansions of

/, and Ki, simply ^BJ^f the steady resistance of the line ; i2« being the

* [In acconlance with the remarks in the footnote on page 228, we ahoold write
the equatiou (166a) thus :

—

.'o jxfy

whsre Is theeacprasiion for the steady ourrent at z doe to «.]
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coDBtant that i:^ beoomes with jpa 0. We may therefore write (166a)
thus:

—

- dp dp^ '

where the fint term » the finally-reached enrrent; the following

summation, extending over the jfs belongbg to/» 0, u ite expansion,
and therefore cancels the (iist term at tlic first moment ; and the third

part is a double summation, extending over all the /'s except/= 0, eacli

/-term having its following infinite series of p-tenaa. This quantity

(the third uart) is zero initially as well as finally. If there were no
elaetic displacement permitted (jS^^O)^ the solution would he repre^

sent^id by the remainder of (I72a), for we should then have C inde-

pendent of z, and

Jo Jo

for tile tlif}t rential equation of C, whoso solution is plainly given by the

first two terms. Tiie third part of (172a) is therefore entirely duo
to the combined action of the electrostatic and magnetic induction.

When the impressed force is entirely at 2 = and of such strength as
to produce the steady current Cq, and if we take =^ + Zp, where R
and L are constants, there will bo only two p's to each /, given by
/2 -= - Sop{M + Lp). The subsidence from the steady state, on removal
of the impressed force, is represented hy

where the summations range over the /^'s, not counting the 77= -RjL
whose C'-term is exhibited separately; tliere is no corre«pondi?ig V-ttrm.

A comparatively simple solution of this nature may be of course inde-

pendently obtained in a more elementary manner. On the other hand,

great power is gained by the use of more advanced sjrmbolical methods,

which, besides, seem to give us some view of the inner meaning of the

expansions and of the operations producing them, that is wanting in the

treatment of a special problem ou its own meritSi by the easiest way
that presents itself.

Homogeneous Circuit, Fourier Functions. Expausion 0/ Initial State to

tuii (he Termkidl Condi&ms,

Leaving, now, the question of variable clo( ti ical constants, let the line

be homogeneous from beginning to end, so tiiuL R" and S" are functions

of p, but not of The normal onrreDt-ftmctionsm then simply

A''= cos y=8in//i:,

where m is the function oip given by - m^ = K'S'\ so that

w«cosms+9anmB^ ««>(m/<S'')(8inffw- jfcos^/t^). (174)



.(162i)
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Let there be a single impreeeed force e^At 2 = z^; then the difieren-

tial equations of the currents OH the left and light sides of the same,

coRespooding to (162), will be

a -(cos ms+ff, sin ms)i2^2 + ?oJBin_'«?«.

where and are given by

j^- -?Lz^ g.-<"4g2'^"i-S?*1. -....(160i)
m (m/iS"') eosm<+ sio ml

*

As before, in the esse of an srbitraiy distribntion of < we are led to the

solution (168), wherein for w (and for u in the corrssponding F^fonnula)

use the expressions (174), in which ^ is to be the common vslne of the

^0 and £| of (160^), and
<^ = (m/5r')(7o-2i)-0 (175)

is the determinantal equation of the^s.
Use (170) to find the final stesdj eurrent<listribntion. Thns, now,

« Qoos MS •«- sin i?i:r)£ (cos ffw+ sin m)ei9

+ (cos fits -t- 9^ sin jiM()|*^ (cos ms •t* sin in«)«bJ 4- ^/g, - Ji)^ (176)

in which m, 2«i 2ii aiid have the p = 0 values. They are, if

»-(-iA

if li is the steady resistance of line (both conductors), and K is the
conductance of the insulator, both per unit length of line

;

if i^i)— efiective steady resistance at the ^ = 0 terminals, and

_ gi sin gli - KR^ cos gli

gi cos gli + KR^ sin gli

if ^, = effective steady resistanrc at the := / terminals.

The expression on the right 5i<le of (176) is, of course, real in the
exponential form, and the steady distribution of V is got by

Using the thn-^-obtained expressions, we reach the (172) form of C-
solution, and the corresponding

("«•)

The value of <i>' here, got by difl'erentiation with respect to may be
>vritten in many ways, of which one of the most uselul, for expansions
In Fonrier series, is the following. Let

fp=(l +fff cos(ww:+^);
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Corresponding to tiiis,

finds the angles ml ; it is got by the union of

t^nO = S"ZJm, tMi(ml + e)=S"Zjm, (179)

which are equivalent to (160M.

For example, if wo take Bf^Rt constant, thus alndkhing inertia,

ad ff'= Spt no leakage, and S constant (R and S not containing^ that

is to say), the expansion of (an arbitrary fonction of z) is [see also

YoL I., p. 123, and p^ 152]

subject to (178). Here p = - m-jRS, so that the state of the line at

time t after it was when left to itself, is got by multiplying each
term in the expansion by c"^". The corresponding canent is given
1^ RC = - dVjdz. But the solution thus got will usually only be
correct, although (180) is correct, when there is, initially, no energy in

the terminal apparatus. If there be, additional terms in the numerator
of (180) are required, to bo found by the energy-difference method of

Part IIL They will not alter the value of the right member of (180) at

aU ; they only come into effect after the subsidence has commenced.
Similar remarks apply whatever be the nature of the line. It is,

however, easy to arrange matters so that the energy in the terminal

apparatus shall produce no effect in the line. For example, join the

two conductors at one end of the line through two equal coils in

parallel ; if the cunents in these coik be equal and similarly directed

in the circuit they form by themselves, they will not, in subsiding,

affect the line at all.

Returning to (177), or other equivalent expression, it is to be
observed that particular attention must bo paid to the roots ml = 0,

which may occur, or to the series of roots p belonging to the m = 0 case,

when we are working down from the general to the special, and happen
to bring in maO. Take Z^^^O for instance, making, by (175) and
(160d),

where m« - - SpR', Then
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Now, as long as ia finite, m cannot vanish ; bat when Zvis zero,

ftving nU «« any integral multiple of r, ma 0 is one case. Then we
ave, whenm is finite,

but when m is sero the middle term on the right of the preceding
equation becomes finite, making

The result is that the currenteolution contains a term, or infinite

series, appoiently following » different law to the rest, with no corre-

sponding terms in the /'-solution. Tin's merely means that the mean
current subsides without causing any electric displacement across the
dielectric, when the ends are short-circuited {Z= 0); so that if, in the

first place, the current is steady, and there is no displacement, there

will be none during the snbsidenceL

TrmsUim from (he Case of Besktmce, InerUa, and ElasHe Yielding

io (he mm noiSioiU Jneriku

The transition from the combined inertia-and elasticity solutions to

elasticity alone is very curious. Thus, let ^=0 at both ends, and
Iff'»B+ Lp, where R and L are constants not containing p. The rise

of current due to e is shown by

the m's in the summation being 2ir/{, etc. ; and each having two

p\ given by

The meO part is exhibited separately, and is what the solution would
be if e were a constant (owing to the constancy of 11). I?nt, whatever e

be, as a function of ~, the summation conies to nothing initially, on
account of the doubleness of the ^s, just as in (172u) the double
summation vanishes by reason of every p-summation vaniriiing when
<-0.
Now, in (183), let L be exceedingly small. The two p's approximate

to -m^/IiS, the electrostatic one, and to - li/L, the magnetic one,

which goes up to oo, the storehouse for roots. The current then rises

thus :-—

- ^^^eoBmz^'e coBmzd»,{l -f"^^ (184)

But the first line on the right side is equivalent to
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and here the expouential term vuiiisiieij iiibtaiitly, ou L beiug made
exactly aero, so that (184) becomea

/» nl^ Jo

exceyi at the very first moment, wlien it gives C^tjlt, which is quite

wrong, although the preceding formula, giving C^O at the first

moment^ is correct Or, (185) is equivalent to

from which inertia has disappeared. Here V is given by (188) below.

The process amounts to taking one half the terms of the summation in

(183), and joining' them on to the precofling tonii to make up ejR,

which is quite arbitrary. An alternative form ol (185) is

;.,>] cos m^r^coewMrrf*. (186)
/i/Jo id^ Jo

On the other hand, there is no such peculiarity connected with the

K-flolution in the act of abolishing inertia. The m^^O term is

because m is zero andp finite. Therefore Frises thus,

m sin mz{ e cos mzdz

before abolition of inertia. But as L is made zero, the denominator

becomes m* for the electrostatio and oo for the other; thus one haJf

the terms vanish, leaving

r= ?^^'-^j'e cos //i.~t/<3(l -€-•**/*-), (168)

when L"*0, without any of the cnrioos manipulation to whieh the

eonent-fbrmula was subjected.

TraminUon firm the Case of JiesviUmce, Inerlm, mid Elastic Yidding
to fhr same wWiout Elastic Yielding.

Next, let us consider the transition from the combined elasticity-and-

inertia solution to inertia alone (of course with rc^^istiuice in both cases,

as in the preceding transition). It is usual to wholly ignore clcctro-

stiitic induction in investigations relating to linear circuits. This is

equivalent to taking 8^0, stopping elastic displacement, and compelling

the current to keep mi the wires always, Le. when the insuli^on is

perfect^ as will be here assumed. We then have, by (145),
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By integraftiqg the leomid of thate wHh nipeet to f we gel rid of F,
and oUeiii tlie dufemtiel eqnatioii of C,

^edz^^BTdz+Z^-Za^C'^i^C, wy (190)

wlioiiee Ibllowe thie menner of rise of the eurrent, when e is steady

and put on efoiywhere at the thne t^d, teadiing the final vahie

<'-<'*-:^{-^yi'^-^'
("D

^ SB 0 finding the p's. We can find I ' distance z by integrating the

aeeond of (189) with lespeet to z from 0 to « ; thus,

r-£«/«+ - ^'R'dz^C, (192)

wherein C is to be the right member of (191). This finds F by
differentiations with respect to t peribmed on C, In the final state

put for i^, and - ^ for Z^, steady rssistances. F will usually

aiy with the time until the steady state is reached ; but if the line is

homogeneous, with only the two constants 7? and L, and if also Z^^ and
Z^ are zero, F will be independent of /, and instantly assume its final

distribution.

Then, on theee asenmptioni^ we shall hare

showing the current to rise independently of the distribution of and
F to have its final distribution from the first momenti which, when the

impressed force is wholly at z = Of of amount ^ is €jil^z/l). This
intinitely rai)i«l propagation of F is common-sense according to the

prt'scrilM*! coiuliticuis, \n\t absolute nonsense physically considered,

especially in view of the transfer of energy'. The question then arises,

How does F really set itself np, when the line is so short that the

cnrrent rises sensibly according to the magnetic theory 1

To examine this, let the line-constants be By S, L (independent of

djdt), and Z^ = Zo = 0. Put on at c = 0 at time <- 0. Fand C will

rise thus (a special case of {ISZ) and (187)),

where m has the values r//, 2^1 1, etc., and

It is clear that when S is made to vanish, making m' = qo , the
cnrrent-oscillations wholly vanish, r»'<liicing the Csohition to the first

of (193). But the F-oscillation.s remain in full force, though of in-

finitely short period, and subside at a definite rate. This means that

.(194)
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the mean value of V at any place has to be taken to represent its actual

value, and this mean value is its final value. That is, if V denote the

m«aii Tftlae about which roaeillates, we have

F=fo(l = To.

Introduce LS^v'^, where v is constant, making

ymy nearly, when the line is short; then the eeoond of (194) becomes

-f)
- ^f,-'^^'j^co,mvt, (195)

which must very nearly ihow the subsidence of the oscfllationi. Fimt
ignore the subsidence-factor, replacing it by unity, then (195) represents

a wave of F travelling to and fro at velocity «, as thus ezpreased,

from «.0 to «-«^Ui^en vt<L
K-0 beyond g^vt, J

When rt = If the whole line is charged to F= eQ. The wave then moves
back in the same manner as it advanced, so that the state of things at

time / = //ii + T is the same, until / reaches 2l/v, when we have F-=0 as

at first. This would be repeated over and over again if there were no
resistance, which, through the exponential factor, causes the range of

the oscillations of F at any place about the final value to dimmish
according to the time-constant 2L/B. Also, the resistance has the
effect of rounding: off the abrupt discontinuity in the wave of F.

I have given a fuller description of this case elsewhere [vol. I., p. 132],

and only bring it in here in connection with the interpretation accord-

ing to my present views regarding the transfer of energy. As it is

clear that this oscillatory phenomenon is, primarily, a diSectric phen-
omenon, and only affects the conductor secondsrily, it is necessary

that the L in tlic above should not at the bfginning be tlic full L of

dielectric and wires, but only Lf,. that of the dit lortric, making v the

velocity of undissipated waves, altiiough as tiie osculations subside the

velocity mnst diminish, tending towiuvls v='iLS)-i, which may, how-
ever, be far from being reached, especially in the case of an iron wire.

The nature of the di* Ik trie wave is far more simjdy studied graphically

than by means of Fourier series, on the assumption of infinite con-

ductivity, which allows us to represent things by means of two oppo-
sitely travelling waves. To this I may return in the next Part.

On Telephony by Magnetic Influence between Distant Circuits.

I will conclude the present Part with a brief outline of the reasoning

which guided me six months ago, when my brother's experiments on

induction between distant circuits (mentioned in Part II.) in the nortii

of England commenced, to the conclusion that long-distance signalling

(ie. hundreds of miles) was possible by induction, a conclusion which
has been somewhat supported by results, so far ss the ezperimento have
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yet gone. Recognising thn great complexity of the problem, and the

difficulty of hitting the exact conditions, I made no spedftl calculations,

bat prefened to be guided by general eonsidentioiis ; for, in the en-

deftTonr to be precise when the data are nficertain and very variablei

one is in great dancror of swallowini: the camel.

One may be fairly well acquainted with electromagnetism, and also

with the capabilities of the telephone, and yet receive the idea of

dgnaUing by induction long distances with utter incredtdity, or at

least in tne same way as one might accept the truth of the statement,

that when one stamps one's foot the universe is shaken to its founda-

tions. Quite true, but insensible a few yards away. The incrcdnlity

will probably bp based upon t)ie notion of rapid decrease with distance

of inductive effects. Tliis, liovvevcr, leaves out of consideration an im-

portant element, namely the sise of the circuits.

The coefficients of electromagnetic induction of linear circuits are

proportional to their linear dimensions. If, then, we increase the size

of two circuits n times, and also their distance apart // times, the mutual
inductance M is increased n times. Let JL and li^ be the resistances

of primary and secondary. The induced current (integral) in tHo

secondary due to starting or stopping a current in the pnmair is

MCJR^ or MeJR^R^ if 0, be the impressed force in the primary. Now
increasing the linear dimensions, and the distance, in the ratio n (with

the same kind of wire) incre;uses 3f, It^, and B., all n times. So only

remains to be increased n times to get the same secondary-current

impulse. We can therefore ensure soccess in lon^-distance experiments

on the basis of the success of short-distance expenments, with elements

of uncertainty arising from new conditions coming into operation at the
long distances.

But practically the result must be far more favourable to the louf,'

than to the short distances than the above asserts. For no one, when
multiplying the distance and sise of circuits, say ten times, would think

of putting ten telephones in circuit to keep rigidly to the rule. Thus
it may be that only a slight increase of (\ is required, on account of M
being multiplied in a far greater ratio than the n-sistances, or the self-

inductances. Thus, it is not uncommon for the R and L of a telephone

to be 100 ohms and 12 million centim. These form the principal parts

of the R and £ of a cirouit of moderate mt», and of course do not in-

crease when we enlaige die circuit. It is therefore certain that we can

signal long distances on the above basis, with a niaruin in favour of the

lonu distances, which will be laige or small according as the circuits are

small or large.

Again, if in the primary be periodic, of frequency n/27, the ratio of

the amplitude of the current in the secondary to that in the primary

Now, witliout any statement of the magnitude of the current in the

primar}', if it be largely in excess of requirements for si.unalling in the

primary, so that part, say, would be sufficient for the purpose, then

we shall have enough current in the secondary if the above ratio is only
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Y^. But, without going to precise foimulje, it may be easily seen that

the above ratio may bo made quite a considerable fraction, in com-
parison with j^ff, with closed metallic circoite whose linear dimensions
and distance are increased in the same ratia But we should e^^Mct a
rapid decrease of effect when the mean distance hetwccn the circuits

exceeds their diameter, keeping the circuits unchanged. (It should bo
understood that squares, circles, etc., are referred to.)

The theory seems so very clear (though it is only the first approxi-

mation to the theory), that it would be matter for wonder and special

inquliy If we found that we could not 8^;nal long distances'by induction
between closed metallic circuits, starting on the basis of a short^stance
experiment, and following up the theory.

As a matter of fact, my hrothrr found it was possible to speak by
telephone between two metallic circuits of ^ mile square, ^ mile between
centres^ min^ two bichios with the microphona
Now, commg to metallic liius whose circuits are doaed through the

earth, the tlieory is rendered far more difficult on account of there

being a conduction-current from the primary to the secondary due
to the earth's imperfect conductivity. We therefore liave, to say

nothing of electrostatic induction, a superposition of effects due to

induction and conduction, the latter being far more difficult to theo-

retically estimate than the former. But the reasoning regarding the
magnetic induction is not very greatly changed, although not so

favourable to long-distance signalling. If the return currents diffused

themselves uuiformly in all directions from the ends of the line, the

same property of nMA incroaoe of M with unfold lengthening of the
lines and their distance wouhl stall be true. But the diffusion is one-

sided only, and is even then only partial, especially when exceedingly

rapid alternations of current take place. But we have the power of

counterbalancing this by tlie multiplication of the variations of current

in the primary that we can get by making and breaking the circuit,

with a considerable battery power if necessary, getting something
enormous compared with the feeble variations of current in the micro-
j>honic circuit, or that can work a telephone. Electrostatic induction

also comes in to assist, as it increases the activity of the battery, and
therefore the current in the secondary also.

But^ as regards wires connected to earth, this does not profess to be
more than uie yery roughest reasoning, though in my opinion quite

phun enough to show that we may ascribe the signalling across 40 miles

of country betwocn lines about 50 miles long mainly to induction, as we
should be necessitated to do if we carried the experiment further and
closed the circuits metallically b^ roundabout courses, for then the

plain arguments relating to inilnction will become valid. Experiments
of this kind are of the greatest value from the theoretical point of view,

and it is to be hoped that they will be greatly extended.
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Part V.

St. VenanCs Sohtions relating to the Torsion of Prism<i applied to the

Problem of Maanetic Jndudion in Metal liuds^ mith Hie EUcirie
Current longiiuainalt and mUh dose-fitting Retum-Cwreni,

The mathematical difficulties in the way of the discovery of exact
solutions of prublems concerniog the propagation of electromagnetic

distorbaneei into wires of other than eirenliur section—or, even if of
eiroolar section, when the return-current is not equidistanUy distributed
ns rp'_::irih the wire, or is not so distant that its influence on the dis-

tribution of tlie wire-current throughout its section may bo disregarded

—are very considerable. As soon as we depart from the simple type
of magnetic field which occurs in the case of a straight wire of circular

section, we require at least two geometrical aiiaues in place of the
one, distance from the axis of the wire, which served before ; and we
may have to supplement the magnetic force " of the current." as usually

understood, by a polar force, or a force which is the spact -variation of

a single-valued scalar, the magnetic potential, in order to make up the

real magnetic force.

There are, however, some simplified cases which can be fully solved,

viz., when the external magnetic field, that in the dielectric, is abolished,

by enclosing the wire in a sheath of infinite conductivity. It is true

that we must practically scjiarate the wire from the sheath by some
thickness of dielectric, in order to be able to set up current in the

circuit by means of impressed force, so that we cannot entirely abolish

the external magnetic field; bnt we may approximate in a great

measure to the state of things we want for purposes of investigation.

The wire, of course, need not be a wire in tiie ordinary sense, but a
large bar or prism. The electrostatic induction will be ignored,

requiring the wire to be not of great length ; thus making the problem

a magnetic one.

Consider, then, a straight wire or rod or prism i f any symmetrical
form of section, so that, when a uniformly distributed current jvasses

through it, its axis is the axis of the magnetic field, where the intensity

of force is zero. Let a steady current exist in the wire, longitudinal

of course, and let the retum-oondnctor be a close-fitting infinitely-

conducting sheath. This stops the magnetic field at the bioundary of

the wire. The sudden discontinuity of the boundary magnetioibrce is

then the measure and representative of the return-current.

The magnetic energy i)er unit length is hLC-^ where C is the current

in the wire and L the inductance per unit length. As regards the

diminution of the Z of a circuit in general, by spreading out the

current, as in a strip, instead of concentrating it in a wire, that is a

matter of elementary reasoning founded on the general structure of L.

If we draw apart currents, keeping the currents constant, thus doing

work against their mutual attraction, we diminish their energy at the

same time by the amount of work done against the attraetion. Thus
the quantity ^LC* of a dreuit is the amount of work that must be done
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to taJce a current to piecesi so to speak ; that is, supposing it divided
into infinitely fine filamentary closed currents, to separate wem against

their attractions to an infinite distance from one another. We do not
need, therefore, any examination of special formulse to see that the

inductance of a flat strip is far less than that of a round wire of the

same sectional area ; their difference being proportional to the difier-

enoe of the amounts of the magnetic energy per nnit current in the
two cases. The inductance of a circuit can, similarly, be indefinitely

increased by fining the wire ; that of a mere line being infinitely great
But we can no more have a finite current in an infinitely tiiin wire
than we can have a finite cliarge of electricity at a point, in which case

the electrostatic energy would also be infinitely great, for a similar

reason ; althoogh by a nseflil and almost necessary conyention we may
reraird fine-wire circuits as linear, whilst their inductances are finite.

Now, as regards our enclosed rod with no external mat.'netic field, wo
can in several cases estimate L exactly, as the work is already done, in

a different field of Physics. The nature of the problem is most simply
stated in terms of yectors. Thus, let h be the vector magnetic force

when the boundary of the section perpendicular to the leng^ is drcular,

and H what it beisomes with another form of boundary ; then

H=h + P, and F= -Vll (la)

That is, the field of niai;netic force difTers from the fimplo circular type

by a polar force F, whose potential is 12. This must be so because the
curl of H and of h are identical, requiring the curl of7 to be sero. To
find F we havethe datum that the magnetic force must be tangential

to the boundary, and therefore have no nonnal component ; or, u N be
the unit vector-normal drawn outward,

-PN-hN (2a)

18 the boundary-condition. This gives F, when it is remembered that

P must have no convergence within the wire.

In another form, since we have h circular about the axis, and of

intensity 2ir}T0 at distance r from it, the current-density being i\ ; or

h= 2irroVkr (Sa)

if r is the vector distance from the axis in a plane perpendicular to it^

and k a unit vector parallel to the current ; we have

hN = (2^r,)(NVkr) = (27rr,)(rVNk) = - ^r/^l (4a)

if <be length measured along the bounding curve, in the direction of
the magnetic force. The boundary-condition (2a) therefore becomes^

in terms of the magnetic potential,

which, with V^H = 0, finds the magnetic potential. Here ^ is length

measured outward along the normal to the boundary.
H.S.F.—VOL. li. q
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Or, we may use the vector-potential A. It i8 parallel to the current,

and oonaisto of two parts ; thus,

A = A' - (/xirV)k, (6a)

where the second part on the right side is, except as regards a constant,

what it would be if the boundary were circular, its curl being fth. To
find A', let its tentor be A' ; then

V«^'=0, and A'^fi7rl\r^ (7o)

the latter being the boundary-condition, expressing that A is zero at

the boundary. Comparing with (5a), we see that (7a) U the simpler.

The magnetio energy per nnit length of rod, say T, n
3r=2;/iHV8^r = 5;/x(h-i-P)2/8ir, (8a)

the summation extending over the section. But ^ FH = 0, because F is

polar and H is dosed ; so that

r= 2 fxhySir - 2 /xFVStt = :i; /ih'/Sr + ^ /xhF/Sr (9rt)

Or, in Cartesian coordinates, let If^ and //« be the x and y com-
ponents of the magnetic force H, z being parallel to the cuirent; then

a-,--2»,r,-^. fl,-a«tr.-^9 (lo.)

express (la), and (Ba) is represented by

the latter form expressing (9a).

It will be observed that the mathematical conditions are identical
with those existing in St. Venant's torsion problems. Thus, if M and ll

arc the y and x tangential strain-components in the plane ar, y in a
twisted prism, and y the longitudinal displacement along g, par<dlel to
the length of the prism, we have

*-«+^ (12a)

where t is the twist (Thomson uid Tait» Part 11., § 706, equation (9) ).

The correspoiKling forces are n times as great, if n is the rigidity {he. cU,
equation (10) ) ; so that the energy per unit length is

Jii2(K*+lb>) oyer section. (iSa)

Also^ to find 7, we have

{h>r. rif. equations (12) and (18)). Comparing (Ha) with (5a), (]2a)
witii (iOa), and (13a) with the first of (11a), we see that there is a
perfect correspondence, except, of course, as regards the constants
concerned. The lines of tangoitial stress in the torsion-problem and
the lines of magnetic force in our problem are identical, and the energy
is similarly reckoned* We may therefore make use of all St. Venant's
results.
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It will be sufficieDt here to point out that the ratio of the inductauce

of 'wires of difforent leetions it the same as the ratio of their tonional
rigidities. Thus, as Z = |/x in the case of a round wire, that of a wire
of elliptical section, semiaxcs n and h, is L ^- fuibKa^ + b') ; when the

section is a souare, it is •4417/x; when it is an equilateral triangle,

'3627f(| etc. fRemember the limitation of close-fitting return, above
meatioiied.] That of a rectangle will be given later in the course of
the following sobsidence^olatioii.

eflnUiatty Uniform Current in a Urd of BeeUmguiar Sedhn^
frith dos^fiimg Mdum-OwreiU,

Consider the subsidence from the initial state of steady flow to zen^
when the impressed force that supported the current is removed, in a

prism of rectangular section. Let '2a and 2b be its sides, parallel to r

and y respectively, the origin being taken at the centre. Let if^ and
.ff, M the 2 and y components of the magnetic force at the time t Let
E be the intensity of the magnetic-force vector E, which is psnllel to

z; then the two equations of induction ( (6), (7)» Part L), or

cnrlH«4irr, -curlB-/<fi,

ars reduced to

-g = '^^' ^^'^^ <^^^

'^_^ = 4irA;i;-4irr; (16a)
dx ay

if r is the eurrentdensity, k the conductiTity, fi the inductivity. (I

speak of the intensity of a " force " and of the " density " of a flux,

heUeving » distinction desirable. ) The equation of F is therefore

G^^y-'"^^' <"•>

of which an elementary solution is

r -cos ma; cos fiyc**, (18a)

if 4vfa3»- (19a}

At the boundary we have, during the subsidence, £«0» or r«0;
therefore

cos fiNE cos nya0 at the botindary,

or cosffia^O, cosii6->0 (20a)

or ma = Jtt, |ir, {r, etc ; ditto. The general solution is therefore

the double summation over m and is

T = TZA cos mo; cos nyc",

if we find A to make the right member represent the initial state.

This has to be F ^ \\, a constant X^ow

1 = S(2/w//) sin mr? cosma^ from a;iB -a to +0,

l-2(2/n^) sinndoosny, from y« to +&.

(
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Hsnoe tbe reqinrad solntion is

r-3r.2S^»!!^EJ!*c<»».cco.»,.-. (2i«)

From this derive the magnetic force by (15a). Thus

.(22a)

flls XV sin maon }n« eos ny
, .

.

The total current in the prism, say 6', is given by

by line-integration round the boundary. Or

t'-^^^.SSi^ w
\{ C^^iabV^ tbe initial current in the prism.

Smce the current is longitudinal, and there is no potential-diflforencc,

the vector-potential is given by E = - A
;

or, A b<jing the tensor of A,
A is got by dividing tbe general term in the T-eolution (21a) by
giving

^-^'SS^^— »»«^. (2*-)

Since the magnetic energy is to be got by summing up the product
\AT over the section, we find, by integrating the square of F, that the
amount per unit length is

^ = + »•)•
<^**>

By the square-of-the-foree method the same result is reached, of

course. We may also verify that Q+^«»0 daring the sufastdence, Q
being the dissipativity per nnit length of prism.

The Rtoa.ly inthictance per unit length 18 the L in T^^LC^^ which
(25a) becomes when / = 0 ; this gives

{ma)\fA)H '^nbf + |(ina)« I

The lines of m^netic current are also the lines of equal electric

corrent-density. That is, a line drawn in the plane y Uirough Uie
points where F lias the same Talue is a line of magnetic current For,
if 8 be any line in the plane x, y,

^ = component offSL perpendicular to 8,
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so that H is parallel to 8, when dEj'ds^O. The transfer of energy is,

as usual, perpendicular to the lines of magnetic force and electric force.

The above expression (26a) for L may be summed up either with

rwpeet to ma or to but not to both, by any way I know. Thna,
untingit

0 a

we may effect the second summation, with respect to nb, regarding ma
as constant in every term. Use the identity

Z-ar_ c*^'-'* -c-*''-"_2^ cos(iW/ 2/)

where i has the values 1, 3, 5, etc Take x^O, tv/22»n^ A«(6/a)(fliaX

/-I, and apply to (27a), giving

(may

a

2b
...(28a)

where the quantity in the {} is the value of the second ^ in (27a).

The fint part of (28a) is again easily summed up, and the lesnlt is

f -

1

(2ga)

in which summation, we mav repeat, ma has the values iir, Jir, |ir, etc
The quantities ff and b may oe exchanged; that is, a/b changed to i/a,

without altering the value of L. This follows by effecting the ma
summation in (26a) instead of the nb, &» was done
When the rod u made a flat eheet, or a/h w very small, we have

Compare (29a) with Thomson and Tait's equation (46) § 707, Part

II. Turn the nab^ outside the
[ ] to nai-^, and multiply the 2 by 2.

These corrections have been pointed out by Ayrton and Perry. When
made, the result is in agreement with the above (29a), allowing, of

course, for changed multiplier. (I also observe that the -r in their

equation (44) should be +r, and the + r in (45), (the second r) should
be -T.) Such little errors will fiml their way into mathematical
treatises ; there is nothing astonishing in that ; but a cert.iin collateral

circumstance renders the errors in their equation (46) worthy of ixnng

long remembered. For the distinguished authors pointedly called

attention to the astonishing theorems in pure mathematics to be got by
the ezehango ofa and h, such as rarely &11 to the lot of pure mathe-
maticiaos. They were miraculous.

Eject of a Pei'iodic Impressed Force acting at one end of a Tthgraj^h Circuit

wUh any Terminal Ccnd^l^/ont, The Oeneral jSMulion.

I now pass to a different problem, viz., the solution in the case of a
periodie impfessed force situated at one end of a homogeneous fine,

Digitized by Google



246 KLKCTRICAL PAPERS.

when subjected tx> any terminal conditions of the kind arising from the

attachment of apparatus. The conditions that obtain in practice are

ery yarious, bnt valuable infonnaUoii may be arrived at from the
study of the comparatively simple problem of a periodic impressed
forcp, of which tlie full solution may always he found. In Part II. I

gave the fully developed solution when the line has the three electrical

constants Ry L, and S (resistance, inductance, and electric capacity), of

which the first two may be functiona of the frequency, but without any
allowance for the eflfoet of terminal appantua If we take L«0 we
get the submarine-cable formula of Sir "W. Thomson's theory

;
but,

although the effect of L on the amplitude of the current at the distant

end becomes insigniiicant when the line is an Atlantic cable, its omis-

sion would in general ^ive quite misleading results.

There are some hpneri reasons against rormalating the effect of the
terminal apparatua They complicate the foimuIsB considerably in the

first place ; next, they are various in arrangement^ so that it rai^t
seem impracticable to formulate generally

;
and, a^^ain, in the case of a

very long submarine cable, we may divide the expression of the current-

amplitude into factors, one for the line and two more for the terminal

apparatus, of which ^e firsts for the line, is always the same, whilst

the apparatus-factors vary, and are kss Important than the line-factor.

But in other cases the terminal apparatus may be of far greater import-

ance than the line, in their influence on the current-amplitude, whilst

the resolution into independent iactors is no longer possible.

The only serious attempt to formukte the effect of the terminal

apparatus with which I am acquainted is that of the late Mr. C. Hockin
(Journal 8. T. E. and E., vol. T. p. 433). His apparatus arrangement
resembled that usually occurring then in connection with long sub-

marine cables, including, of course, many derived sinijjler arrange-

ments ; and from his results much interesting information is obtainable.

Bnt the results are only applicable to long submarine cables, on account
of the omission of the influence of the setf-indnction of the line. The
work must, therefore, be done again in a more general mnnner. It is,

besides, independently of this, not easy to ada])t his formula^ in so far

as they show the influence of terminal apparatus, to cases that cannot

be derived from his. For instance, the effect of magnetic induction in

the terminal arrangements was omitted. I have therefore thought it

worth while to take a fiur more graeral case as regards the line, and at

the same time have endeavoured to put it in such a form that it can be
readily reduced to simpler cases, whilst at the same time the results

apply to any terminal arrangements we choose to use.

The general statement of the problem is this. A homogeneous line,

of lengw 2, whose steady resistance is JZ, inductance L, electric capacity

8t and conductance of insulator Kf all ]kt unit length of line, is acted

upon by an impressed force F^^^u) n( at (»nc end, or in the wire attached

to it ; whilst any terminal nrrun^enieiits exist. Find the effect pro-

duced; in particular, the amplitude of the current at the end remote

from the impressed force. If the line oonrists of two pareUsl wires^ R
must be the sum of their resistances per unit length.
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Let C be the current in the line aiid /' the putential-difference at

diitanoe m firom tli« end ndiera the imprened loree is ritOAted. Then

are our fundamental line-equations. Here R" = R ¥ Hdidt) to a first

approximation, and = W + L\didt) in the periodic case, where and
U ate what R and L become at the given firequency. Let th9 terminal

oondltioni be
V-Z^C at z = l end,

"I ^qan

-V^wani-k-V^Zfi at ^-0 end,/ ^ ^

80 that r"Zfi would be the «aO tenninal condition if there were no
impressed force.

The solution is a special case of the second of (1626), Part IV., which
wu may ijuote. In it take

.S" = /r+% R^' = R' + Up, {3b)

jp meaning d^dt so far. Also put z.^ = 0, = F^, sin nt, and

-m* = F^ = {K + SpHR' + Uj>), (46)

and put the equation referred to in the exponential form. Thus,

This is the differential equation of C in the line. Now in S*,

and Z|, let (f^/t^^^ = - li^. It is then reducible to

^/^c/'^ + rowans iw;

giving the amplitude and phase-diHerence anywhere; and the ampli-

tnde 18

(7o«ro(^«+J«i»«)-*(/^+^*)* (76)

Here and are functions of Zy whilst A' and are conatanta.

Pat

^"^•'^•n or w
The TaloM ofP and Q are

P=
( i )* { + i.'-ft-)*(A'2 + 52n2)J + (^iJ/_XW) } *,

'

«= { - }^

pOBMuing the following properties, to be used later,

1»+ g«- (Z «

+

ShC^K^+ X^*)*,
1

P«-G»-C«'-i/ai« I (106)

SPQ-(i2'i9+JrZ/)fi. J

(96)
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The expressions of li'o, Li cau only be stated when the terminal

eondidoni are fiilly given. Their •tmetaxe will be oonaiderad later.

P and Q depend only upon the line.

Let

B = Un + Sn{R'Ji{ - UL{n^) + Kni^-k-Hm),

The effect of making the substitutions (Sb) in (56) is to ezpreee Cuk
terms of the Q of (96) and the ^ a, 6 of (116); thus :—

C=
[{ (P-Zi5^s+iriI0oos^l-#)-(9-l-i2iA»+^ZlM)am^2-s)}<^-«»

+ { (...+ - ) +(...- - )

+
*{ (... - + ......)nn^2 -s) -t*(.*.+ + .......)coB^i- «)}

"fr^^ "(...^* «••.••.." ......).*••*•••.*.». ^(.•. 't...... " »..«.» )>........«.w«^t^^^"*^^

-r
[|{

{A+ay'coaQl -(A- a)<-"co6$i -{B + byain Ql-(B- t^-^sin Ql}

+»{(5+6) -{B-b) +(J+a) +U-a) }](126)

The dote indicate repetition of what is immediately above them. Here
we see the expieeeions for the four quantities A\ B\ P', of (66),
which we require. (12/^) therefore fully serves to find the jdiaseKliSer.

ence, if required. I shall only develope the amplitude-e3[pra88ion (76).
It becomes, by (126),

{(i-+^+(x»+5%»«x«'*+X{'i»")+2Wi«^+«i')+«^in?-USM)}

+ c-«^»-"{ + - -
}

+2 cos 2Qil-z){{F'+q') - (A'HWXi^iHiaV)

}

-4aui 2^l-«){iVi(i«55+JrXi)+^/?ift»»-MI)}J
'^[€^{{A+af+{B+by}+€'^'{{A-ayHB-hy}

-2cMi^.{A*4'B»^<^-V)+4mi^,(Ah'^aB)l^, (136)

in terms of yi, if, a, 6 of (116).

Jkrmtion of (he QenmH Fmnndafor (ke Analihide ofOwmU
<U the End rmoUfnm A$ IwpmaA Foreo»

This referring to any point between ir>»0 and J, a yery important
simplification occurs when we take z = l. It reduces the numerator to
2(/^+^)i. It only remains to simplify the denominator as &r as
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poodblfly to show as explicitly m we can the effect of the terminal

appaimtoB, which is at imeent buried away in the fimctions of B,
a, h occurring in (136).

First of all, we may show that the product of the coefficients of

and €~*" equals ODe-fourth the square of the amplitude of the circular

part in the denominator.' Thia ia an identity, independent of what

A^BfOfb are. (136) therefore takes the form

Co-2ro(P»+ -r [(3(i«+fii-«- 2((?5)i COS 2{Ql + e)J. (146)

The following are the expansions of the quantities occurring in the

denominator of (136) :

—

Let
P-ir+Z/V, Ji^B;^+LI^\ J}^J^+J^\ .....(166)

Then

+ 1in{T4 + I{i,L[)n\KU - RfS),

a«+ 6»= (/« + (/) -; + R[f +m + ZOV},
-4a+jB6- (i2i + R[){R'P + UnQ) + (Z^ + U,)n{VnP - R'Q)

+ {R',I^ + R{n){KP + SnQ) + {UJ* + L{Il)n{KQ^SaP),

Ab^aB^{Ri + R[){R'Q - UnP) + (ij + L[)n{R'P + UnQ)

+ (B^l +RiUMQ - SnP) - iUIi+UU)n(KP+ SnQ),

These may be used direct in the denominator of (146), which is the

same as that of (13//). But and //may bo each resolved into the

product of two factors, each containing the apparatus-constants of one
end only. Noting therefore that the 9 in (146) is given by

tan 2^=
2(^6 -g/y)

^

whose numerator and denominator are given in (166) [the numerator
heing (<7J7)l8in 20, and the denominator (QH)^ cob 2ffl it will dearly be
of advantage to develop these factors. First observe that the expansion

of // is to be got from that of G, using (166), by merely turning P to

- P and ^ to - Q. We have therefore merely to split up one of them,
say G. If we put R[ = 0, L{ = 0 \n G it becomes

P + (P^ + Q')IS + 2P{R'oR' + UL'v'') + 2Q{UnR^ - R'nU). (186)

If, on the other hand, we put R'o — O, Lq = 0 in (7, it becomes the same
function of R{, L{ as (186) is of R(,^ Li,. It is then suggested that G is

really the product of (186) into the similar function of R{, L{ ; when
the result is divided by This may be verified by carrying out the
operation described. Bnt I should mention that it is not immediately
evident, and requires some laborious transformations to establish it,

making use of the three equations (106). When done, the final result

is that (146) becomes

•5- L(^o(^i^ +^A*-*" - 2{Gfi^H^^)h COB 2iQl + 6)]^, (IM)
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wherein 0^ and Hq contain only constants belotigniff to the apparatna
at z^dy and and H. those belonging to x-iC heaidea the line-

oonatants. Only one of tne four need be written ; thus

(?o- 1 +72[(/»+ Wi?+2P(J2'i25+i'£^n2) + 1Qn{KU - iJ'Xi )]. (206)

From this get by changing the signs of P and Q. Then, to obtain

G, and Hy the corresponding functions for the z = l end, change li^ to

and lito L^. These functions have the value unity when the line

is short-dieoited at the ends, (^To^O, -^i -0). Thej^ may theralbra be
referred to as the terminal functions. Their tfurm. is invariable. We
only require to find the R' and L', or the effective resistance and
inductance of the terminal arrangements, and insert in (206) and its

companions.

The EffeeUnte Betiskmce and Induclanee of ike Turminal Amngenmis,

Thus, let the two conductors at the z = l end be joined throneh a
coil. Then R[ is its rosistanco, L[ its inductance, the steady vaTties,

and the accents may be dropped, except under very unusual circum-
stances, and /j^is its impedance at the given frequency, when on short-

circuit But if the coil contain a cure, especially if it be of iron,

neither nor can have the steady values, on account of the
induction of currents in the core. Their approximate values at a pven
frequency may be experimentally determined by means of the Wheat-
stone Bridge. Of course /?, and L, are really sonn-what changed in a
similar manner by allowing any inuuctiuu betwecu the coil and external

conductors, the brass parts of a galvanometer, for instance ; L going
down and R going up, though this does not materially affect /.

If, instead of a coil, it be a condenser of capacity <S, that is inserted
sXz^l; then, since

we have = {S^p)''^ = 'Pli.S^n'^).

Therefore Uke 7^=0, and I(-

The condenser behaves, so far as the current is concerned, as a coil of
no resistance and negative inductance, the latter decrea-sing as the
frequency is raised, and as the capacity is increased; tending to become
equivalent to a short-circuit, though this would require a great fre-

quency in general, as the ^fuosi-negative inductance is large. (Thus,
fi= 100, 5^= 10""- one microfarad, make Z(« - 10". To make the
inductance of a coil be 10" it must contain a very large number of
turns of tine wire.) Thus, wliilst the condenser stops slowly periodic
or steady currents, it tends to readily pass rapidly periodic currents, a
property which is very useful in telephony, as in Van Kysselberghe's
system.

On the other hand, the coil ]iasses the slowly periodic, and tends to
stop the ra})idly periodic, a property which is also very useful in tele-

phony. A very extensive application of this principle occurs in the
system of telephonic intercommunication invented and carried out by
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Mr. A. W. Heaviside, known m the Bridge System, from the telephones

at the various offices being connected up .t^ I ridges across from one to

the other of the two conductors which form the line. Whilst all

stations are in direct communication \^ith one another, one important
desideratum, there is no overhearing, which is another. For idl

stations except the two which are in oomspondence al a certain time
have electromagnets of high inductance inserted in thdr bridges, which
electromagnets will not pass the rapid tele[)honic currents in appreci-

able strength, so that it is nearly as if the non-working bridges were

non-existent ;
and, in consequence, a far greater length of buried wire

can be worked through than on the Sequence system, wherein the
various stations have their apparatus in sequence with the line ; whilst

at the same time (in the Bridge system) a balance is preserved against

inrlnctive interferences. When the two stations have finished corre-

spondence, they insert their own electroniagnets in their bridges. As
these electromagnets are used as call-instruments, responding to slowly

periodic carrento, we have the direct intercommunication. Of course

there are various other details, hut the above sufficiently describes the
principle.

As regards the property of the self-induction of a coil in stopping or

greatly decreasing the amplitude of rapidly periodic currents, or acting

as an insulation at the first moment of starting a current, its influence

was entirely overlooked by most writers on telegraphic technics before

1878, when I wrote on the subject [vol. I., p. 951. A knowledge of the

important quantity (
A*"-

-f ZV-^)*, which is now the common property of

all electrical schoolboys (especially by reason of the great impetus

S'ven to the spread of a scientific knowledge of eiectromagnetism by
e commercial importance of the dynamo), was, before then, confined

to a few theorists.

If the coil ^ L, and the condenser iS| be in pataUel, we have

which show the expressions of and iq, the second being the co-

efficient of Pf the first the rest.

Similariy in other simple cases. And, in general, from the detailed

nature of the combination inserted at the end of the line, write out the
connections between the current and potential-difference in each branch,

and eliminate the intermediates so as to arrive at V—Z^C, the differ-

ential equation of the combination, wherein is a function of p or (hit.

Put = - and it takes the form = Hi + L[}), wherein it( and Li
are functions of the electrical constants and of n*, and are the required

effective Hi and Li of the combination, to be used in (206), or rather, in

its 2 = ? equivalent 6^^.

As regards the 2 = 0 end, it is to be remarked that, owing to the

current being reckoned positive the same way at both ends, when we
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write y= ZqC as the terminal equation, it is - Zq that corresponds to

Zy Thus - = + LgPf where, in the simplest case, B'^ and are

the lesietaiioe end induetence of a edL

S^pedal Details ronrn-ving thf ahoir. Qnidyning Effort of iMikage, I%«
Long-Cable tiolntion^ icUh Magneiic Induction ignored.

So far sufficiently describing how to devclope the effective resistance

and inductance ex])ression8 to be used in the terminal functions G and

Ht we may now notice some other peculiarities in connection with the

eolutioD (196). First short-cireuit the line at both ende, making the

terminal functions unity, and 6 = 0. The eolation then differs from
that given in Part II., equation (82), in the presence of the quantity IT,

tlip former now becoming (A'^ + iS^-^i '')*, whilst P and Q differ from
the fonncr P and Q of (78)^ Part II., by reason of K, whose evan-

escence makes them identical. If we compaic the old with the new
pBodQtWe find that

U beoomeo 1/-Jrft'/S»«, \
Bf beeomee Bf-^KUfS, ] ^

'

in passing from the old to the new. Then the function

52^2
Docomee

+ ^-1^^
"—

»

or is unaltered by the leakage. It follows that the equation (85),

Part II., is still true, with leakage, if we make the changes (216) just

mentioned in it, or put

.y^{i'-^y ^.m-^*. im
instead of using the i/ and h expressions of Part IL
At the particular frequency given by ^^KBflL% we shall have

P-C-(J)l(i8«+W)|(irf+5V)»-(l)»(J8'5+ZI0iH ...(2S6)

making

If we sihonld regard the leakage as merely affecting the amplitude

the current at the distant end of a line, we should Ix* overlooking an
important thing, viz., its remarkable effect in accelerating changes in

the current, and thereb}' lessening the distortion tliat a group of signals

suffers in its transmission along the line. If there is only a sufficient

strength of cnrrent reeeived for signalling purposes, the signals can be
far more distinct and rapid than with perfect insulation, as I have
pointed out and illustrated in previous papers. Thus the theoretical

desideratum for an Atlantic ca})ie is not high, but low insulation—the

lowest possible consistent with having enough current to work with.

Any practical difficulties in the way form a separate question.

Begaidinff this quickening effect, or partial abolition of electrostatic

retaiwion,1 hare [vol. i., pp. 531 and 586] pushed it to its extreme
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in the electromagnetic scheme of Maxwell. In a medium whose con-

ductivity varies in any manner from point to point, possessed of

dielectric capacity which varies iu the same manner (so that their ratio,

or the eleetrottatio time-coiiBtaiit, is everywhere the same), but destitute

of magnetic inertia (jx^O, no magnetic energy), I have shown that

electrostatic retardation is entirely done away with, except as regards

imaginable preexistinf]^ plectrification, which subsides everywhere accord-

ing to the common time constant, without true electric current, by tlie

discharije of every elciucntiiry condenser through its own resistance.

This bemg over, if any imprened force acty varying in any manner in

distribution and with the time, the corresponding current will every-

where have the steady distribution appropriate to the impressed force

at any moment, in spite of the electric displacement and energy
;
and,

on removal of the impressed force, there will be instantaneous dis-

appearance of the current and the displacement. This seems impossible

;

but the same theory applies to combinations of shunted condensers,

arranged in a suitable manner, as described in the paper referred to.

Of course this extreme state of things is quite imaginary, as we
cannot really overlook the magnetic induction in such a case. If we
regard it as the limiting form of a real problem, in which inertia occurs,

to DO afterwards made sero, we find that the instantaneous subsidence

of the electrostatic problem becomes [with reflecting barriers] an
oscillatory subeidence of infinite frequen<^ bat finite dme-constant,

about the mean value zero ; which is mathematically equivalent to

instantaneous non-oscillatory subsidence.

The following will serve to show the relative importance of M, S, K,
and L in determining the amplitude of periodic currents at the distant

end of a long submanne cable, of fiurly high insulation-resistanGe :

—

4 ohms per kOom. makes E* 40*,

i microf. „ „ ^"ipi^

100 megohms „ „ K^IO^^.

Here, it should be remembered,K is the conductance of the insulator

per centim. The least possible value of L would be such that LS^t^f
where t' = 30^^; this would make L = * »>nly. But it is really much
greater, requiring to be multij)iied by the dielectric constant of the

insulator iu the first place, making // = 2say. It is still further

increased by the wire, and considerably by the shei^ and by tiie

extension of the magnetic field beyond the sheath, to an extent which
is very difficult to estimate, especially as it is a variable quantity; but
it would seem never to become a very large number, as of rourse an
iron wire for the conductor is out of the question. But leaving it

unstate<l, we have, by (96), taking W = L' = Ly

=|^:{(16O..L%.).(^.0.(4OO-^)}'.
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Now n/27r is the frequency, necessarily very low on an Atlantic cable.

We see then that the first Uii^ is quite negligible in its effect upon P,

even when we allow L to ineieMe metly irom the above 2. The
high insulation also makes the part neg^ifiUe, making
approximately

P being a little greater than Q, at least when L is smalL Now this is

equivalent to taking LsO, 0, when

^=^ = (4^)*, (256)

reducing (19^) to

C'o = ^ {^0^1^ + ^0^1*""* - 2(Gfo^i^4^i)* cos 2P/}i, (26J)

which is, except as regards the terminal functions I introduce, quite an

old formula. It is what we get by regarding the line as having only

resistance and electrostatic capacity. But, still regarding the line as an

Atlantic or similar cable, worked nearly up to its limit of speed, PI is

large* say 10 at most^ so that we may take this approximation to (265)^

C?o-2ro(5n/i2)*€-«x<3ir*xfl^, (276)

where the first of the three factors is the line-factor, the second that

due to the apparatus at the ««iO end» and the third to that at the

:r = ; end of the line; thus, by (20ft) and (266), with X'-O and Bf^R
in the former,

flf,- 1 + (2PB(Bl - I{a) + ^Ifn^y

This reduction to (276) is of course not possible when the line is very

far from being worked up to its possible limit; in fact, nil thr«'e terms

in the { } of (266), or, more generally, of (196), require to be used in

general For this reason a mil examination of the effect of terminal

apparatus is very laborious. Most interesting results may be got out

of (196), especially as regards the relative importance of the line and
terminal apparatus at different speeds, comjilete reversals taking place

as the speed is varied whilst the line and apparatus are kept the same.

The general effect is that, as the speed is raised, the influence of the

apparatus increases much &ster than that of the line. For instance, to

work a land-line o^ say, 400 miles up to its limits we must reduce the

inertia of the instruments greatly to make it even possible. In fact,

electromagnets seem unsuitaVtle for the purpose, unless quite small, and
chemical recording has probably a great future before it. But it

would be too lengthy a digression to go into the necttsarily trouble-

some details.

Some ProperHes of the Terminal FkmeHens.

The following relates to some properties of the terminal function 6',

which have application when (276) is slid. Consider the Gi of (286).

Let it be snnply a coil that is in question. Then J2| is its resistance
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aod Ly its inductance, dropping the teeent. Keep the resistance eon-

stant, whilst varying the inductance so as to make a minimum,
and therefore the currentramplitude a mAximum. The required value

of Lt is

L,^J:r2Pn, (296)

depending only upon the line-constants and the frequency, independently

of the resistance of the coil Taking JH = 10, this makes L^ = IUI20nf

where itf ii the leusteDee of the line. The lektion (396) makes

m
If the coil had no inductancei but the same resistance, (r^would have
the same expresdon, hat with 1 instead of ^ in (30&). The effect of
the inductance has therefore increased the amplitude of the current,

and it is conceiTable that could be made less than unity, though it

may not be practicable.

Now the G^iZ/'j of (30/^) is a minimum, with variable, when
i^»2i'^, and this will muku 6-^ = 2, or make the termiuai factor be
ti^fia*-?. Now if we vary the number of turns of wire in the coil,

keepine it of the same size and shape, the magnetic force will vary as

{Pii Gf, so it at first sight ajipcars that /,\ = /.72P and = 7?/2Pn make
the uiagnetic force a inuxinnim for a tixed size and shape of coil. There
is, however, a fallacy here, because varying the size of the wire as

Stated varies nearly in the same ratio as M^, whilst (306) assumes
to be a constant^ given by (296). It is perhaps conceivable to keep
constant during the variation of i^j, by means of iron, and so eet

{RJG)i to be a maximum ; but then, on account of the iron, this

quantity will not represent the magnetic force.

If, on the other hand, we vary IL m the original oC (286), keep-

ing LJIij^ constant (size and shspe of coil fixed, size of wire variable),

OjB^ is made a minimum by

J??+ Z,V-JP/2/«, (316)

giving a definite resistance to the coil, of stated size and shape, to make
tiie magnetic force a maximum. Now G^ becomes

Oi'2 + ?^{Ji,-L,n), (326)

where Li/B^ has been constant. If this eonstant have the value ir\
we have G^^2 again, and have the same values as before. There
is thus some magic about G^ = 2.

Again, if the terminal arrangement consist of a coil ii'j, /<,, and a

condenser of capacity and conductance A'j, joined in sequence, we
shall have

= say

Digitized by Google



856 ELBCTRIOAL

if are the eSMre redataiioe and indnetance, to be mad in 0„
making

Variation of X| alone nukkea a minimum when

^'"^

and if we take K^mO (condenser non-leaky, and not shunted), we have
the value of given by (305) again, independent of the condenser.

Similarly we can conic louiid to the same G^ = 2 again. These nla-

tious are singular enough, but it is difficult to give them more thau a

eiy limited jpractioal application to the qnettion of making the mag-
netic force of the coil a maadmnm, although the (30ft) lebiiion ia not
anbjeet to any indefiniteneas.

Paet VL

OenenU Bmarh an the Ckriaie emmdered a$ an IndueUm Bakuiee,

FuUSuei and Eeivced Ccpiet.

The most important as wdl as most frequent application of Mr. S. H.
Chnstie's differential arrangement^ known at various times under the

names of Whoatsrone's parallelogram, lozenge, balance, bridge, quad-

rangle, and quadrilateral, is to balance the resistances of four conductors,

when supporting steady currents due to an impressed force in a fifth,

and this is done by observing the absence of steady cnrrent in a sixth.

But its use in other ways and for othw purposes has not been neglected,

mius, Maxwell described three ways of using the Christie to obtain

exact balances with transient currents (these will be mentioned later in

connection witli other methods) ; Sir W. Thomson has used it for

balancing the capacities of condensers* ; and it has been used for other

purposes. But the most extensive additional use has been probably in

connection with duplex telegraphy ; and here, along with the Christie,

we may include the analogous differential-coil sy.stfm of balancings which
is in many respects a simplified form of the Christie.

On the revival of duplex telegraphy some fifteen years ago, it was
soon recognised that *'the line*^ required to be balanced by a similar

line» or artificial line, not merely as regards its resistance, but also as

regards its electrostatic capacity—approximately by a single condenser;

better by a series of smaller condeji^^ers separated by resistances; and,

best of all, by a more continuous distribution of electrostatic capacity

along the artiliciul Ime. The effect of the unbalanced self-induction

was also observed. This general principle also became clearly recog^

nised, at least by some^—that no matter how complex a line may be,

* Jonnisl 8. T. B. and E., vol. i., p. 8M.
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considered as an electrostatic and magnetic arrangement, it could be per-

fectly balanced by means oi a precisely similar independent arrange-

ment ;
that, in fact, the eompfez condition of a peifeet balance is

identity of the two lines throu<^hoofe, The' great comprehensiveness of
this principle, together with its extreme simplicity, furnish a strong

reason why it does not require formal demonstration. It is sufficient

to merely state the nature of the case to see, from the absence of all

reason to the contrary, that the principle is correct.

Thus, if AB^C and AB^^C [see figure on p. 2631 be two identicaUy

^milar independent lines (which of course includes similarity of
environment in t}ie electrical sense in similar parts), joined in panUel,
having the A ends connected, and also the C ends, and we join A to C
by an external independent conductor in which is an impressed force

the tvo lines most, from their similarity, be equally inflneneed by it, so

that similar parts, as B, in one line and B, in the other, most be in the

same state at the ^ame moment. In ))articular, their potentials must
always be equal, so that, if the points Bj and Bj be joined by another

conductor, there will be no current in it at any moment, so far as the

above-mentioned impressed force is concerned, however it vary. The
same applies when it is not mere variation of the impressed force 0^ but
of the resistance of the branch in which it is placed. And, more gener-

ally, Bi and B.^ will be always at the same potential as regards disturb-

ances originatint; in the independent electrical arrangement joining

A to C externally, however complex it may be.

There is, however, this point to be attended to, that might be over-

looked at first Connecting the bridge-oonduetor from B, to B| most
not produce current in it from other causes thsn difference of potential

;

for instance, there should be, at least in general, no induction between

the bridge-wire and the lines, or some special relation will be required

to keep a balance. This case might perhaps be virtually included under
similarity of environmenti

If we had sulfieiently sensitiye methods of obsenration, the statement

that one line must be an exact copy of the other would sometimes have

to be taken literally. But the word copy may practically be often used

to mean copy only as regards certain properties, either owing to the

balance being indei)endcnt of other properties, or owing to our inability

to recognise the effects of differences in other properties. Thus, in the
steady resistance-balance we only require AB^ and AB, to have equal

total resistances, and likewise B,C and B^C ; resistances in sequence

being additive. But evidently, if the balance is to bo kept whilst Bj

and are shifted together from end to end of the two lines, the resist-

auce must be similarly distributed along them.

If, now, condensers be attaidied to we lines, imitating a submarine
cable, though of discontinuous capacity, we require that the resistance

of corresponding sections shall be equal, as well as the capacities of

corresponding condensers, in order that we shall liave balance in the

variable period as well as in the steady state ; and the two properties,

resistanee and capacity, axe the elements invoWed in making one line a
eopy of the other.

H.B.P.—^voL. II. a
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In case of magnetic iDduction again, if AB,C and AB^C each consist

of a number of coils in sequence, ihey will balance if the coile are alike^

each for each, in the two lines, and are similarly placed with respect to

one another. But the lines will easily balance under simpler conditions,

inductances being additive, like resistances; and it is only necessary

that the total self-inductions of ABj and AB„ (including mutual induc-

tion of their parts) be equal, and likewise of B^C and BjC. Again, if a
coil Oj in the branch AB^ have another coil in its neignbourhood (not

in dtner line, but independent), and a^, in Uie branch AB.., be a copy of
rt„ we can comjilete the balance by placing a coil K (which is a copy of«

ftj) in the neighbourhood of the coil so that the action between

and is the same as that between and But it is not necessary

for hi and A, to be copies of one another except in the two parfacnlars

of resistance and inductance; whilst as r^gurds their positions with

respect to and a.^ we only require the mutual inductance of and
to equal that of a., and ft^

On the other hand, if be not a coil of fine wire, but a piece of

metal that is placed near the coil //„ many more specifications are

required to make a copy of it The piece of metal is not a linear

conductor ; and, although no doubt only a small number (instead of an
infinite number) of degrees of freedom allowed for, would be sufficient

to make a practical bahmce, yet, as we have not the means of simply

analyzing pieces of metal (like coils) into a few distinct elements, we
must generally make a copy by means of a similar piece, of the

same metal, and place it witii respect to as ftj is to Oj, to secure a

good balance. But very near balances may oe sometimes obtained by
using quite dissimilar pieces of metal, dissimilarly placed.

So far, copy signifies equality in certain properties. But one line

need be merely a reduced copy of the other. It is only when we
inquire into what makes one line a induced copy of another, that we
require to examine fully the mathematical conditions of the case in

question. In the state of steady flow the matter is simple enough. If

ABj has 71 times the resistance of AB,„ then must B,C have n times the

resistance of BgC to keep the potentials of Bj and B.^ equal. If con-

densers be connected to the lines, as before mentioned, we require,

firsts the resistance-balance of the last sentence applied to every section

between a pair of condensers; and next, that the capacity of a condenser

in the line ABjC shall be, not 71 times (as patented by Mr. Mnirhead, I

believe), but 1 /< of the capacity of the conesponding condenser in the

line ABjC [vol. l, p. 20]. If the lines are represeutable l)y resistance,

inductance, electrostatic ca]iacity, and leakage-conductance (i^, L, >S', Kot
Parts IV. and V., per unit length), one line will be a reduced copy of the
other if, when ]{ and L in the first line are n times those in the second,

8 and K in the second are n times those in the first, in similar parts.

Ccnjugaeif of Tnoo Condueiors m a Connected St/stem. The CSiaraetmistk

FmeUon and ih I^t-operfm,

Ader these general remarks, and preliminary to a closer consideration

of the Christie, let us briefly consider the general theory of the conjugacy
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of a pair of conductors in a connected system, when an impressed force

in either can cause uo current in the other, either transient or per-

manent The direct waj is to seek the Ml differential equation of the
.current in either, when under the inMuence of impremed force in the

other alone. Let F= lie the differential equation of any one branch,

C being the current in it, /'the fall of potential in the direction of ^,

and Z the diti'erential operator concerned, according to the notation of

Parte IIL, IV., and V. Ifthere be impressed force e in the branch, it

becomes e+ F«> ZC, We have S ^= 0 in any cireuiti by the potential-

property ; therefore ^e = 1ZC in any circuit. Also the currents are

connected by conditions of ci>!itinnity at the junctions. These, together

with the former circuit-equations, lead us to a set of equations :

—

C\, C.„ being the currents, and e^, e,^ ... the improijsed forces in

brancnes 1, 2, etc ; F being common to all, and it and the /'s being
differential operators. We arrive at simtkr eqaationa when the

differential equation of a branch is not merely between the Vend C of

that branch, bat between those of many branches ; for instance, when

ri-ZiiCi+Zi,C,+ (2c)

is the form of the differential equation of branch 1.

Now let there be impressed force e in one branch only, and C be the

current in a second, dropping the numbers as no longer necessary. We
then have

FC=/e (3c)

Conjugacy is therefore secured by /(? = 0, making C independent of

e. Therefore /e=*0 is the complex condition of conjugacy. If, for

example,

/e-fl^+ai^+a,?+..., (4c)

where the o^s are constants, functions of the electrical constants con-

cerned, then, to ensure conjugacy, we require

a^J = 0, rti = 0, a^ = 0, etc., (5c)

8e[»arutely ; and if these a's cannot all vanish together we cannot have

conjugacy.

What C may be then depends only upon the initial state of the

system in subsiding, or upon other impresse<l forces that we liavc nothing

to do with. As depending upon the initial state, the solution is

C^^At'^i (6c)

the summation being with respect to the j/s which are the roots ol

J!'(p) = 0, p being put for d/Uli in and the ./ belonging to a certain^

is to be obtained by the conjuL'ate property of the equality of the

mutual eleoti ic to the mutual magnetic energy of the normal systems of

any pair of /;'s.

As depending upon c, the impressed force in the conductor which is
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to be conjugate to the one in which the current is (7, let e be «ero before

time t^O, and constant after. Then, by (3e),

F{il (It) —' "pF*^ • ^ -I't'

if C'o is the final steady current, and F' = dt)dp, the summation being

with respect to the

If there is a lesistance-bahmee, Oq-O, Cq^O, and

6'»^.J^V. (8c)

Now, subject to (4t), cakulute the integral transient current :

—

» value of /ip)elpF{p) when i?
= 0,

-«h/^o. <^^>

If is the p«0 value of F. If then Oj-O also^ we prove that the

integral transient current is zero.

Supposing both » 0, Oi » 0, then

therefore [^^^^^'^X^^iv' ^^ " = X'-'P"'-*".

and therefore ^"djcdl = ^"f^" « = W
Thus, if a,« 0 also, we have

j^(i<J Ctf/-0.
(lie)

Similarlj, ifa,"0 also^ then

I'li/p/Jctf^ = 0, (12c)

and so on. The physical interpretation of ao ^ = 0 is obvious,

but after that it is less easy.

If F contain inverse powers of p, the stead}' current m:iy he zero.

But in spite of that, it will be found that to secure perfect cniijugacy

for transient currents we must have a true resistance-balance, or that

relation amongst the resistances which would make the steady current

sero, if we were to allow the possibilitjr of a steady current by changing

the value of other electrical quantities concerned. I will give an
example of this later.

I have elsewhere [vol. i., p. 412] pointed out these properties of the

* [In thase cqnatiou (7c) to (lOe) modify as hi the footnois on p. 226, toL n., if
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function in the case where there is no mutual induction, or F= ZC
18 the form of the differential equation of a branch. Let n points be
united by \n{t\, - 1) condoetort, whose condactaooeB are A'^,^ K^^ etc,
it being the points that are numbered 1, 3, etc Then the determinant

-^11' ^i2» •••»

^21' ^22' •••»

IS zero, and its first minors are numerically equal, if any K with equal
double suffixes be the negative of the sum of the real A's in the same
row or column.* Remove the last row and column, and call the deter-

minant that is left F. It is the F required, and is the characteristic

function of the combination, expressed in terms of the conductances.

If every branch have self-induction, so that J{+ Lidjdt) takes the place

of A^'^ then ^"=0 is tiie differential equation of the combination,
without impressed forces; and F^O is always tlic differential equation
subject to the condition of no mutual induction. In the paper referred

to cores are placed in the coils, giving a special form to K.
When K ts conductance merely, toe characteristic function contains

within itself expressions for the resistance between every two points in
the combination, which can therefore be written down quite mechani-
cally. For it is the sum of products each containing first powers of the
K\ and therefore may be written

F^Ki^Yt'^^M^^n^n'^^n'^ 0-^^)

where do not contain and A'jj, Kj, do not contain K^^, (It

is to be understood that the diagonal K^i, are got rid oL)

Then « XxJY^^» resistance between points 1 and 2,^ . . . v

K-X^rw „ n 2 and 3,/

^

etc., it being understood that these resistances are not R^^ etc., but
the resistances complementary to them, the combined resistance of the
rest of the combination

;
tlms, if r^^ be the impressed force in the con-

ductor 1, 2, the current (steady) in it is

^' ^12 + -^12/^12 A2+ '^t ^
^

The proof hy dett^rmiiiants is rather troublesome, using the A's, but, in

terras of their reciprocals, and extending the problem, it becomes simple

enough. Thus, if we turn K to Ji~^ in F, and then clear of fractions,

we may write F= 0 as

i^.^Va+K/.^O, B^l,+ V^ = 0, etc., (17c)

where Xf^ F,,, do not contain J^i^ ; etc. From this we see that the

differential equation of the current (\._, in 1, 2, subject to e^, only, is

+ (18c)

*As in MaaEWflU, vol. i., art. 2W.
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if /i^, = VlJXiL For this make the dimenriont oomet» and that is the

only additional thing required, when we obeenre thi^ it makes the

steady current be

(^i2~ ^12/(^^12 "^'si)* «•..•••••»•. ••••»«(19c)

80 that //.', is the resistance complemeiitaiy to L\.,.

Altliough it is generally best to work in terms of resistances, yet

there are times when conductances are preferable, and, to say nothing

of eonductoTB in parallel arc, the above is a case in pointy as will he
seen by the way the characteristic ftmction is made up out of the K*9,

There is also less work in another way. Thus, J«(n-1) conductors

uniting n points give - 2) degrees of freedom to the currents.

It is the least number of branches in which, when the currents in them
are given, those in all the rest follow, llius, if 10 conductors unite

5 points, the currents in at least 6 conductors must be given, and no
four of them should meet at one points The remaining conductors arc

n - 1 in number, or one less than the number of points, and n - 1 is the

degree of the characteristic function in terms of the conductances. Now
put F=0 in terms of the resistances, by multiplying by the product of

all the resistances. It is then made of degree l)(n- 2) in terms

of the resistances, which is the number of current-fireedoms. If »»4,
the degree is the same, viz., three, whether in terms of comlnctances or

resistances ; but if n = 5, it is of the sixth degree in terms ot resistances

and only of the fourth in terms of the conductances; and if /i = 6, it is

of the tenth degree in terms of the resistances, but only of the fifth in

terms of the conductances ; and so on, so that F becomes greatly more
complex in terms of resistances than conductances.

When every branch has self-induction, Z=Ii + Lj), and the degree of

p in F= 0 is the number of freedom*, so that there are n - 1 fewer roots

than the number of branches. It is the same when there is mutual

induction. The missing roots belong to terms, in the solutions for

subsidence from an arbitrary initial state, which instantaneously vanish,

producing a jump from the initial state to another, which subsides in

time.

On the other hand, if every branch (without s<'lf-in(luction) is shunted

by a condenser of capacity iS^, i:)^ etc., A' becouies K + ^S^, so that the

degree of p in F^O is the same as that of JT, or - l)(n- 2) fewer

than the number of condensers. [VoL L, p. 540.]

Theorif 0/ ihe Christie Bakmee of Self-Indiictien,

Coming next to the Christie as a self-induction balance, let there be

six conductors, 1, 2, etc., uniting the four points A, Bj, B^, C in the

figure. ABjU and AH.C are "the lines" referred to in the beginning.

Let Ji be the resistance and L the inductance of a branclt in which the

current is C, reckoned positive in the direction of the arrow, and the

fall of potential F in the same direction ; thus F^, for the

first branch. The six branches may be conjugate in pairs, thus : 1 and

4, or 2 and 3, or 5 and 6. In the following 5 and 0 are selected always,

the battery or other source being in 6, and the telephone or other
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indicator in 5. Mutual inductances will he denottul by J/
;

thu8»

if}|C\ is the electromutive impulse in 2 due to the stoppage of the
current C, in 1 ; simiUrly M^^C^
is the impulse in 1 due to stop-

ping C^.

Deferring mutual induction for

the present, though not confining

self'indnetioii to be of the mag- a
netic kind only, but to include
electrostftde if required, the condi-

tion of conjugacy is that the poten-

tials at and be always equal
Therefore

r, = r„ and r,= r^; (20c)

80, if V^ZC, 6

Zi6'i = Z/'o, and Z^C^^Z^C^^ (21c)

But, by continuity, (\ = {'^, and C.,= (\ at every moment (including

equality of all their differential coetticients) ; so that (21c) becomes

Z^Cy^Z^a^ Zfi^^Zfi^i (22c)

consequently

Z,Z,-Z,Z,^0=f (23c)

is the complex condition of conjugacy. This function is the / of the
previous investigation.

When the selfinduction is of the magnetic kind, Z^R-¥l^\ so that^

arranging/in powers ofpt

0

-

(B^R, - R^R,) -H {R,L, + nj^, - JU, - R^L^p + {L,L, - L^)pK (24c)

Therefore, if x = LIR, the time-constant of a branch, we have three

conditions to satisfy, namely,

R,R, = R,R,,
,

(25r)

^1 + -r^ = +% (26c)

LJ.^ = LX,^ (27c)

" If the first condition is fulfilled, there will be no final rnrrcnt in

5 when a steady impressed force is put in 6. This is the condition for

a true resistance balance.
" If, in addition to this, the second condition is also satisfied, the

integral extra-current in 5 on making or breaking 6 is aero, bcMides

the steady current being zero
;
(25r) and (26c) together tlierefore give

an approximate induction-l)alance with a true resistance-balance.
" If, in addition to (25' ) and (2G' ), the third condition is satisfied,

the extra-current is zero at every moment during the transient state,

and the balance is exact however the impressed force in 6 yaiy.
'* Practically, take

R^S^ and ti^L^i (28c)

that is, let branches 1 and 3 be of equal resistance and inductance.
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Then the second and third conditions become identical; and, to get

perfect balance, we need only make

7?3 = 7?^, and h^L^ (29c)

" This is the method I have generally used, reducing the three con-

ditions to two, whilst preserving exactness. It is also the simplest

method. The mutual induction, if any, of 1 and 2, or of 3 and 4, doea
not influence the balance when this ratio of equality ^, is employed
(whether L^~= L.j, or not).* So branches 1 and 2 may consist of two
similar wires wound together on the same bobbin, to keep their

temperatures equal." [Vol. il., p. 33].

Of the eight quantities, four i^'s and four L\ only five can be stated

arbitrarily, of whieh not more than three may be R% and not more
than three may be Z's. We may state the matter thus :—There muet
first be a resistance-balance, Tlieii. if wc give definite values to two
of the i/'s, the corresponding time-constants usually l)econip fixed, and
it is required that the other two time-constants shall be equal to them

;

thiiB

either ' end x^=^x^

or else fla = -*'2 •'^d Sj— ar^.

Thus the remaining two IJ& become usually fixed. In fact, elimi-

nating 11^ and from (26c) by (25c) and (27c), the second condition

may be written

(«i-«i)(«i-«8)-0.

•Suppose itj, A'j, /ij given, then li^ is fixed by (25c). Two of the

ioductances may ttien be given, fixing the conesponding time-constaots.

If these inductances be Li and then we must have (nnless x^^x^

But if i/| and be given, then we require (unless x^ = x^

These two cases present a remarkable difference in one respect. The
absence of current in 5 allowing us to remove 6 altogether, we see by
(18c) that the diflferential equatiou of Uq is

manipulating the like resistances. The absence of branch 5 thus

reduces Uie nomber of free-subsidence systems to two. [In the last

equation we may eliminate one of the Z^b by (23c), and then again

eliminate one of the remaining three i/'s.] Now, if we choose x^-x^
we shall make

{L.'^L.VXR, -f = {L, + L,)I{R, + R,),

* The wotdB iu the ( ) should b« cancelled. The iudepeudence of Mj<^ and
which is «zaot wban = />s, />3-£'«* and sensibljf true when the ineoaalitiM an
•BwU, beoomM wnsibly antme when the iikeqaalities Lx-L^aad - L4 ara gnat.
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or the time-constants of the two branches 1+3 and 2 + 4 equal. Then
oooof tliej»*Bi8

and ihis is only conoemed in the free subsidence of current in the
drcnit AB^GB|A. Consequently the second p, which is

is alone concerned in the setting-up of current by the impressed force

in 6 ; and the current divides between AB^C and ABfi in the ratio of
their conductances, in the variable period as well as finally. In fact,

the fraction in the aljove equation of C\ will be found to contain

as a factor in its numerator and denominatur, thus excluding the root,

so far as t is concerned. On the other hand, if we choose = we do
not have equality of time-constants of AB^C and AB^G, so that there

are two p's concerned, which are not those given ; and the current

does not, in the variable period, divide between ABjC and AfigC in the
ratio of their conductances, but only finall}'.

In the above statement it was assumed that when Lj and were
chosen, it was not so as to make = x^. When this happens, howeveri
it is only the ratio of to that becomes fixed, for we have x^^x^
= finything.

Similarly, when and L.^ are so chosen that <*i=-T3, we shall have
a-o = = any thing, .«<o that only the ratio of L., to is fixed.

And if ig, be so chosen thatx„ = .r^, then .t^^ j^^^'^^^J^^'^^g* only

fixing the ratio of to L.,. But should not then we require

= X3 and «2 = -^41 t-hus fixing and
And if Lj, be so chosen that j.^ = x^^ then jj = = anything, only

fixing the ratio of to But if so that not '^z^ then 2| and
Xj = .r^ fix />j and

There arc yet two other pairs that may be initially chosen, and with

somewhat different results. Let it be and that are chosen ; if not
so as to make x^^x^, there are two ways of fixing L., and viz., either

by and .'., = .'•4. or by r^'^x^ and r^ = x^; but if so that x^^x^ia
the tirst place, tlieu tiiey must also =

Similarly the choice of L.^ and so as not to make x.^ ^ x.^, gives two
ways of fixing and Z^, by vertiod or by horizontal equality of time-

constants, as Defore; whilst x^'^x^ produces equality all round.

The special case of all four sides equal in resistance may be also

noticed. Balance is given in two ways^ either by horizontal or by
vertical equality in the L's.

lUmarks an (he FraeHcal Use 0/ Indvdion Bataneet, and the Calibraiion

of an Induetmeler,

Leaving the mathematical treatment for a little while, I proceed to

Slve a 9hSrt general account of my experience of induction-balances. I

id not origmally arrive at the method of equal-ratio just described
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through the general theory (20' ) to (27' ), hut simply by means of the

general principle of balancing by making one line a copy of the other,

of which I obtained knowledge through duplex telegraph} , and inves-

tigated tiie conditions (35c^ to (27c) more from enriosity than anythinc

else, though the inyestigation came in useful at last. In 1881 I wished
to know wh:it ]>racticaT valuos to give to the indiu t;incos of various

electromagnets used for telegraphic pvirj^o.ses, and to get this knowledge
went to the Christie. Not having coils of known inductance to start

with, I employed Maxwell's condenser-method,* with an automatic

intermitter and telephone. Let 1, 2, and 3 he inductioiilefls resistances,

and 4 a coil having eelf-indaction. Put the telephone in 5, the hatteiy

and intermitter in 6. We require first the ordinary resistance-balance,

n,R^ = li.Jiy But the self induction of the coil will cause current in 5

when 6 is made or broken. Tiiis will be completely annulled by
shunting 1 by a condenser of capacity 6',, such that

signifying that tlie tim*»-constant of the coil on short-circuit and that of

the condenser on short-circuit with the resistance i/j are equal.

The method is, in itself, a good one. But the double adjustment »
sometimes yery trouljtesome, especially if the capacity of the condenser
be not adjustable. For when wo vary 7?,, to approximate to the correct

value df we u])set the resistance-balance, and liuve, therefore, to

make sinHiltaiicous variations in some of the other resistances to restore

it. But the method has the remarkable recommendation of giving us

the value of the inductance of a coil at once in electromagnetic units.

In the course of these experiments I observed the upsetting of the

resistance and induef ion balance by the presence of metal in the neigh-

bourhood of the coils, which is niunifested in an exaggerated form in

electromagnets with solid cores. JSo, having got the information I

wanted in the first place, I discarded the condenser-method with its

troublesome adjustments, and, to study these effects with greater ease,

went to the equal-ratio method, with the assistance that I had obtained
(by the condenser method), the values of the inductances of various ooils^

to be used as >;fandards.

"To use the Bridge to speedily and accurately measure the inductance

of a coil, we should have a set of {proper standard coils, of known
inductance and resistance, together with a coil of variable inductance,

two coils in sequence, one of which can be turned round, so as to

vary the inductance from a minimum to a maximum. + The scale of

this coil could be calibrated by (12(i), first taking care that the resistance-

balance did not require to be upset This set of coils, in or out of

circuit according to plugs, to form say branch 3, the cool to be measured
to be in branch 4. Batio of equality. Branches 1 and 2 equal. Of
course inducUonless, or practically inductionless* resistances are also

* MaxweU, vol. n., art 778.

i Prof. Hughea** oddly nanu-<I Sonometer will do jiut M well, if of mitablo aiM
and properly connecteil up. It i» the manner of oonnoetion aad dm tliat |^v«
individuality to my inductMneter.
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required to get and keep the resistance-balance. The only ste]) to this

I nave made (this was some yean ago) . . . was to have a number of
little e<iual coils, and two or three maltiples ; and get exact balance by
allowing induction between two little onesi with no exact measurement
of the fraction of a unit" [vol. II., p. 371.

Although rather out of order, it will be convenient to mention lu re

that although I have not had a regular inductance-box made (the coils,

if dose together, would have to be dosed solenoids), yet shortly after

making these remarks, I returned to my earlier experiments by cali-

brating the .scale of the coil of variable inductance. As it then becomes
an instrument of precision, it deserves a name; and as it is for the

measurement of induction it may, I think, be appro|)nately termed an
Inductometer. Of course, for many purposes no calibration is needed.

I found that the calibration could be effected with ease and rapidity
by the condenser-method more conveniently than by comparisons with
coils. Thus, first ascertain the minimum and the maximum inductance,
and that of the coils separately. Suppo.se the range is from 20 to 50
units (hundreds, thousands, millions, etc., of centimetres, according to

the quite arbitrary sise of the instrument). It will then be snffident
to ilii 1 the places on the scale coi responding to 20, 21, 22, etc., 49, 50.
Staitint; at 21, set the resistance-balance so that s!ir»idd be 21 units;

turn the moveable coil till silence is reached, and mark the place '2\.

Then set the balance to suit 22, turn again till silence conies, and mark
again ;

repeat fehrottghout the whole range. Why tiiis can be done
rapidly is because the resistance-balance is at every step altered in the
same manner. We have thus an instrument of constant resistance and
variable known inductance, ranging from

if L and are the separate inductances and the maximum mutual
inductance. The calibration is thoroughly practical, as no table has to
be referred to to find the value of a certain deflection.

I formerly chose 10^' centim. as a practical unit of inductance, and
called it a torn ; the attraction this had for me arose from L toms ^ /? ohms
equalling LjJi seconds of time. JLiuL it was too big a unit, and millitoms

and microtoms were wanted. Another good name is mac 10* centim.
might be called a mac. Since Maxwell made the subject of self-induc-

tion his own, and described metliod? of correctly measuring it, there is

some appropriateness in the name, which, as a mere name, is short and
distinctive.

The two coils of the inductometer need not be equal ; but it is very
convenient to make them so, before calibration, by the equal-ratio

method, which, of course, merely requires us to get a balance, not to
measure the values. Let 1 and 2 be any equal coils

;
put one coil of

the inductometer in 3, the other in 4, and balance. It happened by
mere accident that my inductometer had nearly equal coils ; so I made
them quite equal, to secure two advantages. First, there is facility in

calculations; next, the inductometer may be used with its coils in
paialld or in sequence^ as desired. When in panlld, the effective
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resistance and inductance are each one fourth of the sequence-values.

Tlius, let 7^== ZC be the difl'erential equation of the coils in parallel, (

'

being the total current, and V the common potential-fall; it is easily

shown that

when the coils are unequal ; fj and being their resistances, and
their indactances, aad m their mutual inductance in any position.

Now make r, = and ^ ; this reduces Z to

J?=Jr + ^(/ + m)/>; (31c)

whilst, when in seqaence, we have

^»2r+2(l+i»)/>, (32c)

thus proving the property stated. We may therefore make one in*

ductometer serve as two distinct ones, of low or high resi tuin e.

There docs not spem to be an}-' other way of making the two coils in

parallel l)ehave as a single coil as regards external electromotive fnrce.

Any number of coils whose time-constants are equal will, when joined

np in parallel, behave as a single coil of the same time^nstant \ hut
there must be no mutual induction. (This is an example of the pro-

perty* that any linear combination whose parts have tlie same time-

constant has only that one time-constant.) This seriously impairs the

utility of the property, but the reservatiou does not apply in the case of

the equal-coil inductometer.

Having got the inductometer calibrated, we may find the inductance

of a given coil, or of a combination of coils in sequence, with or with

out mutual induction, nearly as rapidly as the resistance. Thus, 1 and
2 being equal, put the coil to be measured in 3, and the inductometer

in 4. We have to make R^ — R^ and L.^ = Z.^, or to get a resistance-

balance, and then turn the mductometer till silence is reached, when
the scalo'reading tells us the inductance. This assumes that lies

within tlu range of the inductometer. If not, we may vary the Hmits

as we please by putting a coil of known inductance in sequence with

branch 3 or 4 as required, putting at the same time equal resistance in

the other branch.

Or, the inductometer being in 4, and 1, 2 being inductionless resist-

ances, put the coil to be meamired in 3. If it has a larger time-constant

than ttie inductometer's greatest, insert resistance along with it to

bring the time-constants to equality. The conditions of silence arc

R^R^ = RJi^ and L,JR,^ = R^. Here a ratio of equality is not

required. The method is essentially the same as one of Maxwell's f,

and is a good one for certain purposes.

* This property HuppUes us with induction-balaoceB of a peculiar kind. Let
there be any network of eondttctors, every branch having the Mine time^oonitant.
Set up current in the conil)in,ittnn, ami tho!i remove the impressed fonM. During
the subsidence all the junciwm will be at the saoie potential, and any pair of

them may oonaequently be joined hy an external eomlnolor without producing
current in it.

t Maxwell, vol. ii. art. 757.
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Or, 1 and 2 being any equal coils, put one coil of the inductometer in

6 and the other in 4, the coil to be measured being in 3. Then

L, = L,-2M,, (33r)

gives the induction-balance, beinij here the inductance of the coil of

the inductometer in t, and the mutual iuductauce of the two coils,

in the poBiiion giving; silence. Thie is known in all positions, becaase

the scale-reacling gives the value of + + 2,m (or eue 2(/ + m) if the

coils are equal), and + is known. If the range is not suitable, we
may, as before, insert other coils of known inductance.

There are other ways ; but these are the simjilest, and the equal-ratio

method is preferable for general purposes. I have spoken of coils

always, where inductances are Uu^ and small errors unimportant.
When, however, it is a question of small inductances, or of experiments
of a j)hi!()sf>phic;tl nature, needing very careful balancing, then tin* equal-

ratio method acquires so many advantag«'s as to l)ecome the method.
*' So long as we keep to coils we can swamp all the irregularities due

to leading wires, etc., or easily neutralise them, and can therefore easily

obtain considerable accuracy. With short wires, however, it is a diffe-

rent matter. The inductance of a circuit is a definite quantity : so is

the mutual iiidtictance of two circuits. Also, when coils are connected

together, each forms so nearly a closed circuit that it can be taken as

such ; so that we can add and subtract inductances, and localise them
definitely as belonging to this or that part of a circnit. But Uiis

simplicity is, to a great extent, lost when we deal with >hort wires,

unless they are bent round so as to make nearly closed circuits. We
cannot fix the inductance of a straight wire, taken in' itself. It has no
meaning, strictly speaking. The return-current has to be considered.

Balances can always be gut, but as regards the interpretation, that will

depend upon the configuration of the apparatus.
** Speaung with diffidence, having little experience with short wires,

I should recommend 1 and 2 to be two equal wires, of any convenient

length, twisted together, joined at one end, of course slightly separated

at the other, where they join the telephone-wires, also twisted. The
exact arrangement of 3 and 4 will depend on circumstances. But
always use a long wire rather than a short one (experimental wire). If
this is in branch 4, let branch 3 consist of the standard coils (of appro-

priate size), and adjust them, inserting, if necessary, coils in series with

4 also. Of course 1 regard the matter from the point of view of getting

easily interpretable results" [vol. ii. p. 37].

SoiM Peculiarities of Sdf-Indurtvm Bitlaru^es. Inndequaey of S,U,
I'llriotions lo rfj>rr.<rnf InterinifteiKfs.

Consider the e(iuations (24() to (27' ). 77//>r conditions have to be
satisfied, in general, tiie resistance-balance (2')^) and the balance of
integral extra-current (2Cc) not being suthcient. To illustrate this in a

simple manner, let 2 and 3 be equal coils, by previous adjustment, and
1 and 4 coils having the same resistance as the otbeni but of lower
inductance, or else two coils whose total leeistanee in sequence is that
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of each of tbe others, hat of lower indnetenee when sepanited. The
resistance-balance is satisfied, of course. Now, if the next eonclition

were sufficient to make an induction-balance, all we should have to do
would be to make + 7^^ = 2L^. For instance, if if? first adjusted to

equal Z, and L.^, Uu-n, by increasinL: either or to the right

amount, silonce would result, it does result when it is that is

increased, but not when it is Li, U the sound to be quenched is slight,

the residual sound in the case is feeble and might be overlooked

;

but if it be loud, then the residual sound in the case is loud and is

comparable with that to be destroyed, whilst in the case there is

perfect silence.

Tile reason of this is that in the case we satisfy only the second

eondition, whilst in the ease we satisfy the third as welL
Another way to make uie experiment is to make 1, 2, and 3 equal,

and 4 of tho same resifitancc but of lower inductiinee—much lower.

Then the insertion of a non-condut tini; iron core in 1 will lead to a loud

minimum sound, but if put in 4 will bring us to silence, except as

regards something to be mentioned later.

Supposing, however, we should endeavour to get silence by operating

upon although we cannot do it exactly, yet by destroying the

resistance balance we may approximate to it Thus we have a false

resistance- and a false induction-balance, and the question would
present itself, If we were to wilfully go to work in this wav in the

presence of exact methods, how should we interpret the results 9 As
neither (25r) nor (266) is true, it is suggested that we make use of the

formula based upon the assumption that the currents are sinusoidal or

]>endu1oiis, or S.H. functions of the time. Take in (24i;), the

frequency being «/2ir, ami we find

I!M^, + T,)==njrp,-\- r ) (34r)

{h\Ji^ - M^R^) = n'{L,L, - (35c)

are the two conditions to bt> sati-fuMl
; and we can undoubtedly, if we

take enough trouble, correctly interpret the results, if the assumption
that has been made is justifiable.

I should have been fully inclined to admit (and. have no doubt it is

sometimes true) that^ with an intermitter making regular Tibrations,

we might regard the residual souml as due to the upper partials, and
that «/27r could l)e taken as the frequency of the interniittcr, and (34r),

(3r)f) f>niployed safely, though not with any pretensions to minute

accuracy, if circumstances compelled us to ignore the exact methods of

true balances, were It not for the fact that this hypothesis sometimes
leads to utterly absurd results when experimentally tested. Of this I

wUl give an illustration, and, as we have only to test that intermittcnces

may be regarded as S.H. reversals, simplify by taking B^sslip L^^^
which makes an cxar t equal ratio balance, J!.^ = Jt\, L.^ = L..

Since a steady or slowly varying current does not produce sound in

the telephone, if a battery couM be treated as an orainary conductor,

we could put it in one of the sides of the quadrilateral and balance it,

just like a coil, in spite of its electromotive force. So, let 1 and 2 be
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equal coils, 3 the battery to be tested, and 4 the balancing coils. I tiud

that a good Iwttery can be very weU balanced, though not perfeetly,

with intermittences, as regards resistance, which is, however, far less

with rapid intermittences than with a steady current.* Tims : steady,

2iohms; intermitt^jnt (about 500), liohm. Another battery: steady,

166 ohms; intermittent, 126 ohms. The steady resistances are got by
cutting out the intermitter, using a make-and break instead; the

deflection of a galvanometer in 5 must be the same whether 6 is in or

out If we leave out the battery in 6, it becomes Mance's method.

The sensitiveness is, however, far gr^'ater when the battery is not left

out, ahliough other effects arc tlien produced.

So far regarding the resistance. As r^^rds the inductance, or

M>parent inductance, of batteries, that is, I find, usually negative.

That is to say, after bringing the sound to a minimum by'meana of

reristance-adjustment, the residual sound (sometimes considerable) may
be quenched by inserting equal coils id branches 3 and 4, and then

increasing the inductance of the one containing the battery under test.

1 selected the battery which showed tlic greatest negative inductance,

about } mac, or 500,000 eentim., got the best possible silence by
adjustment of resistance and inductance, and then found the residutu

sound could be nearly quenched by allowing induction between the

coil in 3 and a silver coin, provided, at the same time, were a little

increased.

It was naturally suggested by the negative inductance and lower

resistance that the battery behaved as a shunted condenser, or as a
shunted condenser with resistance in sequence^ or something similar

;

and I examined the influence of the frequency on the values of the
effective resistance and iniliictance. The change in the latter was
uncertain, owing to the complex balancing, but the apparent resistance

was notably increased by increasing the frequency, viz., from 125 to

130 ohms, when the frequency was raised from about 500 to about 800,
whilst there was a small reduction in the amount of the negative in-

ductance. The effect was distitu t, under various change*; of frequency,

but was the opposite (as regards resi>«tance) of what I cxiiocteil on the

S.H. assumption. To see whereabouts the minimum ;ijij)arent resi>it-

anoe was (being 165 steady), I lowered the frequ*m y l>y steps. The
resistance went down to 113 with a slow rattle, and so there was no
minimum at all. The S.H. assumption had not the least application to

the aj)})arent resistance, as regards the valut -^ 1')") steady, 113 slow

intermittences, although it no doubt is concerned in the rise from 113

to 130 at frequency 800. The balance (approximate) was some com-
plex compromise, but was principally due to a vanishing of the integral

extra-current. Of course in such a case as this we should ein]iloy a
strictly S. 11. impressed force

; a remark that apjdies more or less in all

cases where the combination tested does not behave as a mere coil of
constant Ji and L.

• I am Rware that Kohlrausch employs the telephone with intermittences to

find the resiatauoe of electrolytes, but have no knowledge of how he geta at the
true reaittenoe.
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The other effects, dae to using a battery in branch 6 as well, are

oomplex. It made little difference when the earrent in the cell was in

its natoial direction ; but on reversal (by reversing the battery in 6)

there was a rapid full in the resistance— for instance, from 46 ohms to

18 ohms in half u niinuto in tlie case of a ratlior ii.sed-up battery, but a
comparativel)' small fall when the batleiy Wiis good.

Besides the advantage of independence of the manner of variation of

the impressed force (in all cases where the resistance and indnetanoe do
not vary with the frequency), and the great ease of inter[)retation, the

equal-ratio method gives us indepentlence of the mutual induction of 1

and 2 and of 3 and 4 ; and this, again, leads to another advantage of

an important kind. If the arrangement is at all sensitive, the bslance

will continually vary, on acooont of temperature inequalities occurring

in experimenting, caused by the breatli, heat of hands, lamps, etc.

Now, if the four sides of the rjuadrilateral consist of four roils, equal in

pairs, it is a ditlicuit matter to follow the temperature-changes. To
restore a resistance-balance is easy enough ; but more than that is

needed, viz. the preservation of the ratio of equality. But, by reason
of the independence of the self-induction balance of M^^ we mi^, as

before mentioned, wind them together, and thus ensure their equality

at every moment. There is tben only left the inequality between
branches 3 and 4, which must, of course, be separated for experimental

purposes, and that is very easily followed and set right When a sound
comes on, holding a coin over the coil of lower resistance will quench it,

if it be slight and due to resistance-inequali^, and tell us which way
the inequality lies. If it be louder, the cancelling will be still further

assisted by an iron wire over or in the same coil, or by a thicker iron

wire alone, for reasons to be presently mentioned.

On the other hand, a small inequality in the inductance may be at

once detected by a fine iren wire, quenching the sound when over or
in the coil of lower inductance ; and when the resistance and induct*

ance-balances are l>oth slightly wrong, a coni]>inati()n of these two ways
will show us the directions of departure. These facts are usefully

borue in mind when adjusting a pair of coils to equality, during which
process it is also desirable to handle them as little as possible, otherwise
the Ii* ating will Upset our conclusions and canse waste of time. But a
pair of coils once adjusted to equality, and not distorted in shape after-

wards, will practically keep equal in inductance ; for the effect of

temperature-variation on the inductance is small, compared with the

resistance-chanee.

Regarding the intermitter, I find that it is extremely desiraUe to
have one that will l'Ivc a pure tone, free from harsh irregularities, for

two reasons : first, it is extremely irritating to the ear, especially when
ex|)erimcnts are prolonged, to have to listen to irregular noises, or

grating and fribbling sounds ; next, there is a considerable gain in

sensitiveness when the tone is pure.*

* I.e., pure in the coininou acceptation, not in the scieutilic bense of having a
definite single fremiency, which ia only needed in a speeial olaw of cases, whan no
tme balance ooula be got without it.

Digitized by Google



ON THE SELF-INDUCTION OF WIRES. PART VL 273

Disiwbanresi prodvffid by MM, Magnetic and N<m-magnetic. The Diffusion-

Effect, Eguivalence of Noaeonduciing Iron to Self-lndudum,

Coming now to the effects of metal in the magnetic field of a coil,

the matter is more easily iiiiderstood from the theoretical point of view,

in the first instance, than by the more laborious course of noting facts

and evolving a theory out of them — a quite unnecessary procedure,

seeing that we hare a ^ood theory already, and, guided by it, have
mere^ to see whether it is ohe^ed and what Uie denatures are, if any,
that may require us to modify it

First, there is the effect of inductive maj^netisation in incrtvisin^ the

inductance of a coil. Diamagaetic decrease is quite insensible, or

masked by another effect, so that we are confined to iron and the other

strongly magnetic bodies. The foundation of the theory is Poisson's

assumption (no matter what his hypothesis underlying it was) that the

induced magnetisation varies as the magnetic force ; and when this is

put into a more modern form, we see that impressed magnetic force is

related to a flux, the mai^netic induction, through a specific quality, the

inductivity, in the same manner as impressed electric force is related to

electric conduction-current throngh that other specific quality, the con-

ductivity of a body. Increasing the indnctivity in any part of the
magnetic field of a coil, therefore, always increases the inductance Z, or

the amount of induction through the coil per unit current in it, and the

magnetic energ}', }^LC^. The effect of iron therefore is, in the steady

state, merely to increase the inductance of a coil, without influence on
its resistance^ I have, indeed, speculated [vol. i. p. 441] upon the
existence of a magnetic conduction-current, which is required to com-
plete the analogy between the electric and magnetic 8i<les of electro-

magnetism ; but whilst there does not appear to be any more reason for

its existence than its suggestion by analogy, its exii>tence would lead to

phenomena which are not observed.

But this increase of /> by a determinable amount-^eterminable, that

is, when the distribution of inductivity is known, on the assumption

that the only electric current is that in the coil—breaks down when
there are other currents, connected with that in the coil, such as occur

when the latter is varying, the induced currents in whatever conducting

matter there may be in we field. L then ceases to have any definite

value. But in one case, that of S.H. variation, the mean value of the

magnetic energy becomes definite, viz., \L'(''li. where // is the effective

Z*, and the amplitude of the coil-current, the change from ^ to ^
being by reason of the mean of the square of a sine or cosine being

l^ere must be this definiteness, because the variation of the coil-current

is &H., as well as that of the whole field. That 2/ is less than L, the

steady value, may be concluded in a general though vague manner from
the opposite direction of an induced current to that of an increa-sing

j)riniary, and its magnetic field in the region of the primarj'^
;

or, more
distinctly, from the power of conducting-matLer to temporarily exclude

nuM^netic induction.

In a similar manner, the resistance of a coil, if regarded as the i2 in

B.l.r.<-VOL. II 8
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EC-f the Joulean generation of heat per secondi ceases to have a definite

value when the current is varying, if C be token to be the eofl-enrrent,

on account of the eztemel generation of heat. But in the S.H. eaee, as

before, the mean value is necessarily ft definite quantity (at a given

frequency), making iiJ'C' the heat per second, where /?' is the effective

resistance. That is always greater than /' is certain and obvions

without mathematics ; for the coil-heat is ^ A'Cq, and tliere is the external

heat as wdl. It ia suggested that^ in a similar manner, a non-mathe-

matioal and equally dear demonstration of the reduction of L is possible.

The magnetic energy of the coil-current alone is \LQ, and we have to

show non-mathematically, but quite as clear as in the argument relating

to the heat, that the existence of induced external current reduces

the energy, without any lefereuce to a jjarticular kind of coil or kind

of distribution of the external eondnctiTity. Perhaps Lord Bayleigh's

dynamical generalisation * might be made to fiimish what is required.

When the mrtttcr is t rented in nn inverse manner, not regarding

electric current as causing magnetic force, but as caused by or being an

affection of the magnetic force, there is some advantage gained, inasmuch

as we come closer to the facts as a whole, apart from the details relating

to the reaction on the coil-«urrent Magnetic force, and with it electric

current^ a certain function of the former, are propagated with audi
immense rapidity through air that we may, for present purposes,

regard it as an instantaneous action. On the other hand, they are

diffused through conductors in quite another manner, quite slowly in

comparison, according to the same laws as the di£Fktdon of heat^ allowing

for their being ve( tnr magnitudes, and for the doeure of the current,

thus producing lateral propagation. The greater the conductivity and
the indnctivity, the slower the diffusion. Hence a conductor brought

with sutticient rapidity into a magnetic field is, at the fiist moment,
only superficially penetrated by the magnetic disturbance to an appreci-

able extent; and a certain time—^which is considerable in the case of a
laige mass of metal, especially copper, by reason of high conductivity,

and more especially iron, by reason of liigh inductivity more than
counteracting the effect of its lower conductivity—is required before the

steady state is reached, in which the ma^etic field is calculable from
the cofl-current and the distribution of inductivity. And hence, a
sufficiently rapidly osdllatory impressed force in the coil-drcuit.

induces only superfidal currents in a piece of metal in the field of the
coil, the interior being comparatively free from the magnetic induction.

The same apj>lii s to the conductor forming the coil-circuit itself; it,

also, may be regarded as haviug the magnetic disturbance diffused into

its interior from the boundary, and we have only to make the coil-wire

thick enough to make the effect of the approximation to surface-con-

duction experimentally sensihle. But in common fine-wire coils it may
be wholly ignored, and the wires regarded as linear circuits. Tliere is

no distinction between tlie theory for magnetic and for nonmagnetic
conductors ; we pass from one to the other by clianging the values of

* PML Mag,^ May, ISM.
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the two constants, conductivity and inductivity. Nor is tlicre any
difference in the phenomenn ]iroduced, if the steady state be taken in

each case as the basis of comparison. But, owing to copper having
practically the same inductivity as air, thure seems to be a ditlerence in

the theory whieh doM not really exist

A fine copper wire placed in one (say in branch 3) of a pair of
balanced coils in the qnadrilateral, under the influence of intermittent

currents, produces no effect on the balance. Its inductivity is that of

the air it replaces, so that the steady magnetic-field is the same ; and it

On the other hand, a fine iron wire, by reaaon of high indnctivity,

requires the induetanee of the halsndng-coil (say in 4) to be increaaed«

The other effect is small in comparison, but quite sensible, and requires

a small increase of the resistance of branch 4 to balance it. A thicker

copper wire shows the diffusion-effect j and if we raise the frequency
and inoreaee the sensitiveneM of the balance, its thickness may be
decreased as much as we please, if other things do not interfere, and
Btill show the diffusion-effect. If thick, so that the disturbance is con-
sidemble, the approximate balancing of it by change of resistance is

insufficient, and the inductance of coil 4 requires a slight decrease, or

that of 3 a slight increase. A thick iron wire shows both t fleets

strongly : the inductance and the resistance of branch 4 must be
increased. These effects are greatly multiplied when big cores are
used ; then the balancing, with intermittences, at the V)est leaves a
considerable residual sound. The influence of polp-piecos and of
armatures outside coils in increasing the inductance, which is so great

in the steady state, becomes relatively feeble with rapid inteimittenoes.

This will be understood when the diffusion-effect is borne in mind.
If the metal is divided so tliat the main induced conduction-currents

cannot flow, but only residual minor cnrrontfj, we destroy the diffusion-

effect more or les.s, according to tlie tinenoss of the division, and leave

onl^ the inductivity effect. In ray early experiments 1 was sufficiently

satisfied by finding that the substitution of a bundle of iron wires for a
solid iron core, with a continuous reduction in the diameter of the wires,

rednrcd tlie diffusion-effort to something quite insignificant in com-
parison with the effect when the core wa.s solid, to conclude that we had
only to stop the flow of currents to make iron, under weak magnetising
foroes» behave merely as an inductor. More recently, on account of
some remarks of Prof. Ewtns on the nature of the cunre of induction
under weak forces, I immensdy improved the test by making and using
nonconducting cores, containing as much iron as a bundle of romid
wires of the same diameter as the cores. I take the finest iron filings

(siftiugs) and mix them with a black wax in the proportion of 1 of wax
to 5 or 6 of iron filings by bulk. After careftil mixture I roU the
resulting compound, when in a slightly yielding state, under consider-

able pressure, into the form of solid round cylinders, somewhat
resembling pieces of black poker in appearance, (k inch diameter, 4 to

6 inches long.) That the diffusion-effect was quite gone was my first

conclusion. Next, that there was a slight effect, though of doubtful

sensibly influence the balance.
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amount and character. The resistance-balance bad to be very carefully

attended to. ^t^ more raeently, by using co9s containing a much
greater number of windings, and thereby increasing the sensitiveness

considerably, as well as the magnetising force, I find there is a distinct

effect of the kind required. Though small, it is much greater than the

least tiiW'ct that mi«;ht be detected ; but whether it should be ascribed

to the cause mentioned or to other causes, as dissipation of energy due

to Tariatione in the intrinsic magnetisation, or to alight curvature in

the line of induction, so far as the quasi-elastic inducticm is concemed,
is <(uite debateaV)lu. To show it, let 1 and 2 be equal coils wound
together (L^3 macs, i? = 47 ohms), 3 and 4 equal in resistance

(^3 = /i'^ = 93 ohms), but of very unei^ual inductances, that of coil 3

(1,3 = 24 macs) being so much greater than that of coil 4 that the iron

core must be Ailly inserted in the latter to make L^^L^ (Coils 3 and
i; H inch external, ^ inch internal diameter, and ^ inch in depth.

Frequency 500.) The balancing of induction is completed by means of

an external core. Kesistance of branch 6 a few ohms, K..M.F. 6 volts.

Tliere is, of course, an immense sound in the telephone when the core

is out of coil 3, but when it is in, there is merely a fitint tesidnal sound,

which is nearly destroyed by increasing by about i^nr P^i't, a>
relatively considerable change. On the otlier hand, pure self induction

of copper wires gives yierfect silence, and so does M^, a method 1 have

shown to be exact [vol. ii., p. 38]. (I may, however, here mention
that in experiments with mere fine copper-wire coils there are sometimes
to be found traces of variations of resistance-balance with the frequency
of intermittence, of very small amount^ and difficult to elucidate owing
to temperature-variations.) Balancing partly by ^f^.^, and partly by the

iron cores, the residual sound increases from zero with J/^^ only, to the

maximum with the cores only. Halving the strength of current upsets

the induction-balance in this way :
—

^the auxiliary core must be set a
little closer when the current is reduced. This would indicate a slightly

lower inductivit}' with the smaller magnetisiui; force, and proves slight

curvature in the line of induction. But, graphically represented, it

would be invisible except in a large diagram.

It is confidently to be expected, from our knowledge of the variation

of ft, that when the range of the magnetising force is made much greater,

the ability of nonconducting iron to act merely as an increaser of
inductance will become considerably modified, and that the dissipation

of energy by variations in the intrinsic magnetisation will cease to be
insensible. But, so far as weak magnetising oscillatory forces are con-

cerned, we need not trouble onnelves in the least about minute effects

due to these causes. Under the influence of regular intermittences, the
iron gets into a stationary condition, in which the variations in the

intrinsic magnetisation are insensible. It seems probable that fx must
have a distinctly lower value under rapid oscillations than when they

are slow. The values of ft calculated from my experiments on cores

have been usually from 50 to 200, seldom higher. 1 should state that

I define /x to be the ratio B/H, if B is the induction and Kthem^^netie
force^ which is to include h, the impressed force of intrinsic magnetisa-
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tion. (See the general equations in Part 1. ) It is with this fi, not with
the ratio of the induction to the magnetising force as ordinarily under-
stood, thftt we axe conoemed with in ezperimentB of the present kind.

Indndance if a SoUiM, The EfeeHve Retisianee and Indueianee of Bound
Wvte$ at a given Frequency^ uith the Current Longitudinal ; and ik$

(kmtponding Formula whm ihe Induction is LongUudinal,

Knowing) then, that iron when made a nonconduetor acts merely as
an inductor, when we remove the insolation and make the iron a solid

mass, it requires to lie treated as both a conductor and inductor, just

like a copper mass, iu fact, of changed conductivity and inductivity.

When the coil is a solenoid whose length is a large multiple of its

diameter, and the core is placed axially, the phenomena in the core

heoome amenable to rigorons mathematical treatmentin aeomparatiTeljr
simple manner.

Tn passing, I may mention that on comparing the measured with the

calculated value of the inductance of a long solenoid according to

Maxwell's formula (vol. II., art. 678, equations (21) and (23)) in the

first edition of his treatise^ I found a &r greater difference than conld

be accounted for by any reasonable error in the ohm (reputed) or in the

capacity of the condenser, and therefore recalculated the formula. The
result was to correct it, and reduce the diflerence to a reasonable one.

On reference to the second edition (not published at the time referred

to) I find that the formula has been corrected. I will therefore only

give my extension <xF it. LetM be the mutual inductance of two Ions
coaxial solenoids of length I, outer diameter Cp inner having ii| and

tarns per unit length. Then

M^in%n^l^2ai^ (46c)

where, up^ejcp

When
e^^Cp 2a»l-*U9»-801.

As regards Maxwell's previous formula (22), art 678, however, there is

disagreement stilL

References to authors wlio have written on the subject of induction

of currents in cores other than, and unknown to, and less comprehen-

sively than, myself, are contained in Lord Kayleigh's recent paper.* ISo

far as the effect on an induction-balance is concerned, when oscillatory

currents are employed, it is to be found, as he remarks, by calculating

the reaction of the core on the coil-current. This I have fully done in

my article on the subject Another method is to calculate the heat in

the core, to obtain the increased resistance. This I have also done.

When the diffusion-effect is small, its intiuence on the amplitude and

* PhiL Mag.t Deceniiber, UI86.
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phase of the coQ-euRenfc is the same as if the resistanGe of the oofl-

einntit were inereased from the steady Talae B to [vol. i.^ p. 369]

-i?+2iir*(«-iVc«^n)«-/? + i?i say. J ^
'

" Many pheuomena which may be experimentally observed when rods

are inserted in eoils may be usefully explained in thk manner." Here
ft and k are the inductivity and conductivity of the con, of length I,

the same as that of the coil, nj^v the fre<|uency, c the core's radius,

and N the number of turns of wire in the coil per unit length ; whilst

is that part of the steady inductance of the coil-cirenit which is con-

tributed by the core.

The full expression for the increased resistance due to the dissipation

of energy in the core is to be got by multiplying the above by
which is given by [vol. I., p. 364]

where t/ = {i7rfdiir-)-. The value of /i' is therefore Ji+J\V. The
series being convergent, the fgrmula is generally applicable. The law

of the coefficients is obvious. I have slightly changed the arrangement
of the figures in the original to show it We may easily make the
core-heat a large multiple of the coil-heat, especially in the case of iron,

in which the induced currents are so strong. When // is small enough,

we ma^' use the series obtained by division of the numerator by the

denominator in (49e), which is

16.24 16. 16».9

Corresponding to this, 1 liud Irom my investigation ^vol. I., p. 370]
of the phase^iifference, thai the decrease of the eflPective Inductance
from the steady value is expressed by

^ 48V 16740 TP763 J
^

When the same core is nsed as a wire with current longitudinal, and
a^n as core in a solenoid with induction longitudinal, the effects are
thus connected. Let be the above steady inductance of the coil so

far as is due to the coie, and L[ its value at frequency n/2z-, when it

albo adds resistance Ji[ to the coil. Also let ^^^^ steady resistance

of the same when used as a wire, and and its resistance and
inductance at frequency n/2r, the latter bemg what ifi then becomes.

Then
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I dM not give any separate development of the Z{'of the core, oor«

responding to (48^) and (40c) above for Tt\ but merged it in the ex*
pression for the tangent of the difference in phase between the impressed
force and the current in the coil-circuit. The full development of L{ is

same denominator as in (49c)

The high-frequency formulae for R[ and L[ are

if y= 162^. When « is as large as 10, this givas

i^'»I^ii-*2234 A«>

whereas the oorrect yaloes by the complete formulas are

ii(-198L,n. If-. -226 11.

It is therefore clear that we may advantageously use the high-

frequency fonnuUs when z is over 10, which is easily reached with iron

cores at moderate frequencies.

The corresponding fully developed foimnle for and when the
current is longitudinal, are

_ ^ ^ e'lel^ 2^1060 3^ 14. 16(^
-

2.6. 16V 3.2=*. 10. 16V 4.8«. 14. 16V *

*

showing the laws of formation of the terms, and

2-'. 6. 16V 2.3-.1U.10V 3.4-. 14. nr.
'

the denominator being as in the preceding formula. At are 10, or

y-1600, these give

7?; = 2-507 iZ,. 1,'= jM'< -442;

whereas Lord Kayleigh'a high-frequency formulae, which are

make - 2-234 U-'if^y -447.

This particular frequency makes the amjilitiiile of the magnetic force in

the case of the core, and of tlie okctric current in the other case,

fourteen times as great at the boundary as at the axis of the wire or

core (see Part I.). As, however, we do not ordinarily have very thick

wires for use with the current longitudinal, the high-frequmcy formulae

are not so generally applicable as in the case of cores, which may he as
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thick as we pletM, whilst by also inereuiitg ihe numbor of windingi
the core-heatmg per unit unpliliiide of oofl^eiinent may be graaUy
increased

.

If the core is hollow, of inner radius r,,, else the same, the equation

of the coil-current is, if e be the impressed force and C the current in

the coil-cireait whoee complete steady resistaoce aod inductance ate M
and L, whilst is the part of L due to the core and contained boDow
(dielectric currant in it ignored^

e-i^c^(x-A)g-Ki.g;:gg;x.c. (530

when q depends upon the inner radius, being given by

(whoae valne is aero when the core is solid), and

There may be a tubular space between the core and coil, and /»', L may
include the whole circuit. In reference to this equation (Ti^r), how-
ever, it is to be remarked that there is considerable labour involved in

working it out to obtain what may be termed practical formulse,

admitting of immediate nnmerical calcniation. The same applies to a
considerable number of unpublished investigations concerning coils and
cores that I made, including the effects of dielectric displacement ; the

analysis is all very well, and is interesting enough for educational pur-

poses, but the interpretations are so difficult in general that it is

questionable whether it is worth while publishing the inT6atigptbns» or
eyen making them.

Tke CkrisHe Balance of Resigtaneej PermiUance, and Inductance.

Lcavin;^ now the question of cores and tlic balance of purely magnetic

selt-induction, and returning to the general condition of a self-induction

balance, Z^Z^ <= equation (23c), let the four sides of the quadri*

lateral consist ot coils shonted by condensers. Then B, L, and S
denoting the resistance, inductance, and capacity of a branch, we hnve

Z^iSp-^iB+I^y^y^; (65c)

so that the conjugacy of branches 5 and 6 requires that

-{5^+(i2,+i^)-»}{58P+(i?a+AiP)->} (56c)

wherein the coefficient of every power ofp must vanish, giving seven

conditions, of which two are identical by having a common fkctor. It

is unnecessary to write them out, as such a complex balance would be

nieleas; but some simpler cases may be derived. Thus, if all the L's
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Yuuh, leaving condenaers shunted hy mere ledstanoeBi we hm the

thiee oondiUons

SJ£^+SJB,.= SJR^+SJB^ V (6T«)

which may be oompered with the thiee lelf-induotion oonditions (Sde)

to (27c).

If we put BS=y, the time-oonstant^ the second of (57e) may be
written

!h+9t-9t+9m (68e)

which corresponds to (26<;). If 8f^0'mS^, the single conditioiL in

addition to the resistance-balance is y, = y,. If
6'i
^ 0 = .S' it is = y^.

Next, let each side consist of a condenser and coil in sequence.

Then the expression for Z is

Z=R + Lp + {iijpy\ (69c)

which gives rise to five conditions,

— + - = - + i, L^lt^^L^
^] "^4 "^3 "^'2

(60c)

Here it looks as if the resistance-balance were unnecessary
; and, as

there ean be no steady current^ this seems a anffident reason for its not
being required. But^ in fact^ the third condition, by union with the
others, eliminating fl^, and by means of the other four con-

ditions, becomes

So tlie (jl)\'iou8 way of satisfying it is by the true resistance-balance.

[But see, on this point, the beginning of the next Part VII.]

If there are condensers only, without resistance-shunts, we have

2={Sp)-\ (62.)

so that SjS^w^a,/3^ (63c)

is the sole condition of balance.

If two sides are resistances, and and two are condensers,

and we obtain

i?i/i?2 = 5^4/5^3 (64c)

as the sole condition. The multiplication of special kinds of balance is

a quite mechanical operation, presenting no difficulties.

Oeneral Theory of ih> Christk BaJanee toUh Sdf and Midual
Jnductian all over.

Passing now to bslances in which induction between different

brandies is employed, suppose we have, in the first place, a true

resistance-balance, BiR^^M^^ but not an induction-balance, so that
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there is sound produced in the telephone. Then, by means of small

test-coils placed in the (lifloreiit liranchos, we find that we may reduce

the sound to a minimum in a i;reat many ways by allowing induction

between different branches. If the sound to be destroyed is feeble, we
may think that we have got a true induction-balance ; but if it is

lond, then the minimum sound is also loud, and may be oomtwrahle
to the original in intensity. We may also, by upsetting the resiBtance-

balance by trial, still fiirthor approximate to silence, and it may be a

very good silence, with a false resistance-balance. The question

arises, Can these balances, or any of them, be made of service and be

as exact as the previously desieribed exact balances f and are the

balances easily interpretable, so that we may know what we are doing
when we employ them 1

There are fifteen APb concerned, and therefore fifteen ways of

balancing by mutual induction when only two branches at a time are

allowed to influence one another, and in every case three conditions are

involved, becanse there are three degrees of cnirent-freedom in the six

conductors involved. Owing to this, and the ^t that in allowing

induction between a pair of branches we use only one condition (i.e.

giving a certain value to the M concerned), whilst the resistance-balance

makes a second condition, I was of opinion, in writing on this subject

before [vol. n., p. 35], that all the bdaaces by mutaafindnctiony using

a true resbtance-balance, were imperfect, although some of them were
far better than others. Thus, I observed expenmentally that when a
ratio of equality {Ji\ = i?2, = L.j,) was taken, the balances by means of

jl/^jj or were very good, whilst that by M,^^ was usually ver}' bad,

the minimum souud buing sometimes comparable iu intensity to that

which was to be destroyed.

I investigated the matter by direct calculation of the integral extra-

current in branch 5 arising on hrcaking or makini; branch 6, due to the

momenta of the currents in the various branches, making use of a
principle I had previously deduced from Maxwell's equations fvol I.,

p. 105], that when a coil is discharged throi^h vanous paths, the

integral current divides as in steady flow, in spite of the electromotive

forces of induction set up dunng the dischatge. This method gives us

tiie second condition of a true balance.

But more careful observation, under various conditions, showing a

persistent departure from the true resistance-balance in the M^^ method
(due to Professor Hughes), and that the M^^ and .Af^^ methods were
persistently good and were not to be distinguished from true balances,

led me to suspect that the second and third conditions united to form

one condition when a ratio of equality was used (just as in (28c), (29c)

above) in the M^^ and Mf^ methods, but not in the M^r, method. So I

did what I should have done at the beginning; investigated the

diffeiential equations concerned, verified my suspicions, and gave the

results in a Postscript [vol. II., p. 38]. I have since further found

that, when using the only practical method of orjual-ratio, there are no

other ways than those descn])ed in the j»a}»cr referred to of getting a

true balance of induction by variation of a single L or J/, after the
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.(66c)

resistAnce-balance has been secured This will appear in the following

investigation, which, thoqgh it mkj look complex, is quite mechanicu
in its simplicity.

Write down the equations of electromotive force in the three circuits

6 + 1 + 3, 1+6-2, and 3-4-5, when there is impressed force in

branch 6 only. They are {p standing for d/di),

e^^(B^ + L^P)C^ + + L,p)C, + {E, + L,p)C,
^

+p{MeA + K-iC, + M,,(\ + M^C, + M,,C^

+p{M,.C. + ^f,,C^ + M,^(\ + M,,C, + J/,/',)

+j»( + if„cr,

+

M^C^+M^C^+ if^C,),

0-(JJi+ + (R, + L,p)C, - + L,p)C,

A/jiCj + Af,,(7,+ if„C,+ + M^C^)

0 « (i^3 + Z3p)C3 - (7/, + L,p}C, - {Ji, + L,p)C,

+p{M,,C\ + 3/326'2 + M^C, + iVj^Cs + .1/,,C;)

- p{M,,C, + + ^f,A + M,,C, + .1/,«C',)

Now, eliminate by the continuity conditions

Cj" + Cj, Cj» ~ Cjj* CJi« Cg+ C(|, (66e)

^ingus

0 = X.,,C., + A'.«C', + T,,C,,
[ (67c)

where the X's are fonctiona of p and constants. Solve for C^* Then
we see that

is the complex condition of conjugacy of branches 5 and 6. This could

he more simply deduced by assuming = 0 at the beginning, but it

may be as well to give the values of all the X'b, although we want but
four of them. Thus

^11 R, + R^ + Ii^ + {L, + L, + L, + 23/,, + + 2M,,)p,

Ji^ + {L^ + J/„, + M,^ + 3/,2 + + 3/1, + M,, + J/,, + 3/3^,
i?, + (Z, + - il/,.^ + 3/,, - M,, + J/i, + 3/31 - 3/32 + il/35)p,

/?, + (/;, + 3/,3 + 3/ij, + 3/,e + 343 + M,^ - 3/2, - 3/23 - 3/2>,
- E., + {

- + 3/,,, + 3/,4 + 3/, 6 + 3/5., + + 3/5^ - 3/2^ - M„)p,

r] + R^+\ + + ^2 + Zj + 23/,5 - 2.1/2^ - 2M^.2)p,

- y?^ + ( - Z^ + 3/3., + 3/,^ + 3/3^ - 3f^2 - '1^6 - - ^hi - Mm)p^

...(69c)
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Now, usin^ the required four of these in (68c), and arranging in

powen ofj7, It becomes
O^A^-^A^p-^Jf^. (70c)

So ^(, = 0 gives the renttanee-balance ; = 0, in addition, makes the

integral transient CQirent Taniflh ; and ^^^O, in addition, wipes out all

tnice of current.

There is also the periodic balance,

^1= 0, A^^A^\ (71c)

if the frequency is n/2)r.

Hie Tilnei of A^ and Ai are

A, = R,,R^-R^R^ (72.:)

+ E^(M^, + - M,, - 3/,3- if,e - - - M^)
+ R^I^^ + M.j^ - - J»fi, - il/ie - i»/52 -M^- M^)
+ J?,(if32 + il/g, + M.^ -M,^-M^-M,^-M^-M^)
+ li,{M^, + 3/23 + ^^20 - ^^^13 - - M,, - - (73c)

In this last, let the coetiicientii of R^ R^ R^^ R^ in the biacketa be

^3, q^, q^. Then the valne of A^ is

A
-2
= ^2^3 - ^>/-4 + ^M-i + ^3?3 + I'/i + ^4?4 + 'Ms - Mr • • •

(74c)

It is with the object of substituting one investigation for a large

number of simpler ones that the above full expressions for and A^
are written out

EmmimaltiUm of ^^edal CV{.s> >. IWudion of the Three G<mditi(m of
Balance to Two.

If wc take all the M's as zero, we fall back upon the self indnction

balance (25c) to {27 r). Next, by taking all the J/'s as zero except one,

we arrive at the fifteen sets of three conditions. Of these we may
write out three sets, or, rather, the two conditions in each case besides

the condition of reflistanee4Mdaaoe, which is always the same.

All JtTa = 0, except M^^

EiR^^Xj^ + x^-x^- x^) = (7?i + R2Ws6>\ /75.\

All M'&-0, except

L,L, - L,L, = - (L, + L,)M^]
^'

As these only differ in the sign of the M, we may unite these two
cases, allowini; induction between 6 and 3, and 6 and 4. The two con-
ditions will be gut by writing M^- M^q for ^¥3^ in (75c).

All isr'8 = 0, except 3/^^ (Prof. Hughes's method).

0 =RM^ + ^4 - -'1 - •^.) + MJ^R^ + .
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Now choose a ratio of equality, = Bo, = L^, which is the really

practical way of using induction-baluiices in general. In the case

the two conditions (75c) unite to form the single condition

Z,-i3 = 23/^, (78c)

and in the case (76c) unite to fonn the single condition

I^^Lt^-2M^ (79c)

We know already that the same oconrs In the case of the limple CShristie,

as in (29e)f making
—

f ••••••••••••*••••••••••> (80c)

•0 that we have three ways of uniting the second and third conditions.

Now examine all the other Jl/'s, one at a time, on the same assumption,

B^'^Iip L^=Lg. With we obtain

(X^.i3)(Li-Jf,^ = 0, and L^^L^

But Z| - if|| eaimot vanish ; so that

A-^Zi*

ie the mDiji» eonditioii* Similarlj, in case of M^^

A = ^3 (82c)

again. All these, (77c) to (82c), were given in the pa^er referred to;

the last two mean tliat Jfj, and hare absolnteljr no inflnenee on the
balance of self-induction.

All the rest are double conditions. Thus, in and B^^Bp
= and L^ = L^ ; then the two conditions are

0- - X3 + (1 + njn^){M^, - 3/23 + .¥51 + 3f,2

+

^f'ss + + 23/

J

+ 2{M^ - if«,)+ (1 -RJRm^ - if,J

+

HMJB^iM^. - i (83c)

0»L|(L4-X^)+L^Mn+Jf14

+

My^+ +

+

Mg^ —

-

+LJ^M^+ ifIf+ +If51 + Jtf50 — Ifig- Jfgg

—

M^)
+Li{M^+ ilf«+ if51+Jf4,+if5,+if54-ifj,-JfM+ 2if40+ 2if 2if54)
+ (if|,+ if|5 •|-if|0+ if5s+ ifjj - iffi - ifjs - ifja)

X (if4|+ if40'('if54+ if5s+if54'-if4s— ifg4— if38)

+ (if4|+ if4j+ if40+if61+if54+ if54 — if41 — if45)
X (if44+ if44 - ifj4- ifi4 - ifj4 - ifg, - —M^) J (84c)

which are conyenieat for denying the conditions when seyeral iTs are

operative at the same time. Tnns, one at a time, excepting the few
already examined :

—
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^ ro=i,-4+2.i/ji+7.v7?,)
I

(0=^L,-L,-2M^I{JIi, \ .9^.
••\0 = I,-Z3--3/^(4 + /.,)/zJ ^

'

' \0=^L,-L,-M,,{l-LJL,)p ^ '

(0 = L,-L, + M,,{l-KJIi,)^ .^3.
"\0 = L,-L, + M,,{l-L,/L,)y ^ '

ro = L,-Z3+ l/Jl+i?^7?i) 1 .5^.
'\0 = L,-L, + M,,{l-i-L,IL,)-MUL,l' ^

'

If we compare the two general conditions (83e), (84c), we shall see

that whenever

we may obtain the reduced forms of the conditions by adding together

the values of Zr, - given by every one of the M's concerned. We
may therefore bracket t()f;etlit;r certain sets of the ^^8. To ilhistrate

this, suppose that i)/j3 and M,,^ are existent together, and all the other

Jfs are zero. Then (92c) and (93c) give, hy addition,

which are the conditions required.

Similarly ifjj and M^^ may be bracketed. Also M^^ i/g.,

and M^.. Also Jlf^p Jfa^,, J/^^, and ^Z^^. Bat and wul
not hraeket

Miscellaneous Airangemeiiis. Ejects of MiUual Induction between the

Sfwiehes.

As already observed, the self-induction balance (28c), (29r) is inde-

pendent of i/jg and 3/34, when these are the sole mutual inauctances

oonoemed ; that is, when B^ = = = i? = L^. By (92c)

and (93c) we see that independence of if,, and Alf^ is secured by
making all four branches 1, 2, 3, 4 equal in resistance and inductance.

But it is unsafe to draw conclusions n-luting to indejicndence when
several coils mutually influence, from the conditions securing balance

when only two of the coils at a time influence one another. Let us
examine what (83e) and (84^) reduce to when there is induction between
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all the four branches 1, 2, 3, 4, but none between 6 and the rest or

between 6 and the rest Pat all M*b»0 which have either 5 or « in

their double suffixes, and pnt L^^L^ Then we maj write toe con-

dyitions thns :

—

0-(l+JV^)(Jf,4-Jlftt)+(l 'BJE,)(Mtt-M^) (96c)

0-(A

+

L,){M,, - Af^) +
(A - L,){M,, -M,,)+MU-Ml

+ {M.^ - MJ{M^ - M,,) + (M,, - M^){M,, + M,, - M,, - M^). (97c)

The simplest way of satisfying these is by making

3^14 = ^^^28 Mid M^m^Myf, (98c)

If these equalities be satisfied, we have independence of and M.^.

Now, if we make the four branches 1, 2, 3, 4 equal in resistance and
inductance, so that in (96c) and (97c) we have ^i"J?4 and Zi^Z^, the

first reduces to
O^M^^-M^ (99r-)

so that it is first of all absolutely necessary that M^^ = M^^ if tho

balance is to be preserved j whilst, subject to this, the second condition

reduces to

0-(J^^-lfiJ(Jf„-.¥i3), (100c)

so that ^ther ilf,^*^ Jf.^ or else » M^^^ Thus there are two ways
of preserving the balance when all four branches are equal, vis.,

M^^M^i and J/o4 = ^ij» independent of the values of My^ and 3/,^;

ami J/j^ = 3/33 and = My,, independent of the values of and M^y
Tlie verihcation ot these piuperties, {^'^c) and lutei , iiiakci some very

pretty experimcaiti, especially when the four biuuchtsi consi&t, not
merely of one coil each, but of two or more. The meanings of some of
the simpler balances are easily reasoned out without mathematical
examination of the theory; but this is not the case when there is

simultaneous induction between many coils, and their resultant action

on the telephone-branch is required.

Returning to (96o) and (97c), the nearest approach we can possibly

make to in&pendence of the self-induction balance of the values of aU
the ifs therein concerned, consistent with keeping wires 3 and 4 away
from one another for experimental purposes, is by winding the equal

wires 1 and 2 together. Then, whctlicr they be joined up straight,

which makes M^-M^ and M^^ = M^, identically, or reversed, making
j}/j3 = - M,^ and if^s - M^, we shall find that

is the necessary and sufficient condition of preservation of balance.

At first sight it looks as if JIf., and M.^., must cancel one another
when wires 1 and 2 are reversed. But although 1 and 2 cancel on 3,

yet 3 does not cancel on 1 and 2 as regards the telephone in 5. The
effects are added. On the other hand, when wires 1 and 2 are straight,

3 cancels on them as regards the telephone, but 1 and 2 add their

effects on 3. Similar remarks apply to the action between 4 and the
equal wires 1 and 2 when straight or reversed; hence the necessity of
the condition represented by the last equation.
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On the other hand, M^^ and M^g cancel when 1 and 2 arc straight^

and add their effects when they are vevened; whilst Mf^^ and ifg,

cancel when 1 and 2 are reversed, and add their effects when they are

straight, results which are immediately evident. I^ut wires 1 and 2

must be thoroughly well twisted, before being wound into a coil, if it is

desired to get rid of the influence of, say, J/^^ and MQ2y when it is a coil

that operates in 6, and this coil is brought near to 1 and 3.

This leads me to remark that a simple way of proving that the

mutual induetion between iron and copper (fine wires) is the same as

between copper and copper, wliich is immensely more sensitive than

the comparison of separate measurements of the induction in the two
cases, is to take two tine wires of equal length, one of iron, the other of

copper, twist them together carefully, wind into a coil, and connect up
with a telephone differentially. On exposure of the double coil to the
action of an external coil in which strong intermittent currents or

reversals are passing, there will be hardly the slightest sound in the

telephone, if the twisting be well done, with several twists in every

turn. But if it be not well done, there will be a residual sound,

which can be cancelled by allowing induction between the external or
primary coil and a turn of wire in the telephone-circuit. A rather

curious effect takes place when we exaggerate the differential action by
winding the wires into a coil without twists, in a certain short part of

its length. The now comparatively loud sound in the telephone may
be cancelled by inserting a nonconducting iron core in the secondary
coil, provided it be not pushed in too &r, or go too near or into the
primary coiL This paradoxical result appears to arise from the secondary

coil being equivalent to two coils close together, so that insertion

of the iron core does not increase the mutual inductance of the j)riniary

and secondary in the first place, but first decreases it to a minimum,
whkh may be zero, and later increases it^ when the core is fhrther

inserted. Reversing the secondary coil with respect to the primary
makes no difference. Of course insertion of the core into the primary
always increases the mutual inductance and multiplies the sound. The
fact that one of the wires in the secondary happens to be iron has

nothing to do with the effect

Another way of getting unions of the two conditions of the induction-

balance is by having branches 1 and 3 equal, instead of 1 and 2. Thus,
if we take L. = L,^, ll2 = lu --^i

and (73r) and (710, we
obtain fifteen sets of double conditions similar to those already given,

out of which just four (as before) unite the two conditions. Thus,

using only, we have
L^^L^ (101c)

and the same if we use M^^ only, and the same when both M,^ and AL^
are operative. That is, the self-induction balance is independent of Jlf|0

and M^. This corresponds to (81 r) and (82r).

The other two are and i/^^. With we have

0^L^-L^-2M,,,^ (102r)

and with if^s, O^L^-^L^^^M^. (lOdc)
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The remainiug eleven double conditions corresponding to (85c) to

(95c) need not be written down.
Sevenil special balaacea of a comparatively simple kind can be

obtained from the preceding by means of inductionless resistances,

double-wound coils whose self-induction is negligible under certain cir-

cumstances, allowing m to put the Z's of one, two, or three of the four

branches 1, 2, 3, 4 equal to zero. We may then usefully remove the

ratio-of-equality restriction if required. This vauishiug of the L of a

branch of course also makes the indaetion between it and any other
branch vanish.

For instance, let^» » » 0 ; then

O-iJjLi+ifajCJZi+iii) (104c)

^es the indnotion-balance when Jf^ is osed, subject to B^R^^R.Jly

0~J^-M^(Bt+B^ (106c)

is the corresponding condition when M.^^ is used. ButM„ wOl not give

balance, except in the special case of S.IL currents, with a false resist-

ance-balance. Tlie method (104c) is one of Maxwell's. His other two
have been already described.

In the general theory of reciprocity, it is a force at one place that

produces Uie same flux at a second as the same force at the second place

does at the first That the reciprocity is between the force and the

flux, it is sometimes useful to remember in induction-balances. Thus
the above-mentioned second way of having a ratio of equality is merely
equivalent to exchanging the places of the toice and the vanishing ilux.

We must not, in making the exchange, transfer a coil that is operative.

For example, in the Ja^^ method (79c), there is induction between
branches 6 and 4 ; 3/,,^ (equation (88c)), on the other hand, fails to give

balance. But if we exchange tlio branches 5 and 6, it is the battery

and telephone that have to be exchanged , bo that we now use

which gives silence, whilst will not.

I have also employed the differential telephone sometimes, having
had one made some five years ago. Bnt it is not so adaptable as the

quadrilateral to various circumstances. I need say nothing as to its

theory, that having been, I understand, treated by Prof. Chrystal.

Using a pair of equal coils, it is very similar to that of the equal-ratio

quadrilateral.

Part VII.

Some Noiea on Part VI. (1). Condenser and Coil Balance.

After my statement [p. 260, yoL ii.] of the general condition of con-

jugacy of a pair of conductors, and the interpretation of the set of

equations into which it breuks \q>, I stated that in ca.ses where, by the

presence of invei-se powers of ^, there could not be any steady current

in either of the to-be conjugate conductors due to impressed voltage in

the other, a true resistance-balance was still wanted to ensure con-
a.B.P.—VOL. II. T
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jugacy when the ennente vary. I am unable to tmnntain this hasty

generalisation. In the example I gave, equations {69c) to (61c), in

which each side of the quadnlateial consists of a condenser and a coil

in seqnonco, so that there can be no steady current in the bridj^o-wire,

it is true that the obvious simple way of getting conjugacy is Lo have a
true resistance I talance. The conditions may then be written

and either

and or else and ^^^^A (2./)

«»=«4. Vz-y^i y«-y4;i

where R stands for the resistance and 7. for the inductance of a coil,

for the pennittance of the corresponding condenser, x for the coil

time-constant Ljliy and y for the condenser time constant 71*5; that is,

we require either vertical or else horizontal equality of time-constants,

'electrostatic and ma^etic, subject to certain exceptional ^uliarities
similar to those mentioned in oonneetion with the self-indnction balance.

It is also the case that on first testing the power of evanescenoa of the
other factor on the right of equation (61r), it seemed to always require

negative values to be given to some of the necessarily ]>ositive quanti-

ties concerned. But a closer examination shows that this is not neces-

sary. As an example, choose

7/, = l,
. 7?2 = 2, 7?3-3, 7/4-10,1

It will be found that these values satisfy the whole of equations (61c),

and yet the resistance-balance is not estublisiied. No doubt simpler

illustrations can be found. We must therefore remove the requirement
of a resistance-balance when there can be no steady current, although

the condition of a resistance-balance, when fulfilled, leads to the simple

way of satisfying all the conditions.

(2). Similar Sydms,

If F= Z^C be the characteristic equation of one system and F= ZJJ
that of a second, V being the Toltage and (7the current at the terminal,
they are similar when

ZJZ^t^n, any numeric. (4d)

Here Z is the symbol of the generalised resistance of a system between
its terminals, when it is, save for its terminal connexions, independent
of all other systems ; a condition which is necessary to allow of the

form V= ZC hein^ the full expression of tlio relation between J^and C,

Z being a function of constants and of p,])', }r\ etc., and // being Ujdt.

To ensure the possession of the proi)erty (4(^), we require first of all

that one system should haye tibe same arrangement as the other, as a

coil for a coil, a condenser for a condenser, or cquivali iicc (as, for

instance, by two condensers in sequence being equivalent to one) ; and,
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next, that every resistaiirc and inductance in the tirst system be n
times the cunospondin^ ic^i^Lunco uud inductance in the second
system, and every permittenee in the seeond system be n times the
corresponding one in the first.

Then, if the two systems be joined in parullel, and cx]iosed to the

same external impressed voltage at the terminals, the potentiids and
voltages will be etiual in corresponding parts, whilst the current in a^y
port of the second system will be n times that in the corresponding

part of the first Also the electric eneigy, the magnetic energy, the
dissipatiyity, and the energy-current in any part of the second system
are n times those in the corresponding part of the first.

The induction-balance got by joininii; to^ctlier corresponding points

thruugh a telephone is, of course, far more general than the Christie

balance, limited to foar bmuches, each subject to F^ZC ; at the same
time, lioweyer, it is less general than the conditions which resnlt when
the full differential equation is worked out.*

By the above, any number of similar systems may be joined in

parallel, having then equal voltages, and their currents in the ratio of

the conductances. They will behave as a single similar system, the

oondoctance of any part of whieh is the sum of the eondnetanoes of the
corresponding parts in the real systems; and nmilarly for the per-

mittances and for the reciprocals of the inductances. If, on the other

hand, they be put in sequence, the resultant Z is the sum of the separate

Z's, the current in all is the same, and the voltages are proportional to

the resistances.

When the systems are not independent the above simplicity is lost

;

and I have not formulated the necessary conditions of similanty in an
extended sense except in some simple cases, of which a very simple

one will occur later in connexion with another matter.

(3). The (nmsHe Bakanu of BaAaUmee^ 8d^

The three general conditions of this are given in equations (72(;) to

(74^). If, now, we introdnce the following abbreviations,

- h^h +^ +2(Jlf„-lf„-Jf|5)i

the conditions mentioned reduce simply to

(m, 4* iii|s4'mi«)i?4 - avm'^= (%i - Wie-** }••••• (W)

* This general property is, it will be seen, of great value in enabling us to avoid
useloss and lengthy mathematical investigations. In another place [p. 115, vol.

II.], I have shown how to apply it to the at first sight impossible feat of balancing
iron sgaiiist copper.
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The iuteiprctation is, that as there are only three independent

currents in the Christie arrangement, there can be only six independent

inductances, viz., thi«e self and three miitiia] ; and these maybe choten

to be the above nfn, whose meanings are as follows. Let the three

circuits be ABjE^A, CU.B,C, and

ABjCA in the figure, so' tnat the

currents in them are C^, C^, and C^.

Then m^, and are the aeU^

andfn^s, w.,^, m^^ thematnal indnetp

ances of the three drouits.

Now if the four sides of the

(quadrilateral consist merely of short

pieces of wire, which are not bent

into nearly closed cnnres, it is dear
that (Cf/) are the true conditions, to

which alone can definite meaning be

attached ; the inductance of a short

wire being an indefinite quantity,

depending upon the position of other wires. We may therefore start

ab tniMo with only these six mductaaces, and immediately dedaee

[pi 107, vol. Il] the conditions {6d), saving a great deal of prelimiDaiy

work. But, on coming to practical cases, in which the inductances do

admit of being definitely localised in and between the six branches of

the Christie, we have to expand the w's properly, using {5d) or as

much of them aa may be wanted, and so obtain the various reeolts in

Part VI. Therefore equations (6d) are only useftil as a short Teg»tra>'

tion of resnite, subject to (5d), and in the remarkably short way in

which they may be got; a method which is, of course, applicable to

an}^ network, which can only have as many independent indnctances

as there are independent circuits, jplm the number of pairs of the same.

(4). RedueUm of Coilsm ParaM to a Single CoU

In F*art VT. [p. 2G7, vol. II.], in spcakin*!: of the inductometer, I

referred to the most useful property that a pair ot equal coils in parallel

bdiave as one coil to external voltage, whatever be the amount of
mutual induction between them ; a property which, excepting in the
mention of mutual induction, T had pointed out in 1878 [p. Ill, vol. I.].

But, although there appears to be no other case in whicii this property

is true for any value of the mutual inductance, which is tlie property

wanted, yet, if a special value be given to it, any two coils in parallel

will be ntade equivalent to one.

The condition required is obviously that Z, the generalized resistance

of the two coils in parallel, should reduce to the fonn I!-\-Lp. Equa-

tion (30r) gives Z; to make the reduction possible, on dividing the

denominator into the numerator, the second remainder must vanish.

Performing this work, we find

Z^Jj^i^+Ji^-^t p; (Id)
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which shows the effective resistance and inductauce of the coils in

parallel, aad being their reristaaeea^ and 1^,1^ mit» indmlatieee;
eabjeet to

?=|'-^; m
giving a q>ecial valne to m, which, if it be poeaible, will allow the coils

to behave as one coil, so that, when put in one side of tho Christie, the

self-induction bahuice can be made. This equation (Hd) is the expression

of the making of coils 1 and 2 similar, in the extended sense, being the

simple case to which I referred abore. Let a unit carrent flow in the
circuit of tho two coils. Then L-m and l^-^m are the inductioDS
through them, and these must be proportional to the resistances,

making therefore the actual inductions through them always the same.

Similarly, if any number of coils be in pandlel, exposed to the same
impressed voltage r, with the equations

(ri + /,^;)(\ + + 7/ii3/>C'3
+..., I ^

r= pC\ + (r, + l^)C^ + wiaJ>Cj+.../'"

we have, by solution,

nCJ F=N,, + A^2i + iVgi + • • -1 (lod)

if D be the determinant of the coeflScients of the Cs in (9(/), and N„ the

coetticient of m„ in So, if C^Ci + C^+ be the total current^ we
have

C=r(2N)/D; therefore Z=D/{2N), (llrf)

where the summation includes all the N's. To reduce Z to the single-

ooil form, we require the satisfaction of a set of conditions whose num-
ber is one less than the number of coila.

The simplest way to obtain these conditions is to take advantage of
the fact that, if any number of coils in parallel behave as one, the

currents in them must at any moment be in the ratio of their conduct-
ances. Then, since by (0(/),

V- rjC, -/j(/,6'j + /» 1062 + 771^363 +
V- rJJ,^p{m^,C, + U', + ^236*3 +...),! ^i2d)

are the equations of voltage, when we introduce

r,C,^r,C,=^r,a,= {^^)

into them, we obtain the required conditions :

—

fj r, r, fj r, r, r, . r, r.

The induction through every cofl at any moment is the same in amount;
also the voltage due to its variation, and the voltage sui^rtbg current^

and the impressed voltage.
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(5). Impressed Foliage in the QuadrilatcnU. General Property 0/ a
Linear Network,

In my remarks on [p. 271, vol. 11.], relating to the l)ehavif)Ur of

batteries when put in the quadrilateral, I, for brevity in an already

long artiddf left out any reference to the theory. As is well known, in

the usual CSiristie amugement (see figure, above) the steady current in

5, due to an impressed voltage in any one of 1, 2, 3, 4, is the same
whether 6 be open or closed, if a steady imprrssod voltage in C) ^n've no
current in 5, But the distribution of curn nt is not the same in the

two cases ; so that, when wo change from one to tlie other, the current

in 9 changes temporarily; as may be seen in making Mance's test of

the resistance of a battery, or V*y simply measuring the resistance of the

battery in the same way as if it had no E.M.F., using another hattery in

6, but taking the galvanonictcr-zero ditferently. Wo, in eitlier case,

have not to observe the absence of a deflection ; or, which is similar,

the absence of any change in the deflection; but the equivalence of two
deflections at different moments of time, between wbieh the deflection

dbangea. Hence Mance's method is not a true nul method, unless it be
made one by having an induction-balance as well as one of resistance

;

in which case, if the battery behave as a mere coil or resistance, which

is sometimes nearly true, especially if the battery be fresh, we may
employ the telephone instead of the nlvanometer.
The proof that the complete selMnduction condition, Z^Z^ —Z^^

where the Z's stand for the generalised resistances of the four sides of

the quadrilateral, when satisfied, makes the current in the bridge-wire

due to impressed force in, for example, side 1, the same whether branch

6 be opened or closed, without anv transient disturbance, is, formally,

a mere reproduction of the proof in the problem relating to steady

ennents. Thus, suppose

where is a steady impressed force in side 1, and and B the proper

functions of the resistances, in the case of the common Christie, but

without the special condition ILR^^li^R^ which makes a reaistance-

balanoe. Then we know that ir we introduce this condition into A
and the resistance R^^ can be altogether eliminated from the quotient

AjB, iiKiking 65 due to /

j
independent of R^y

Now, in the extended problem, in which it is still possible to repre-

sent the equation of a branch by F=ZCt wherein Z is no longer a
resistance, we have merely to write 2^ for ^ in the expansion of AjB to

obtain the differential equation of C^-, and consequently, on making
Z^Z.=Z,^Z^ we make A/B independent of Z^. Hence, the cuirent in

the bridge-wire is independent of branch 6 altogether when the general

condition of an induction-balance is satisfied, making branches 5 and 6
conjugate.

But, as is known to all who have had occasion to work out problems
concciniii'^ th(! steady distribution of current in a network, there is a
great deal of labour inTolved, which, when it is the special state
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involved in a resistance-balance, is wholly unnecessary. This remark
appliM with immensely greater foroe when the balance is to be a tuii-

Teraal one, for transient as well as permanent currents; so that the
proper course is either to assume the existence of the property required

at the be^inuini,', and so avoid the reductions from the complex general

to the simple special state, or else to purposely arrange so that the

lednctions shall be of the simplest character. Thus, to show that 65 is

independent of branch 6, when there is an impressed voltage in (say)

side 1, making no assumptions concerning the nature of branch G, we
may ask this question, Under what circumstances is independent of

7 And, to answer it, solve for in terms of and and equate
the coeiiicieut of Cg to zero.

Thus, writing down the equations of voltage in the circuits AB^B^
and B|CB,6| in the above 6gnre, we have

when there is no mutual induction between different branches, but not
restricting Z to & particular form ; and now putting

we obtain

which give

making independent of when the condition of conjngaoj of
branches and 6 is satisfied.

If there ui e impressed voltages in all four sides of the quadrilateral,

then {ISd) obviously becomes

^» {Z, + Z,){Z, + Z,) + iZ, + Z, + Z, + Z,)Z, *
"^'"^f

which makes Cj always zero if - f ^.5 = 1?^, and Z^Z^ = Z.,Z.y As an

example, let e^^Oi then, if there is conjugacy of 5 and 6, and
also

= .3/(^3 + ^,), (20rf)

the impressed forces are also balanced. Putting, therefore, batteries in

sides 1 and 3, and letting them work an intennitter in branch 6, we
obtain a simultaneous balance of their resistances and voItagea» and
know the ratio of the latter. If self-induction be negligible, we may
take iT as ^ the resistance ; if not negligible, it must be separately

balanced.

But should there be mutual induction between different branches,

this' working-out of problems relating to tnnsient states by merely
turning Bto Z partly fails. We may then proceed thus :—As before,

write down the equatjons of voltage in the circuits AB^B^ and

Digitized by Google



296 ELECTRICAL PAPERS.

CBjBjC, using the six independent inductances of these and of the

dicttit CABjC. ThiiB»

ei^Bfii+Bfi^ - iV?,+jK"H<?i +«i8^8+»»ui^?6).\ (2id)

if there is an impieaeed volta^ in side 1. As before, eliminate C^,

and C[| by (16<f), and we obtain

{R^ -pni^)C^ = {i^3 + +p{m^ + m^,)
}
C\ - {11, + /f, + i.', +;wi3)C„ J

which, by solution for C;, gives its differenlial equation at once iu

terms of and 6'^. To bo independent of C'^, we require

which, expanded, gives us the three equations {%d) again, showing that

65 depends upon and the nature of sides 1, 2, 3, and 4, subject to

(23rf), and of 5, but is independent of the nature of Q altogether,

except in the fact that the mutual induction between branch 6 and
other parts of the system must be of the proper amounts to satisfy

(2dd) or {(ad).

The extension that is naturally suggested of this property to any
network whose branches may be complex, and not independent, is

briefly as follows. The equations of voltage of the branches will be of

tiie form

«l + = ZyC^ + Zy^C,^ + ^isC'a + .

.

••••^24d)

wherein the Z*% are differentiation-operators.

Suppose branches m and n are to be conjugate, so that a voltage in

7?j can cause no current in ?t. First exclude 7«'s equation from {2\d)

altogether, and, with it, Z^. Then write down the equations of

voltage in all tiie independent circuits of the remaining branches, by
addin<^ together equations (24<^) in the proper order; this ezdndes the

F^s, and leaves us equations between the e's and all the independent

Cs, but one fewer in number than them. Put the C„ terms on the left

side, then we can solve for all the currents (except C'„) in terms of C„
and the e's. That the coellicient of in the 6'„ solution shall vanish

la the condition of conjugacy, and when this happens, is not merely
independent of but also of though not of Z^ etc.

I have dwelt somewhat upon this proper^, and how to prove it for

transient states, because, although it is easy enough to understand how
the current in one of the conjugate branches, say ?(, is independent of

current arising from causes in the other conjugate branch, 7/1, yet it is

for less easy to nnderatand how, when m is varied in its nature, and
therefore wholly change the distribution of current in all the branches

(except one of the conjugate ones) due to impressed forces in them, it

docs not also change the current in the excepted branch n. Conscien-

tious learners always need to work out the full results in a problem
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relating to tlie steady-flow of current before they can completely satisfy

themselves that the property is true.

Note Ml Part III. Exttmj)le of Treatment ofTemM CondUkme.

InduetiimrCeil and Condeiter.

One of the side-matters left over for separate examination when
giving the main investigation of Parts I. to IV. was the manner of
treatment of terminal conditions when normal solutions are in question,

especially with ref«Tence to the finding of the terms in the complete

solution aiisiug from an arbitrary initial state which are due to the

terminal apparatus, eoneeming which I remarked in Part III. that the
matter was best studied in Uie concrete application. There is also the
question of finding the nature of the terminal arbitrarics from the mere
form of the terminal equation, without knowledge of the nature of the

arrangement in detail, except what can be derived from the terminal

equation.

Let^ for example, in the figure, the thick line to the right he the
heginning of the telegraph-line, and what is to the left of it the terminal

»paratus, consistin;^ of an induction coil and a shunted condenser.

The line is joined through tlic primary of the induction-coil, of resist-

ance to the condenser of permittance Sq, whose shunt has the con-

ductance iTo, and whose farther side is connected to earth, as symhoHsed
by the arrow-head.* Let be the resistance of the secondary coil,

and L,t Lp M the inductances, self and mutual, of the primary and the
seconaary. At the distant end of the line^ where 2; we may have

XmO

^
QAAAAA

another arrangement of apparatus, also joined through to earth, though
this is not necessary. Th<! line ami the two terminal arrangements
form the complete system, supposed Lo be independent of all other

systems.

Now suppose there to bo no impfessed voltage in any part of the
system, so that its state at a L'iven moment depends entirely upon its

initial state at the time of removal of the impressed voltage ; after

which, owing to the existence of resistance, it must subside to a state

of zero electric force and zero magnetic force everywhere (with some

• It is not altogcthor improbable that the arrangement shown in the figure,

with the receiving instrument placed in the ntcomlary circuit, wonhi be of ailvan-

tage. A prelimioaiy examination of the form of the arrival curve when thii
armngement is used for receiving at the end of a long cable, with A',= 0, yields a
favourable result. But the examination did not wholly include the intlueuce of
the rMistaaoM on the form ckI the onrre.
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exceptional cases in which there is ultimately electric force, though not
magnetic forced the manner of the snheidence tp the final state

depending ii])(>ii the cmmezions of the system. The course of evente

at any ])lace depends upon the initial state of every part, including the

terminal apparatus, which may be arbitrary, since an} \ a lues may be
given to the electrical variables which serve to fuU^ specify the amount
and distributicm of the electric and magnetic enei^os.

Suppose that V, the transverse Toltage, and 8, the current in the

line, are sufficient to define its state, i.r. as electrical variables, when
the nature of the line is given, and that n and tc arc the normal
functionB of y and 6^ in a normal system of subsidence. Then, at time

/, we have
V^'SAue", C=S^W, (!<•)

wherein the p's are known from the connexions of the whole system ;

each normal system having its own and also a constant ^ to fix its

magnitude. The value of . / is thus what depends upon th9 initial

state, and is to be found by an integration extending over every part

of the system. In one case, viz., when the initial state is what could

be set up finally by any distribution of steadily acting impressed force,

we do not need to perform this complex integration, smce we may
obtain what we want by eolving the inverse problem of the setting up
of the final state due to the impressed force, as done by one method in

Part III., and by another in Part IV. If also the initial state of the

apparatus be neutral, so that it is the state of the line only that

determines the subsequent state, we can pretty easily represent matters,

viz., by giving to A toe value

^C(sau^m^^
(2«)

wherein U and fT are the initial V and C in the line, whose per*

mittance and indaetance per unit length are 8 and L; bo that the

numerator ot A is the excess of the mutual electric over the mutual
magnetic energy of the initial and a nonnal state, whilst the

denominator A is twice the excess of the electric over the magnetic

energy of the normal state it-self, which quantity may be either

expressed In the form of an integration extending over the whole
system, or, more simply, and without any of the labour this in«

yolves, in the form of a differentiation with respect to ;> of the deter-

minantal equation For instance, when we assume L = 0, and we make
the line constants to be simply Ji and ,S', its resistance and permittance

per unit length (constanta), as we may approximaU.'ly do in the case of

a submarine cable that is worked sufficiently slowly to make the effects

of inertia insensible, in which case we have

.i^-_,a, -f-M g^i^st^;

so that we may take

If» sin (ww +0), w» -j^ cos (//u + (^), (4e)
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if —m^^BSj) ; then equation (2^) becomes

A = A

where the undefined terms F,, and F, in the niimorator depend upon
the terminal apparatus, and F in tiie (lenominator is defined by

which is the detenninantal equation arising out of the terminal

conditions

V'=ZqC at and V=Z^C at z = L (7«)

(See equations (177) to (180), Part W .) Wc have now to add on to

the numerator of A the terms corresponding to the initial state of the

terminal apparatus, when it is not neutral. As the process is the

same at botn ends of the line, we may confine ourselves to the

apparatuSy according to the figure. First we require the form of the

negative of the generaliaed resistance of the terminal apparatus. It

consists of three parts, one due to the condenser, a second to the

primary coil, and a thinl to the presence of the secondary
;
thus,

- = (Ao+6»- > + (/.', + L,p) -My{II, + L^)-\ (8e)

showing the three parts in the order stated. Now as shown in Part

III., dZJdj) expresses twice the excess of the electric over the magnetic
energy in a normal system (when/* becomes a constant), per unit sqiuire-

of-curreut. Performing the differentiation, we have

dp -
( A'o + s,py^ -^ + + L,p (J:, + L^>f

^"^^

Here we may at once recognise that the first tonn represents twice the

electric energy of the condenser per unit square uf-current, that the

second term is the native of twice the magnetic energy of the

unit primary cnrrent^ and that the fourth is similarly the negative of
twice the magnetic energy of the secondary current per unit piimai^
eurrent; whilst the third, which at first sight appears anomalous, is

the negative of twice the mutual magnetic enerj^^y of the unit primary

and corresponding secondaiy current. Thus, if Wq be the noruiui

curr«nt>function, that is, by (4^'), Wq = - {m/Ii) cos 0, we have

^ «.d -^'7 (10.)

as the expressions for the normal voltage of the condenser, for the

primary current, and for the secondary current If then Cj, and
C3 are the initial quite arbitrarv values of the voltage of the condenser,

and of the primary and secondary currents, their ex])ansions must be

Z^ - Z(^ _
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Also, the excess of the mutual electric over the mutual muguctic enei^
of the initiftl state r^, C^, and the normal atate rapreaanted by
(lOe) ia

and this is what must be added to the numerator in (5e) to obtain the
complete value of ^, if we also add the corresponding expression Fj

for the apparatus at the other end, if it be not initially neutral. Usinji

this value of ^ in (le) and in (11c) with the time-factor c** attached,

and in the ooiresponding ezpansiona for the other end, we thna expresa
the state of the whole system at any time.

Since, initially, V is U, and independent of the state of the terminal

apparatiUi it follows that in the expansion

the parts of A depending on the apparatus contribute nothing to 6^, so

that, by (5t) and {I2e\ we have the identities

for all the values of z from 0 to

It may have been observed in the above that the use of (9e) was
quite unnecessary, owing to the forms of the normal ftinctions in (lOe)

being independently obtainable from our h^priori knowledge of the
terminal apparatus in detail, from which knowledge the form of in

(8e) was deduced ; so that, without using (9c), we could form (He) and
(12e). I have, however, introduced {^Je) in order to illustrate how we
can find the complete aolntion, without knowing the detailed terminal

connexions, from a nven form of Z. We must either decompose

dZJdp into the sum squares of admissible fonetions of p, multiplied

by constants^ say,

^-Oo/Hat/f +«,/?+.... (14s)

where a,, a.^, etc., are the constants, and /„ /j, ... the functions of ;

or else into the form of the sum of squares and products, thus

^-ai/^+a,/?+a,/,»+ (15s)

When this is done, we know that the terminal arbitraries are

fi-S^/jiTo, J.-S^/jWo, F^^^AJ^^ -..(16e)

and that lo=»oKA/i+Vi/s+«»^s/8+ -} O^*)

in the case (14«) of sums of squares, wherein the Fs mav have anv
values, assuming that we have satisfied ourselves that they are all

independent; with the identities

0-2^/j», 0-24/",tt, etc. (18s)

Thus, in the case (9e), the first, second, and fourth terms are of the

proper form for reduction to (14s), but the third is not We are
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certain, thereloro, tliat tlicre cannot be more tlian three arbitrages, if

there be so many. Now, if we do not recognise the connection between
the third term and those which precede and follow it (as may easily

happen in some other case), we should rearrange the terms to bring it

to the fom (14<); for instance, thus :

—

V (ii+W ^>' (5^^ ^
^

which is what we require. We may then take

=
6'o,

a.^ =-{Li- M-'i Z,), flg = - MHlljL.,. J
^ '

Further, we can certainly conchide, provided is positive, and a., an<l

a. are negative, that the first term on the right of (19e) stands fur

ekctrio (or potential) energy, and the remainder for inagnetic (or

kinetic). It is clear that we may assume any form of Z that we ])]ease

of an admissible kind {e.g.^ there must lie no such thing as/)*), find the
arbilraries, and fully solvo the problem that our data represent, whother
it be or be not capable of a real physical interpretation on electrical

principles. I have pursued this subject in some detail for the sake of
verifications ; it is an enormous and endless subject, admitting of in-

finite development. Owing, however, to the abstractly mathematical
nature of the investigations—to say notliing of the length to which
they expand, although wiien carried on upon electrical principles they
arc much simplified, and made to have meaning—I merely propose to

give later one or two examples in which circular ftinctions of |» are
taken to represent Z»

Although, however, the state of the line at any moment is fully

determinable for any tVjrm of the terminal Z's, when tlioy alone are

a'ven, from the initial state of the line, provided the initial values of

e tenninal arbitraries be taken to be zero, and although it is similarly

determinable when particular values are given to the arbitraries, whose
later values also are determinable by affixing the time-factor, it does
not appear that this determinateness of the later values of the terminal

arbitraries is always of a complete character, when the sole data relating

to Lliciu are the furiu of Z and their iiiiuui values, i'or it is jjossible

for a terminal arrangement to have a certain portion conjugate with
respect to the line; and although the state of the line will not be
affected by initial energy in that portion, yet it will influence the later

values of the other terminal arbitraries. This might wholly escape
notice in an investigation founded upon a given form of Z with un-

detailed connections, owing to the disappearance from Z of terms
depending upon the conjugate portion, ui such a case the reduced
form of Z cannot give us the least information concerning the influence

of the portion conjugate to the Iin<'. It is as if it were non existent.

If, however, Z be made more Lceiicral, so as to contain terms depending
upon the conjugate portion, although they be capable of immediate
elimination from it would seem that the indetermioateneBS must be
removed.
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Some Noies m Pad IV. Looped MetuUir Circuiis. Inierfnenc^s due to

JtietjualUus, and const /pteni Limitalions of Applicaikni.

It is scarcely necessary to remark that, in the investigation of Parts

L and II., the choice of a round wire or tube surrounded by a coaxial

tube for return-conductor was practically necessitated in order to allow

of the nae of the weU-known and /| fdnetions and their complementa,

becanae it was not merely the total current in the wire with which we
were concerned, but also with its distribution. Next, in order that it

should \w a question of self-induction, aii'I not one of mutual induction

also, with fearful complications, it was necessary to impose the con-

dition that the wire, tabular dielectrie, and outer tube ehould be a
self-contained system, making the magnetic force aero at the outer
honivlary. It is tnie that no external inductive effect is observable

wlien the double tube circuit is of moderate length. But electrostatic

induction is cumulative ; aud it is certain that, by sutiiciently lengthen-

ing the double tube, we should ultimately obtain observable inductive

interferences. Our investigation, then, only appUes strictly when the
double tube is surrounded on all sides, to an infinite distance^ by a
medium of infinite elastivity niid rcsi>ti\ ity.

(Maxwell termeil Airjc, wlien r is the ilieK ctric constant, the electric

elasticity. I make this the elastiWty : hi-st, to have one word for two

;

next, to avoid confusum with mecnapical elasticity; and, thirdly, to

harmonise with the nomenelatuie I have used for some time pest
Tbos:—

Flux. Force,

CoDductioiHCurtent ./ ^^^^J!: \ Elect™.
^ Condactivity. Conductance.

J

Induction .... Indiictivity. Inductance. Magnetic.

DupUcment . . ./ } Electric.
^

\ Permittivity. Permittance, j

The elaatance of a condenser is the reciprocal of its permittance, and
elastivity ia the elastanee of unit volume, as resistivity is the rsststance

of unit vohime, and conductivity the conductance of unit volume.

As for "permittivity'' and "permittance," there are not wanting
reasons for their use instead of "specific inductive capacity" (electric),

and " electrostatic capacity." The word capacity alone is too general
;

it must be capacity for something, as electrostatic capacity. It is an
essential part of my scheme to always use stn^ and nnmistalatble

words, because people will abbreviate. Again, capadty iaao nna(la]>t>

able word, and is altogether out of harmony with the rest of the

scheme. Now the tlux concerned is the electric displacement, involving

elastic resistance to yielding from one point of view, and a canacity for

permitting the yielding from the inverse; hence elastanee ana permit-

tance, the latter being the electrostatic capacity of a condenser. There
are now only two gaps left, viz. fur the reciprocals of inductivity and
inductance. " Resistance to lines of force " and "mastic leaiatanoe''

will obviously not do for permanent use.)
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If thtt reatrietion be remoyed, we have self* and mutaal-indactioB

coneerned, aod interferences ; or, eyen if there be no external con-

ductors, wo have still the electric current of clastic displacement, and
with it cloctric and magnetic energy outsi<le the doiihlo tube. But,

iLCnoring tlicse, we have the following striking peculiariticR :— Putting

on one side the que^tiou of the propagation of disturbances tnto the

condactors, which is eo interesting a one in itself, we find that the
electrical constants are three in iiomber—the resistance, permittance,

and inductance of the double-tube per unit of its length ; whilst the

electrical variables are two— the current in each conductor, and the

transverse voltage. The efl'ective resist^ince per unit length is the sum
of their resistances, which may be divided betweea the two conductors

in any ratio ; the permittance is that of the dielectric between them

;

and the inductance is the sum of that of the dielectric, inner, and outer
conductors. Another remarkable i>eculiarity is, that equal impressed
forces, similarly directed in the two conductors at corresponding places,

can do nothing; from which it follows that the efl'ective impressed

force may, like the effeetiTe resistance, be divided between the con-

ductors in any proportion wo please.

In Part IV., having in view the rapidly extending use of metallic

circuits of double wires looped, excluding the cartli, consequent upon
the development of telephonic communication in a maunt r to eliminate

inductive interferences, I extended the above-described method to a

looped drenit consisting of a pair of parallel wires. So for as propaga-

tion into the wires is concerned, it is merely necessary that they should

not be too close to one another, to allow of the application of the ./,, and
J, functions to them separately. Now suspenaed wires are usually of

iron, and are not set too close, so that the application is justified. On
the other hand, buried twin wires, thoiu^ very near one another, are

of copper, and also considerably smaller than the iron suspended wires;

BO that the diflfusion-effect, though not so well representable by the
above-named functions, is made insignificant. Dismissing, as before,

this question of inward propagation, we have, just as in the tubular

case, two electrical variables and three constants, viz. the transverse

voltage, the current in each wire, and the effective resistance, permit-

tance, and inductance.

First of all, let the wires be alone in an infinite dielectric. Then wc
have similar results to those concerning the double-tube. The effective

resistance, which is the sum of the resistances of the wires, may be

divided between them in any proportions ; and so may be the effective

impressed voltage. The effective permittance is that of the condenser
consisting of the dielectric bounded by the two wires, the surface of one
being the positive, and that of the other the negative coating. Or, in

another form, the eft'ective j)ermittance is the reci|)rocal of the elastance

from one wire to the other. In the standard meciiuui, this elastance is,

in elec^^Mtaiie units, the same as the inductance of the dieketrio in

electromagnetic units. Thus,

I,o = 2/.logii. (1/)
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if fi and r, be the radii^ of the wiies, and rj, their distance apart

(between axes), and fi the inductivity of the dielectric And

Their product, when in the same amt8» is r**, the reciprocal of the
square of the speed of nndissipated waves through the dieiectrie. The
two variables, transverse voltage and current, fully define the state of
the wires, except as regards the diffusion-effect in them, of course, and
an effect duo to outward propagation into the unbounded dielectric from
the seat of impressed force, which is made insignificant by the Limitation

of the magnetic field (in sensible intensity) due to the nearness of the

wires as compared witn their length. To has to be added a variable

quantit}', whose greatest value is A/Aj + l/^o, if
/^i

and /x.^ are the inducti-

vities ot the wires, to obtain the complete inductance per unit length.

So far, then, there is a perfect correspondence between the double-

tube and the double-wire problem. But when we proceed to make
allowance for the presence of neighbouring conductors, as, for instance,

the earth, although there is a formal resemblance between the results in
the two cases, when proper values are given to the constants concerned,

yet the fact that in one case the outer conductor encloses the inner,

whilst in the other this is not so, causes practical differences to exist.

For example, there are two constants of permittance concerned in the

coaxial tube case, that of the dielectric between them, and that of the

dielectric outside the outer tube. But in the case of looped wires there

are three, which may be chosen to be the i>erniittance of each wire with

respect to earth including the other wire, and a cueflScient of mutual
permittance. There are, similarly, three constants of inductance, and
two of resistance, and at least two of leakage, viz. from each wire to

earth, with a possible third direct from wire to wire. This is when the

wires are treated in a quite general manner, and arbitrarily ojK-ratcd

upon; so that there must be four electrical variables, viz., two currents

and two poteniial-ditlerences or voltages. I have somewhat developed

this matter in my paper "On Induction between Parallel Wires

"

[Pl 116, vol. I.] ; and as regards the values of the constants of capacity

concerned, in my paper " On the Electrostatic Capacity of Suspended
Wires" [p. 42, vol. I.]. As may be expected, the solutions tend to

become very complex, except in certain simple cases. If, then, we can

abolish this complexity, and treat the double wire as if it were a single

one^ having special electrical constants, we make a very important
improvement. I have at present to point out certain peculiarities

connected with the looped-wire [)roblem in addition to those described

in Part IV., and to make the necessary limitations of application of the

method and the results which are required by the presence of the earth.

First of all, even though the wires be not connected to earth, if they

be charged and currented in the most arbitrary manner possible, we
must employ the four electrical variables and the ten or eleven electrical

constants as above mentioned. On the other hand, going back to the

looped wires far removed from other conductors, there are but two
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electrical variables and four constants (counting one for leakage). Now
bring these parallel wires to a distance above tne earth which is a large

multiple of their distance apart The constant 8 of pennittance is a
little increased. The method of images gives

.=.(21.^^-; (V)

where r^, are the radii of the wires, r^, their distance apart^ Sj, their

distances from their images, aud s,f tlie distance from either to the
imige of the other; but, owing to c^j^^^fo heing nearly unity, the per-

mittance S does not sensibly diHer from the value in an infinite

dielectric, or the earth has scarcely anything to do with the matter.*

If, however, the wires be brought close to the earth, the increase of

pennittance will become considerable ; this is also the case when the
wires are buried. The extreme is reached when each wire is surrounded
by dielectric to a certain distance, and the space between and surround-

ing the two dielectrics is wholly hlled up with well-conducting matter.

Then the permittance S becomes the reciprocal of the sum of the

elaataaoes of the two wires with respect to the euTeloping conductiye

matter; in another form, the effective elastance is tiie sum of the

elastances of the two dielectrics. Returning to the suspended wires, if

the earth were infinitely comlucting, the ertVctive indnctanre would be

the reciprocal of 5 in (3/) with ft written tor r, in electromagnetic uniti?,

with + added; whilst, allowing for the full extension of the

magnetic field into the earth, we should have the formula (1/), giving a
digntly greater Talu& The effective resistance is of course the sum of
the resistances, and the effective leakage resistance would be the sum of

the leakage-resistances of the two wires with respect to earth, if that were

the only way of getting leakage between the wires, but it must be

modified in its measure bjr leakage being mostly from wire to wire over

tiie insulators, arms, and only a part of the poles.

But if there be any inequalities between tne wires, differential effects

will result, due to the presence of the earth, in spite of its little influence

on the value of the efTtctive permittance; wherein' the current in one
wire is made not of the same strength as in the other, and the

charge on one wire not the negative of that on the other. The
propagation of signals from end to end of the looped-circuit will not
then take place exactly in tlie same manner as in a t^inglo wire. To
allow for this, we may t ither bring in the full, comprehensive system of

electrical constants and variables; or, perhaps better, exhibit the

differential effects separately by taking for variables the sum of the

• On the other haml, Mr. W. H. I'reece, F.K.S., nssures as that the capacity is

half that of either wire (Proc. \U>y. 8oc. March 3, 1887, and Journal 8. T. K. and
E., Jan. 27 and Febr. 10, 1887). This is nimple, but iiuuscarate. It is, however,
a mere trirte in comparison with Mr. Preece's other errors; he does not fairly

appreciatu the theory of the transmission of signals, even keeping to the quite

special case of a loii^ and slowly worked submarine cable, whoBe theory, or what
be imagines it to be, ne applies, in the most confident manner possible, universally.

There is hardly any resemblance between the manner of transmission of currents
of great frequency and slow ignals. [See alto p. 100) vol. n.]

H.K.P.

—

VOL. II. V
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S^tentuk of the wires (baking earth at zero potential) and hitf the
fferenee of the strength of current in them, in addition to the differ-

ence of potential of the wires and half the sum of the cnrrentHBtrongths,

which last arc the sole variables when the wires are in an infinite

dielectric, or elso are (piite equal. By adopting the latter course our
solutions will consist of two parts, one expressing very nearly the same
remits as if the differential effects did not exist, the other the differ-

ential effects by themselves.

Another result of inequalities is to produce inductive interferences

from parallel wires which would not exist were the wires equal. As
an example, let an iron and a parallel copper wire be looped, and tele-

phones be placed at the ends of the circuit. Even if the wires be well

twisted, there is cnrrent in the telephones caused by rapid reversals in

a parallel wire whc^so ( ircuit is completed through the earth. Again, if

two precisely equal wires be twisted, and telephones placed at the cn<ls

as before, the insertion of a resistance into either wire iiiterme<iiately

will upset the induction-balance and cause current in the terminal tele-

J>hone8 when exposed to interference from a parallel wire. This inter-

erence can be removed by the insertion of an equal resistance in the
companion-wire at the same place. In the working of telephone
metallic circuits with intermediate stations and apparatus, we not only

introduce great impedance by the insertion of tlie intermediate apparatus,

thus greatly shortt:nin^ the length of line that can be worked through,

but we produce indnctiTe interferences from parallel wires, unless we
intermediate apparatus be double, one part being in circuit with one
wire, the other part (quite similar) in circuit with the other. In

mentioning my brother's system of bridge-working of telephones (in

Part v.), whereby the intermediate impedance is wholly removed, I
mentioned, without explanation, the cancelling of inductive interfer-

ences. The present and preceding paragraphs supply the needed
explanation of that remark. The intermediate apparatus, being in

bridges across from one wire to the other, do not in the least disturb

the induction-balance, so that transmission of speech is not interfered

with by foreign sounds.

But theory goes much further than the above in predicting inter-

ferences than practice up to the present time verifies. For instance, if

two perfectly equal wires bo suspended at the same height altove the

ground and he looped at the ends, teiminal tcle])hones will not be

interfered with by variations of current in a pamllel wire equidistant

from both wires of the loop-circuit, having its own circuit completed

through the earth. But if the loop-circuit be in a vertical plane, so

that one wire is at a greater height above the ground than the other,

there must be terminal distnr1)ance produced, even when the disturbing

wii e is e(juidistant. Similarly in the many other cases of inequality

that can be mentioned.

The two matters, preservation of the induction-balance, and traoe-

mission of signals in the same manner as on a single wire, are intimately

connected. If we have one, we also have the other. The limitations

of application of the method of Part lY. may be summed up in saying
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that the loop-circuit must either be far removed from all conductors, in

which ease equivalence of the wires is quite needless ; or else thej must
be equal in their eleetrisal cooatante. In the latter case the effective

reeiatance B is the double of that of either wire, and the effective

permittance, inductance, and leakage are to be measured as before

described, whilst the variables are the transverse voltage from wire to

wire and the current in each. But the four electrical constants may
vary in any (uot too rapid) manner along the line. And the impreesed
force (in the inTestigations of Part IV.) may also be an arbitrary func-

tion of the distaiu e, provided it be put» half in one wire, half in the
other, oppositely diricted in space. For, although equal, similarly

directed impressed loixes will cause no terminal disturbance (and none
anywhere it' other cunductoi-s be sufficiently distant), yet disturbances
at intermediate parts of the line will result It is true that the most
practical case of impressed voltage is when it is situated at one end
only of the circuit, when it is of course equally in both wires, or not in

them at all ; but there is such a great gain in the theoretical treatment
of these problems by generalising, that it is worth while to point out
the above restriction.

Besides this case of equality of wires, which is precisely the one that
obtains in practice, there are other cases in which, by proper j)ropor-

tioning of the electrical constants of the two looped wires, the induction-

balance is preserved; and, simultaneously, we obtain transniiJ-sion of

signals as on a single wire. [But this is not an invaiiublc rule.] Their
investigation is a matter of scientific interest, though scarcely of prac-

tical importance.
I have yet to add investigations by the method of waves (mentioned

in Part lY.), by which I have reached interesting results in a simple
manner.

Part VIII.

The Tnuumitsim of EkdrmagneUe Warn along Wim vnihoiU Distorium,

One feature of solutions of physical problems by expansions in

infinite series of normal solutions is the very artificml nature of the
process. If it be a case of subsidence towards a state of equilibrium,

then, if a sufficient time has elapsed since the commencement of the

subsidence to allow the great mass of (singly) insignificant systems to

nearly vanish, leaving only two or three important systems, which may
be readily examined—or merely one, the most important—then the

process is natural enough. It is the early stage of the subsidence

that is so artificially rei>re8ented, when the rcsuttant of a very large

number of normal solutions must be found before we come to what we
want. Sometimes, too, the full invest iiration of the normal systems in

detail is prevented by mathematical ditiiculties connected with the

roots of transcendental equations. This goes very far to neutralise the

advantage presented by the ease with which solutions in terms of

normal functions may be obtained.
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In some respeeto them diffienlttes are evaded by the eonsideratioii of
the eolatioii due to a nnusoidal impresaed force. The method is very

powerful ; and, by consiflcring the nature of the results througli a

suflSciently Avide range of frequencies, we may indirectly gain, with

comparatively little trouble, knowledge that is unattainable by the

method of normal systems.

But the retl deaideratam, whieh, if it can he reached, is of paramount
importance, is to get solutions which can be understood and appreciated

at first sight, and followed into detail with ease, presenting to us, as

nearly as possible, the efTects as they really occur in the physical

problem, disconnected from the often unavoidable com|>lication8 due to

the form d mathematioal expfeanon. To iHiiatrate this, it is auffieient

to refer to the elemental theory of the transminion of waves without

dissipation along a stretched flexible cord. If we employ Fourier-scries,

we are doing mathematical exercises. But only use the other method,

in whicli arbitrary disturbances are transferred bodily in either direction

at constant speed, e.g.,

u^fig^^
and we get rid of the mathematical complications, and can interpret

results as we rcc their ])hvsical representatives in reality'—for instance,

when we agitate one end of a long cord.

Now there is one case, and, so far as I know at present, only one, in

the many-sided question of the transmission of electromagnetic disturb-

ances along wires, which admita of this simple and straightforward

method of treatment. Singnlarljjr enough, it is not by the simplifying

process of equating to zero certain constants, and so ignoring certain

effects, that we reach this unique state of things, but rather the other

way, generalising to some extent. It is usual to ignore the leakage of

conductors, sometimes also the inductance, and sometimes the per-

mittance. But we must take all the four properties into account which
are symbolised by resistance, leakage-conductance, inductance, and per-

mittance, to reach the much-desired result. Briefly stated, the effects

are these, roughly speaking. If there be only resistance and per-

mittance, there is, when disturbances of an irregular character are sent

along a long circuit, botii very great attenuation and very great dis-

tortion produced. The distortion at the end of an Atlantic cable is

enormous. Now if we introduce leakage, we shall lessen the distortion

considerably, but at the same time increase the attenuation. On tho

other hand, if we introduce inductance (instead ot leakage) we shall

lessen the attenuation as well as the distortion. And, &ally, if we
have both leakage and inductance, in addition to resistance and per-

mittance, we may so adjust matters, by the effects of inductance and of

leakage being 0{>{)osite as regards distortion, as to annihilate the dis-

tortion altogether, leaving only attenuation. The solutions can now be

followed into detail in various cases without any laborious and round-

about calculations. Besides this, they cast much light upon the more
difficult problems which occur when not so many ^lysical actions are

in question.

In my usual notation, let B, L, S, and K be the resistance, inductance,
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permittance, and leakage^onductanee of a circuity per unit length, all

to he treated, in the present theory, as constants ; and let F and C be
th& transverse voltage and the current at distance z. The ftmdamental
equations are

-^.(R+I^)C, -^.lK+Sp)F, (1,)
ff

p Btanding for d/dt. Here C is Tolated to the spaoe-Tirialiioii of Fin
the same fonnal manner as is F to the spaoe-Tariation of C, This
property allows us to translate solutions in an obvious nuumer, and
gives rise to the distortionless state of things. Let

IS^^h and B/L^K/S^q. (2g)

The eqnatioB of Fn then

t^-(2+i>)^^. (3flr)

and the complete solution consists of waves travelling at speed « with
attenuation but without distortion. Thus, if the wave be positive, or

travel in the direction of increasing z, we shall have, i£/i(z) be the state

of initially,

-irO. (ig)

C.^VJLv. {bg)

If be a negative wave, travelling the other way,

^.=*-'y2(^+«'0. m
C^^^VJU (Ig)

Thus, any initial state being the sum of and to make and of

and to make C, the decomposition of an arbitrarily given initial

state of r and C into the waves is effected by

(s^)

We have now merely to move bodily to the right at speed v, and
bodily to the left at speed r, and attenuate them to the extent €"«*, to

obtain the state at time / later, provided no changes of conditions have

occurred. The solution is therefore true for all future time in an

infinitely l.uug circuit. But when the end of a circuit is reached,

a reflected wave nsually results, which mnst he added on to obtain tiie

real midt
Tn any portion of a solitary wave, positive or negative^ the electric

and magnetic energies are equal, thus

\LC*=\Sll (9^)

The dissipation of eneigy is half in the wires and half without, thus

ijrcy-jJTf?. (iQy)

When a positive and a negative wave coexist^ and energies axe added,

cross-products disappear. Thus the total eneri^ is always

S{Vl-vVl), or L{Cl-^Ci)', (11^^)
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the total diBsipattvity U alwaya

or (12^)

and tbe total eneigy-flox la alwaya

^A-^^fir (^^)

The r^ation P',«*£vC| is equivalent to C^^ShFy^; i.e., a charge iS^F

moving at speed v is the equivalent of a cnrrent C of strength equal to

their product. But it is i>ractically best to employ Lv, the ratio of the

force V to the flux C bciiii: tlu-n at once expressible or measurable in

ohms. For v is 30 ohni.s, and Z is a convenient numeric, say from 2 up
to 100, according to circumstances. £==20 is a convenient rough
measure in the case of & pair of suspended copper wires. This makes
our critical impedance 600 ohms. It must not be confounded with

resistance, of course, though measurable in ohms. The electric and
mau'Tictic forces arc perpendicular. It is the total flux of energy which
ib e.vprcssed by the product Ft', not the dissipativity.

Rt^arding its possible ereatest value is the speed of light m rnaio,

Wlien there is distortion also, making the apparent speed variable, it

does not appear that under any circumstances the speed can exceed v.

Now the classical experiments of Wheatstone indicated a speed half as

great again as that of light. Would it not be of scientific interest to

have these important experiments carefully repeated, on a straight

circuit (as well as of other forms), to ascertain whether, on the straight

circuity the speed is not always less than, rather than greater than, that

of light, and whether there was any difference made by curving the

circuit 1

The following remark may be useful. In treatises on electro-

magnetism by the German methods, a eurrmi-elemefii and its properties

of attraction, repulsion, etc., occupy an important place. It is, how-

ever, quite an abistraction, and devoid of physical significance when by
itself But the current clement in our theory above, say V~V^ con-

stant through unit distance, C'= VJLv through the same unit distance,

/'and C zero everywhere else, is a physical reality (with limitations to

be mentioned). It is a complete electromagnetic 8}-stem of itself, with
the electric currents closed. To fix ideas most simply, the two con-

ductors may he a wire with an enveloping tube separated by a dielectric,

and by our current-element we imply a definite electric field, magnetic
field, and dissipation of energy, which can exibt apart from all other

current-elements. It is only an abstraction in this quite different

sense, that we could not really terminate the element quUe suddenly,

and that in the process of travelling it must be dktorted from causes

not considered in our fundamental cquatinns, one cause being the

diffusion of current in the conductors in time, wliich alone serves

to prevent the propagation of an abrupt wave-front, either in our

distortionless system, or when there is marked distortion. Even
assuming that Maxwell's representation of the electromagnetic field is

not correct, there seems to me to be very marked advantage in assum-
ing its correctness, even as a working hypothesis, from its exceeding

physical expUcitness in dynamical interpretation, without specifying a

f
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special mechanism to correspond. We have ako tho inimitable advan-

tage of abolisliiDg once fnr m1 tiie speeulationfl about tmcloaed cnrrents,

«na the inaoluble proUems they present. In Mazwell'e scheme eurrente

always close thoTtisclvos, and cannot help it

It will be seen that our waves, in the above, do not in any way dificr

from plane waves of light (in Maxwell's theory), save in being attenuated

b^' dissipation of energy in the dielectric (when it is a tubular conducting

dieleetne bounded by a pair of conductors that is in question), and also

in the bounding conductors, and in being practically of quite a different

order of wave-length. Tho lines of energy-flux are parallel to the wires,

(a wave simply carries its energy with it, less the amount dissipated)

;

these are also the lines ot^prcssurCj for the electrostatic attraction equals

and cancels the electromagnetic repulsion. The variation of the pres-

sure constitutes a mechanical force, half derived from the electro-

magnetic force, half from the magneto-electric force. Here, however,

I am hound to sav I cannot follow readilv. If this mechanical force

exist, then; must be corresponding acceleration of momentum ; if it do

not exist, or be balanced, the stress supposed is not the real stress,

though it may be a part of it. Again, if it be the real stress, and there

be the corresponding acceleration of momentum, this is equivalent to

introduciTii; an imprfs.'^ffi force (mechanical), and it must be allowed for.

The matter is difficult all round. Yet Maxwell's stresses, assumed t^

exist in the fluid dielectric between conductors, account perfectly for

the forces between them, when the electric and magnetic fields are

stationary. But when they vary, then the region of mechanical force

due to stress-variation extends into the dielectric medium. As for

Maxwell's stress in a magneti.sed medium, there are so many different

arran^iMiK nts of stress that will serve equally well, that I cannot have
any faith whatever in the special form given by Maxwell.

It is also well to remember that we are not exactly representing

Maxwell's scheme, but a working simplification thereof. The lines of

eneriry-transfer are not quite parallel to the conductors, but converge

upon them at a very acute angle on both sides of the dielectric. Only

by having conductors to bound it of iulinite conductivity can we make
truly plane waves. Then they will be greatly distorted, unless we at

the same time remove the leakage by making the dielectric a non-

conductor instead of a feeble conductor; when we have nndissipated

waves without attentuation or distortion.

Properties of ikt Dishrthndess Circuit ils< l/, and Effect of Terminal

litjicdiun ami Ahsoqitim.

Now to mention some properties of the distortionlcfss circuit. A pair

of equal disturbances, travelling opposite ways, on coincidence, double V
and cancel C. But if the electrifications be opposite, V is annulled and
C doubled on coincidence.

On arrival of a disturbance at the end of a circuit, what happens
depends upon the eonnectiont there. One case is uniquely simple.

Let there be a resistance inserted of amount Ix, It introduces the
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condition V=^LvC if at Bay B, the positive end of the circuit, and
F« - LoC if at the negatiTe end A, or beginning. These are the

characteristics of a positive and of a negative wave resjMctively ; it

follows that any disturbance arriving at the resistance is at once

absorljed. Thus, if the circuit be given in any state whatever, without

impressed force, it is wholly cleared of electrification and current in the

time Ijv at the most, if / be the length of the circuit, by the complete

absorption of the two waves into which the initial state may be
decomposed.

But let the resistance be of amount 7i', at say B ; and let V-^ and
be corresponding elements in the incident and reflected wave. Since

we have

If be greater than the eritical resistance of complete absorption, the
current is negatived by reflection, whilst the deetiification does not
change sign. If it be less, the electiificalion is negatiTed, whilst the
current does not reverse.

Two cases are specially notable. They are those in which there is

no absorption of energy. If i^ = 0, meaning a short-circuit, the

reflected wave of F* is a permted and inverted copy of the incident
But if /^I'-eo, representing insolation, it is (7 that is inverted and
perverted.

Affcr retlcction, of course, we have the original wave travelling to

the absorber or absorbing reflector, or pure reflector, and the reflected

wave coming from it. Let be the coefficient of attenuation at A,
and ^ at B, these being the values of the ratio of the reflected to the

incident waves at A and at B, which may he + or due to terminal

resistances (without self-induction or other cause to produce a modified

reflected wave ; some of these will come later) ; and let p be the

attenuation from end to end of the circuit (A to B or B to A), viz.,

Then an elementary positive disturbance V^^ starting from A become
attenuated to pV^ on reaching B ; becomes p-^pV^^ by reflection at B;
truvcU to A, when it becomes p-p^Vq^ is reflected, becoming P(\PxP'^VQt

and so on, over and over again, until it becomes infinitesimal, by the
continuous dissipation of energy in the circuit, and the periodic losses

on reflection. But if the circuit have no resistance and no leakage,

and the terminal resistances be either z»'ro or infinity, there is no
subsidence, and the to-aud-lro passages with the reversals at A and
B continue for ever.

If an impressed force « he inserted anywhere, say at distance it

causes a difference of potential of amount e there, which travels both

ways to the rights and -^0 to the left) at speed «, with the

we have the reflected wave given by

(15^)

p=c
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proper atteiiuution as the waves progress. That is, taking for simplicity

the Mro of g at the seat of impreued foroe, we set up a positive wave

^1= Ur'^'", (llg)

and a negative wave ^2— ~ (^^ff)

these being true when is less than li in the first, and - z is less tlian

vt in the second. Ou arrival at A and B these waves are reflected in

the maimer before described. It will be understood that the original

waves still keep pouring In, so long as « is kept on. By successive

attenuations we at length arrive at a steady state, which is that cal-

culable by Ohm's law, allowing for leakage.

If the impressed force be at A, and the circuit be short-circuited

there, making - 1, the two initial waves are converted into one,

thnS)

r^^e€"i'^, (19^)

true when z is not greater than W. On arrival at B, if the resistance

tliere be Lo, nothing more happens, (19^) is the complete solution.

This is something quite unique in its way. If « at A vary in any
manner with the time, the current at B vanes in the same manner at

a time IJv later. Thus, i£ e=/(/), the current at B is

c.JJLiM^-''^. (%)Lv

But if we short-circuit at B, we superimpose first a negative wave

-^/,.€-''<'-"^'= -e/)-^.c*'^, (21^7)

beginning at time //«and travelling towards A; then at time 21/9 wdd a
positive wave

= £7,-'. {22g)

and so on, ad iuf ,
settling down to the steady state.

The Fourier-series solution in this case (got by the method of

Part IV.) is

r-.e.^-P^\*""- Biain;rc'*'<g"^"r^>'"f^'^. ...(23^7)

This includes tho wliolc prncess of sotting up the final state, but
requires laborious examination to extract its real moaning, which we
have already described, (m goes from r, 27r, Sw, ... ,

up to ao .) When
the summation vanishes, we have left the term independent of /, of

which the positive part is the sum of tiie positive waves F^, etc.,

and tho negative is the sum of the negative wavee etc., ahove

((1%), {2hj), (-2>j)).

The uniqnely simple case of compb-to absorption at B of the first

wave is much more troublesome by Fourier-series than is the really

more complex (23^) case. In some other esses in which we can by the
method of waves solve completely, and in a rational manner, the
Fourier-series are difficult to interpret.

Let us construct the complete solution when the terminal resistances
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have any values ; by (15^) we know and />j, and by (i^g) we express

Fiist <^ all we haye &e positive wave

^i = Wi-Poy', {^^u)

tnie when z is not greater than vL When t = llv it is complete, and
remains on. Then begins

V,^U{\-p,)py,.^''% (25()r)

travelling towards A, when it is complete and remains on. The third

wave then begins :

—

^3 = Hl-Po)/>ViPo.«-'^'. (26^)

which reaches B at time ^ = 3/;r, and remains on. The fourth wave
then starts

r^-wi-Ayrfft.*-^. (m
leaching A at time Ufv ; and so on. We thus follow the whole history

of the esta))Iis}iment of the iinal 8tat& The resultant positive wave is

the sum of F,, ... , and the resultant negative wave the sum of

f'^ ... , which are in geometrical progression ; so that finally we have

^.|K1-Pu)(,.^+^^.) (28^

In the positive com])onent-wave.s the current is got by diviJinfj V hy

LVf and in the negative waves by -Lv^ so that wo get the resultant

final currrat by dividing V in (28^) by Lv and changing the sign of the

second term, expressing the negative waves of F.

Should L and S have their values changed in any way, the final state

(28<7) will be unaltered, but the manner in which it is establi.shed will

not be the same, of course. We can, however, form a very fair idea of

the process from the above, when B/L is not greatly diflcrent from KjS^
especially if the circuit be sufficiently short to make the attenuation

p be not great.

The rape of no re-si-staiic is peculiar. There is no sternly state if

there be no resistance to make the to-and-fro waves (which may be

regarded as a single wave overlapping itseh) attenuate. Thus, if there

be short^ireuits at A and B, and also i2 = 0, ir=0, the first wave due
toeatx^^Ois

^j— e from g'mO to z»H,

Then, when this is completed, we have to add on the reflected wave

r," -e from to z^2l-vt,

BO that when B is reached, there is no electrification left. This is a
period, and the state of electrification repeats itself in the same way.
But the current doubles itself the moment the first wave reaches B, and

the region of douWed current then extends itself to A, where it is at

once increased to a trebled value ; and so on, ad inf., every reflection

adding e/Lv to the current. Thus the current in time mounts up
infinitely, though never becoming permanently steady at any spot^

The least resistance anywhere inserted will cause a settlug down to (or

mounting up to) a final steady current

A
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Ef<Kt of Besktanees and Candmding Bridges InlermediMif ItueM,

Let us now ammuio the effect of an mtermeduitely inserted

resistance r. (If the ciroait be a doable wire, then, in accordance

with the Section on Interferences in Part YII., hdf the resistance

should be put in one wire, and half in the other, just opposite.)

Let a wave be going towards r, and let V^, V^, and be corre-

sponding elements in the incident, retlccted| and transmitted waves.

As we haye

Fi + = Tg + rCg,

I ^29^)

and Fj and are positive waves, whilst V^^ is a negative wave, there-

fore

Vjr^^(\'^Tl%L9)-\ (30y)

and = J\ + J\ (Sljr)

From (3I<7) we sec that an element of the original wave, on arriving at

the resistance, is divided into two parts, both St the same sign as regards

electrification, of which one goes forward, the other backward, increasing

the electrification behind. The attenuation caused by the resistance

is expressed by (3O7). If tliere be n resistances r, such that nr = Iiz,

equidistantly arranged, the attenuation produced in the distance z will

he the power of the right member of (30^), and in the limit, when
the resistances are packed infinitely closely, mIui being infinitely small,

the attenuation in aistance z becomes

This, it will be observed, is when there is no leakage. B is the resist-

ance per nnit length, uniformly distributed.

Now consider the effect of a bridge of conductance in the absence

of resistance in the wires, or of uniform leakage. We now have

lic:-o:*''r,}
<'^^>

if be corresponding incident^ reflected, and transmitted

elements. Gonseqnently

VJV, = {\-^kr2Sv)-' (34(7)

and Ci=C,+ C?g. (36^-)

Ciompare with (30^^), (31^). Observe the changes from voltage to

current, imluctance to permittance, and resistance to conductance. It

is the current that now splits without loss, (like the charge before), so

that the reflected electriticalion is negative, if the incident be positive.

The attenuation in distance z due to uniformly distrilmted leakage-

conductance £ per nnit length is therefore

We may infer from this opposite behaviour of a reeistanoe m the

main circuiti and of a bridge across it, tbat if r/L^'k/S, there will be
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no refleoted wave. We muat^ howov«r, tee whether combiiuiig the
reeistance aod bridge does not alter the nature of the result. When
the resistance r and the bridge of conduotanoe k ooeziBt at the aame
spot, we shall have

whence 5= r-(klSv){r + Lr)
whence ^=~ ^Tr +l/t/^(r + Lv)

^^^^^

So the reflected wave ia annulled when

£4,^^^ -

or by rjL^klS when r and h are mfinitely imaU. When thia happens,
the attennatioii is

FJF, = il^rlLv)-\ (89jr)

and, therefore, when M and K are uniformly distributed,

IS the attenuation in disUmce s. We have thus a complete electrical

MCpUnation of the distortionless system ; reflection due to conductance

in the diplectric itself is annulled by reflection due to the boundary
resistance (of the wires). If there be no leakage, any travelling

isolated disturbance will cast a slender tail behind it, whose electrifica-

tion is similarly signed to that of the nudens, whilst the enrrent in the

tail points to its tip. On the other hand, if there be leakage, but no
resistance in the wires, the travelling disturbance will cast off a tail of

a different kind, viz., of the opposite electrification to the nucleus, and
of the same current as in the nucleus. And when the resistances in the

wires and in the dielectric are properly balanced, the formation of tails

is mevented altogether.

From this manner of viewing the matter we can get hints as to the
solution of other and more difficult partial differential equations than

the one we arc concerned with. Keeping to it, however, we may
somewhat generalise it by making the atteuuatiuu-rute a function of

the distance, and also the speed, bnt managing so that there shall be no
tailing. Thns, it is clear that if L and S be constant, whilst B and K
are functions of z such that tlicir ratio is constant, the speed will be
constant, and there will be no tailing, whilst the attenuation in distance

z-Zq will be

(-^f.^)
Now if we make the speed also variable, we must inquire how to

prevent tailing due to what is eqniTslent to a change of medium, as

when light goes from air into glass peipendicniarly. The condition

that there be no reflected ray is F^Vj^f^^^ in that ease, ftj and being
the inductivities, and and v., t}i«» speeds. In our present case it is

= LfV^ when the wires aud the dielectric have no resistance and no
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conductance respectively; Zj, being the values on one side, Z.>,

those on the other side of the discontinuity. That is, the quantity Lv
must not vary with if there is to be no tailing.

We should, however, make sure that this is the condition when we
have simultaneously L, S, li, and A' in operation. Let, then, r and k
be the resistance in the main circuit, and the conductance of a bridge

across it, at a place where the main circuit changes in inductance and
permittance from L, S to L\ 8', the main circuit being supposed to

nave itself no resistance or leakaga Let F^t and be corre-

sponding elements of an incident^ reflected and transmitted wave.
We have, by oommon electrical principles, united with the properties

r= ±LvG,

from which =
^ +W)' ^*^^>

There is no reflected wave when the numerator on the right of

(42^) vanishes, or when

w^^'k^m^mip'' <**^)

and then FJF^=^{1 ^-rjUi^Y'' (46^)

So, if we take Lr^ L'l^, we secure the desired result, because the product
rk ultimately vanishes when we distribute resistance and conductance
continuously. That is to say, if Lv does not vary, and RjL^KjS
always, there will be no tailing, the speed will be a function of viz.

:

and the attenuation-rate will he a function of 2, as indicated l)y (40^).

To verify, observe that our fundamental equations (1) may be
written, if EjL=^K/S,

-i,if^^{q+p)LpC, (46^)

hence, if Lv be constant, we have

-v^^-(q-^p){LvO. (iri/)

which become identh-al if F= ± LvC, indicating a complete satisfaction

when q and v are functions of z. Then

are the equations of positive or native waves.
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Approximate Method of folkw6ng iks QnwSi of TaUt, and Ae
Tranmutkm of DUtorted IFaieet,

The lubsfeitiitioD of iiolated reaistaiices and conducting bridges for

continuously distributed resistance and leakage leads to a very easy

way of following the course of events wlien there h distortion by
a want of the balance between the resistance in the main circuit and
the leakage which is required to wholly remove the distortion. As
may be expected, the results are only rough approximations, but the

method is so easy to foUov, and gives so much information of a rough
kind, that it is worthy of attention. The subject is quite a large one
in itself, and would need a larire number of dia^'rams to fully illustrate.

I shall therefore only briefly indicate the nature of the process.

Suppose there is no leakage whatever. Then, unless the resistance

in the main circuit be low, there will nsoally be muc^ distortion due to

tailing, unless the waves be of great frequency, making It/Ln small

The smaller this quantity is, by either reducing li, or increasing L or

the frequency, the nearer do we approximate to a state of little

distortion, and to attenuation represented by

in the distance z. In fact, in long-distance telephony we do not need

any excessive leakage to bring about an approximation to the state of

things which prevails in our distortionless system (where, however,
disturbances of any kind, not merely waves of very great frequency, are

propagated without distortion), and the attenuation is of course less

than when there is hakai^e. As this, however, would require us to

examine the sinusoidal solutions oi i'arts II. and V., we may now keep

to the question of tuling and its approximate representation.

Let it be required to find how a charge, initially given existent in a
small portion of tlic ciiciiit, and at rest, divides, when left to itself.

We know that if there were no resistance, it would immediately
separate into equal halves, which would travel with speed r in opposite

directions without attenuation or distortion. And, if there be resist-

ance, but accompanied by proper leakage to match, the same thing will

happen, with attenuation. Now there is to be no leakage ; this keeps

the total charge unchanged. If then there were no tailing there would
be no attemiation. But the charges, on separation, cast out slender

tails behind them, so that they are joined by a band (the two tails

superimposed). The heads, therefore, or nuclei, are attenuated, besides

being distorted; the loss of chaige from them is to be found in the tails.

It is suf?icient to consider the progress of one of the two halves of the

initial disturbance, say that which moves to the right, and the tail it

casts behind it.

Localise the resistance at points, between which there is no resist-

ance, and let the attenuation in passing each resistance (equidistantly

placed) be any convenient large proper fraction, say
;
though this is

scarcely large enough it is convenient, as all operations will consist in

multiplications by 9 and simple additions. Let the initial charge,

moving to the rights be 1U,0U0, extending uniformly over a complete
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section between two resistances, and let a be the time taken to travel

one aectioD. Then fint we have

10,000;

1,000, 9,000;

900. 100, 900, 8,100

;

810, 90, 820,

->
180, 810, 7.290.

The figaxea in the successive lines show the distribution of the charge
in the consecutive sections to right and left, initially and after intervals

a, 2a, 3a, etc. First of all of the initial char^'c passes into the next

soctiun to the right, and the other is reflected back by the resistance

to where it was at the beginning. Then these two charges simikrly
divide, of each going forward, the other backward. The arrows
indicate the direction of motion of a charge. All subsequent operations

consist in pairing the charges which are moving towards one another in

the proportions ^ and After seven operations we have this

result :

—

531, 69, 566, 120, 583, 184, 591, 245, 683, 302, 566, 371, 530, 4773;

so that more than half the original charge is in the tail. The directions

of motion are alternately to left and to right, so that it is only necessary

to know this, and not to continue drawing the arrow-heads. The
currents are alternately + and -

.

But we shonld, to approach reality, extend the original charge at
least over two sections, instead of one only. To do this, we liave

merely to add each of the numbers to the one following it Aft^
seven operations, therefore, an initial charge of 20,000 extending over
two sections, and moving to the right, becomes disLribuLed thus :

—

531, 590, 625, 686, 703, 7G7, 775, 836, 828, 885,867, 936,901,5303,4773;

which is really something like its distribution when the resistances are

uniformly spread. The corresponding current is not represented by
these figures, of course, owing to the opposite direction of current in

alternate segments when the original charge extended over only one
segment Allowing for this fact» the current^ after seven operations,

dne to 20,000 over two sections initially, is represented by
<-

531, 472, 507, 446, 463, 399, 407, 346, 338, 2b 1 ,
203, 1 94, 1 09, 4243, 4773.

In the head the current is positive. In the whole of the tail (repre-

sented by the small numbers) the current is negative. We see that

the division of the initial charge over two sections has not been
sufficient to remove the fluctuations wholly, though the reversals have
disappeared.

In course of time, if the circuit be sufficiently long, the nucleus is so

attenuated as to practically make the charge one long tail stretching
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out both wa^B, and tending to do bo equally, so tlimt the greatest V'
dtBturbanee u at or neir the origin to the right of it Hie eurraiit is

then negative in the hinder part and also in a portion of the forwaid
part, and positive in the rest. That is, the region of positive camnt
extends gradually from the nucleus into the tail.

Now pass to the other kind of tail, due to reflection by leakage.

If there be no resistance in the circuit, but uniform leakage instead, we
have tailing and distortion of a distinct kind. It is the current-element

that splits into two parts, one going forward, the other backward on
passing a bridge, whilst the electrification in the reflected wave is the
nep^tive of that in the incident. If, then, the attenuation be as

before (ratio of transmitted to incident wave), at every one of the

isolated conducting bridges which we use to replace uniformly dis-

tributed leakage-conductance, we shall have the same results as aboYe
precisely, except that current takes the place of transverse Tolta^p.

Thus tlic first row of figures (after seven operations) shows the current
distribution (everywhere positive) due to an initial charge 10,000 (with

corresponding current as before) extending over one section ; the second
row tinat due to S0,000 over two sections; and the third row the
corre^nding distribution of electrification, positive in the head* and
negative in all the rest Observe that as, when there was no leakage, the
lino-integral of V remained constant, so now that there is leakage, the

line integral of C remains constant. In one case it is really conser>'a-

tion or persistence of the electrification in the other, of the

momentum In the one case the momentum^ntogral subsides,

the time-factor being e"'"'^; in the other the electrification-integral

subsides, the time-factor being e""". In both cases the eucig^' sub-

sides towards aero, in spite S the persistence of electrification or of
momentum.
When we have both resistance in the conductors and leakage, the

tail is positive or negative (referring to the electrification), according as

MIL is greater or Teas than KfS. The latter case is quite out of

ordinary practice, which aims at hiffh insulation ; the results are con-

sequently very singular, when considered in more detaO, which cannot
be done now.

In a somewhat similar manner to that in which wc have roughly
followed the growth of tails, we may follow tlie progress of signals

through a circuit, and obtain the arrival-curves of the current at the

distant end, or rather, we may obtain curves resembling the real ones
somewhat by drawing curves through the zigzags which result The
method has no recommendation whatever in ])niiit of accuracy : its real

recommendation lies in the facility with which a general knowledge of

the whole course of events may be obtained, and I daresay some
people may think that of not insignificant moment
To make the method intelligible, M^ithout going into detail elaborately,

let the drcuit be perfectly insulated, and in only seven sections, at each

of the six jnnctions of which is concentrated one-sixth part of the
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resistance of the real circuit. The results will now depend materially

upon the ratio Bl/Lv, whether it be a large number, or small. First,

let it be small, say Iil = ^Lv, The attenuation at each resistance {lUjG)

is then ^ as before. Iiet m also insert reaistaaeee of amount la at

both ends, to stop reflections and complications. Then, starting with

10,000 in the first section, we proceed thus :

—

->
A. 10,000;

1,000, 9,000 ;

0. 900, 8^100;
->-

810, 90, 810. 7,290 ;

0, 738, 162, 729, 6,561

;

664, 74, 672, 219, 656, 5,905 ;

0, 612, 134, 612, 262, 590, 5,314

;

551, 61, 564, 181, 557, 295, 0;

0, 614, 112, 520, 219, 29, 266.

If a time of going one section, this gives the whole history of the

circuit from the moment of putting on a steady impressed force at A up
to 9a, or 2a after commencement of arrival of the current at B. The
calculation is precisely that by which we should calculate ^by the

previously described method) the progress of a charge 10,000 imtially

in the first section and moying to the right In time a, 9,000 goes
forward to the second section, 1,000 is reflected Ixick. After another
step the 1,000 is absorbed, whilst of the 9,000 goes forward, and
is reflected back. This brings us to the third line. The first arrival at

B is of 5,314, the second of 266, and so on (not carried further). The
sum total of all the arrivals at B when carried further is 5,999, which
really means 6,000. That is, i^ of the charge would go out at B and
y« at A. Now the same fitruros serve with the impressed force,

which we have to imagine continuonslv sendinir into the first section

the 10,000 wave. The real sUitc ot electrilicuticm of the line at any
stage is to be found by summing up the columns, and the real state of

current by summing up the columns with allowance made for the fact

that all charges moving to the left mean nc<x;itive currents. Thus the

current at A falls to its final strength, whilst at T> it rises to it. Of
course the current would not really arrive at B in a perfectly sudden
manner to of its final strengtl^ though it woiUd arrive far more
suddenly than the current arrives at the end of an Atlantic cable. The
final current is {ej2Lv) x *6. If we increase the number of sections so
greatly that the first arrival at B is insensihle, then the arrival-curve

will resemble that at the end of an Atlantic cable (or even much shorter

cables). The value of t-"^ '-' is exceedingly small in such a case.

H.&P.<—TOL. II. Z
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Now if we sboit'drcuit at A imd B the proceas is easentially the
tame^ although we muat not abaorb all reflected waves amving at A,
and all traiumitted waves arriving at but reflect them properly.

This causes there to be a sort of bore ninnitig to and fro, in addition to

the regular action, so that the arriving current at B gives a sudden
jump at regular intervals lil^v apait; these jumus get smaller and
•maUer rapialy at each repetition, of conne. But snoiild the eirciiit be
80 long Uiat toe first increment of cazreot at 6 is insensible, this jump-
ing cannot occur. It is also to be remarked that the insertion of
terminal ivsiiatmces stops the oscillatory action.

It wiLs my intention to have given the equations of the tails, ]>ositive

or iii'gativc, or mixed, but us the investigation would unduly extend
the length of the present communication, 1 proijose to consider the tails

in the next Part IX. At present I may remark that the equation is in

the form of a series of rising powers of (vt + z), true when ±z<rt ; this

gives the results very sin]j)ly in the early stages of development. But
later on, it is desirable to transform first into j)0\vers of z multiplied

into Bcssel's functions of the time, and then into other forms, working
down to inertialess solutions.

CmdUions IU(rulating the Ttuproirriient of Transmbsion.

The general lines to be followed to im[)rovc the ciij abilities of

telegmph or telephone circuits (long-distance) for getting signals

through with the least distortion and least attenuation combined are

these. First of all B/L is usually far greater than KfS. We should
therefore reduce Jt/L and increase KfS. The former may be done by
either retlucing the resistance or liy inrreasiiig the inductance, or by
both together. This will lessen both the at tt nuation and the distortion.

So remarkable is this effect, that without changing either the resistance

or the permittance of an Atiantio cable, we coidd, by increasing the

inductance (with sinusoidal currents), make the current-amplitude at B
be nearly twice as gresit as tiie full strength of steady current (the

doubling being due to absence of terminal resistance). It is scarcely

necessary to remark that it is wholly inipracticuhle to go anything like

so far .IS this ; the illusiration serves however to show the extraordinary

range of possibilities implied in a single theory. The other way is to
increase Ktatd reduce 5, or both together. By increasing the lealcage-

conductance we lessen the distortion, but at tlie same time increase tne

attenuation. Thus, if the re.sisUince and the permittance be fixed, we
shouhl increase the inductance as much as iK)S8ible, and then increase

the leakage-couductance until the attenuation goes as far as is permiss-

ible. We shall then have the least distortion possible with the given
resistance and permittance. (It is, however, assumed that we are only
approximating towards equalizing Ii'L and K S, whilst /iV/' still remains
the larger, as, for inst,ance in the case of a very long cable.)

It seems very probable that the iron-sheathing of a submarine cable

may be beneficud, though it is not at sll easy to precisely state its full

effect. But it is naturally suggested to increase the inductance by the

use of an irony insulator, w Part VL I described the use of non-
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conducting iron to demonstrate the strict proportionality of magnetic
force to induction variations when the range is small. This was an
insulator impregnated with iron dust, and it shows, with small range of
magnetie force (with which alone we are coneerned in signalling) no
sign of increased resistance, which is to he avoided, of course, since we
require the lowest pos'^iltlc resistance to reduce attenuation and dis-

tortion. It is possible, therefore, that such an insulator might be of
ereat service in cables for telephony and telegraphy, especially as its

insulation-resistance could not be so high as is ordinarily the case. The
changed permittance must also he allowed for, though.
As regards open wires, if of copper, and of low resistance, good

telephony is possible to ridirnlously great distances, further than any
one wants to speak, without troubling about getting the leakage to be
large.

There is a vslue of L which gives the least attenuation. For since, in

the distortionless system, the received current is

^''^'L'""''
^^^^^

if shortcircuited at A, but with resistance Lv at B; or one half this

amount^ if there he resistance Lv both at A and at B, we see that

JU^Lv, {5lg)

makes ('„ a maximum. But tbe attenuation is then so trifling that to
carry this out (by increasing L) would be, if possible, quite unnecessary
in the case of a long circuit.

Again, in the case of no leakage at all, it may be shown by an
examination of the sinusoidal solution in Part Y., that if B/Ln be small,

we approximate towards the same formula hut with the index - BlftJjf,

m^^Lv (62^)

gives the value of Lv which makes the ciuTent received at B a maximum
to suit a given resistance of circuit It may also be shown hy the
same formula that if the receiver have small inductance, the resistance

it should have (when of a given size and shape) to make the magnetic
foi ce a maximum a|)proximato.s to Lv^ which is the critical resistance

that absorbs all arriving disturbances.

May 7, 1887.

XU. ON TELEGRAPH AND TELEPHONE CIRCUITS.*

[Febraary, 1887 ; but now first publialied.]

App. a. On ike Measure <>f the Permitkina: and lieUirdation of Closed

Metallic Cirniiis.

Owing to the fact that most of the circuits of which mention is made in

my brother's paper consist of or contain a considerable amount of

* [This article conpiHts of the three appendices that I wrote to the paper of Mr.
A. VV. Ueuviaide and luyiitilf ou "The Bridge System ui i'tilephouy," which paper
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buried wires, and therefore possess considerable permittance, oombmed
with the fiict that these buried wires have yerj high resistance, as nmeh
as 45 ohms per mile, and with the fhrther foet that the self-indnction of
these Hnes is small, we may, leaving on one side the question of the

apparatus (which is no unimportant one in itself), regard the transmis-

sion of telephonic currents through the lines as being governed mainly
by the three fiMtors—resistance, permittanee, and length of line.

Take, therefore, for starting-point the now weU-known theory of the
submarine cable promulgated by Sir W. Thomson in 1 855, which was
80 curiously foreshadowed by Ohm in 1827, in his celebrated memoir on
the galvanic cin uit, when guided by an analogy between the flow of

electricity and ihu liow of heat, which is now known to be entirely

ernmeons.
A trun ] Ltion of Ohm's memoir is contained in voL n. of Taylor's

"Scientific Memoirs," and Sir W. Tliomson's writings on the subject of

the submarine cable are collected in vol. IL of his "Mathematical and
Physical Papers.**

Electromagnetic induction is wholly ignored. The line ia a single

wire, fully defined by the three datar—its leii|B;th, sad its resistanee and
permittance per unit length. The circuit is completed through the

"earth," supposed to have no resistance, and to extend right u\) to the

dielectric material which envelops it, whose outer boundary is therefore

taken to be permanently at potential zero. On these suppositions, a

single quantity the potential of the wirey when given along it, fully

expresses its state at a given moment, and we may exactly calculate the
effect at the distant end of the line (or at any other part), due to

arbitrarily varying the potential by a battery at the beginning ; the
periods of time concerned being, in lines of different lengths, governed

by the important law of the squureis. Thua if A' be the reiiisLauce, and
S the permittanee per mile of a cable of length I, the retardation is pro-

portional to RSP, a certain interval of time, which, if jR be in ohms, and
S in microfarads, is expressed in millionths of a second, owing to the

ohm being 10^ and the microfarad 10"^* c.g.s. electromagnetic units.

If there be two cables, with constants ,S\, and ii^j ^2> ^'^

operate similarly upon them, the time required to set up a given state

in the first will be to that required to set up the corresponding state ia

the second, as RiS^lf is to R^J^. For instance, if it take 1 second to

bring the current at the distant end to j\ of its full strength due to a

steady impressed voltage at the beginning of the first cable, and the

was intende<l for preaentation to the Soc. Tel. Eng. and Electricians, but which
never got so far, owing to the objections of the official censor. I have ouiitteil the

f>ortioii of Appendix CreUtine to the distortionless circuit, as the matter ia more
uUy treated elsewhere in this volume. The portions oif the obnoxious paper
contributed by myself (about 20 pages) are also omitted, fur a similar reason. I

wu given to understand that the official censor ordered it all to be left out,

because he considered that the Society was saturated with self-inductioa, ana
should be given credit for knowing all about it. Soc, however, Art. XXXVin.,

p. 160, in this volume for evidence to the contrary. The present article may now
usefully serve as appendices to the preceding one "On the Self-induction td

Wires, since it consists mainly of practical applications of the theory oontstned
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retardation BJSJ^ of the second cable be 5 times that of the first, it

will take 5 seconds to bring the current at the distant end of the second

line to V(r of its final stroDgtb. The final currents will not^ of course,

be equal, unless the impressed Toltages are in proportion to the resist-

ance of the lines. The way the current rises at tlic distant end duo to

suddenly raising the potential at the beginning to, and keeping it at, a
constant amount, is precisely similar to the way a current of heat

appeare at the distant end of a metallic bar when its beginning receives

a sudden aecession of temperature, which is maintained constant there,

I>rovided the bar bejoeYented from losing heat laterally. This reserva-

tion is necessary, because it is nsujilly the case that submarine cal^les are

well-insulated
;
whilst, on the other hand, there is considerable lateral

loss of heat from a bar through which a current of beat is sent. But if

the amounts of loss be properly adjusted in the two eases, there will

still be a perfect similarity, if the loss per unit length be proportional to

temperatnreHlifference in the one case, and to potential-differenoe in the
other.

The effect of terminal resistances, as of the battery at the beginning

and of the receiving instrument at the distant end of the line, is to

increase the retardation considerably, whilst at the same time somewhat
modifying the manner of rise of the current, so that a strict comparison
of a cable with terminal resistances to one without them is not pospible;

although if both have terminal resistances, and they be properly adjusted

in amount, wx' may render the systems similar, and allow strict compari-

son. The influence of resistance at either end, or at both ends of a
line, on the nature of the arrival-curve, was given bj me in my paper
"On Signalling through Heterogeneous Conductors [AtL X?., p. 61,

vol. I.], the main object of which was to explain the very singular phe-

nomenon of a marked difference in the speed of working through a sub-

marine cable having land-lines of widely ditlerent lengths at its two
ends, which was first observed by myselfm October, 1869, when making
trials of the speed of working, both by reversing key and by automatic

transmitter, on the then newly-laid Anglo-Danish cable ; when I also

had the opportunity of being present at both ends of the line (not quite

at the same time, however,) so as to be sure that the anomalous

symptoms did not aiise from some easily remediable local cause, but

luul their cause deep^eated in the electrical system.

The insertion of a condenser between line and earth at the receiving

end, and more especially the insertion of condensers at both ends of the

line, has, on the other hand, a remarkable accelerating power on the

signalling, more than doubling the speed of working—a performance

that contrasts with the efiect of the most ingeniously arranged curbing

keys, especially when the excessive simplicity of the means by which

this result is attaint d is nnnembered. This remarkable power seems to

have been found out by pure accident, the practice of signalling through

condensers having arisen out of Mr. Willoughby Smith's t^ystem of

testing cables during submersion. It is indeed true that Mr. C. F.

Varley had nrevknsly patented the method in what Mr. W. Smith has

called a fishing patent, but it does not appearthat Mr. Yarley oranyone

Digitized by Google



326 ELECTRICAL JPAPEES.

else had foreseen the extnMvdinary meiitB of the eondeiiBeMiiethod. The
theory of the influence of terminal condeiweiB I have given in my paper
" On Telegraphic Signalling with Condensors" [Art. Xlil., p. 47, vol. i.],

and again, more completely, in my paper On the Theory of Faults in

Cables " [Art. XVI., p. 71, vol. l.l, in which the theory of the almost
equally remarkable accelerating effect on the speed of working due to a
leakage-fault in the cable is considered, and it is shown how to take
account of the influence of any teiminid arrangements, with the solu-

tions in several simple cases.

Suppose now wc take for granted that we know precisely how
signals are [uupagated through a single submarine cable, with given
terminal arran^ments ; and next, take two equal but quite independent
cables, with independent batteries and instruments, and operate upou
them similarly and simultaneonsly, as is symbolically represented in

Fio. 1.

fig. 1. If the batteries be both with positive or both with negative

poles to line, the phenomena produced in the two cables will be

identically the same at the same time at corresponding places, owing to

the eauality of the cables and of the other circumstances. We oould,

therefore, by substituting for the two cables one of double the permit-

tance and half the resistance of either of the old; and for the two
batteries, one of the same k.m.t. and half the resistance of either; and
for the two instruments, one of half the resistance and half the induct-

ance ; and, if there be terminal condensers, a single condenser for the

two at either end, but of double the permittance of either ;
signal

through the new line in precisely the same manner as through the

former two, the new potential heiriij; the ?.'ime as that in both the old

cables, whiliBt the new current is the sum of the currents in the former
case.

But if, on the other band, as in fig. 1, the equal batteries have alwavs
opposite poles to line, the potentials at corresponding points will be
equal and oppositely signed, and the currents will be equal and

oppositely directed in space, or in the same direction in the ditmit of

Fla s.

the two cables. We may now remove the earth connections altogether,

without producing any change in what takes place in the cables,
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thus nuJdng a dosed metaUie ciieiiitk m in fig. 2. We see, therefore,

that by the abolition of the earth as a retani conductor, and by the
substitution of a return through an equal and independent cable, we
vary the current in the same manner as before the change, provided
we double the E.M.F. and the resistance of the batteiy, and double the

resittaiice and indnctance of the reoeiTer, and if there be terminal eon-
densers, halve their permittaocei.

So far, therefore, aa ajgnals hom end to end are concerned, we may
treat the new circuit as a single wire with earth-return, if inst4»ad of J{

and »S' being the constants of either wire, we take them to be '2Ji and
Atb' per mile of the now circuit ; and, at the same time, take fur F, not

the potential of either wire, but their difference of potential at a given
pkce ; whilst C, the current in the single wire, becomes the current in

either wire of the loop-circuit. The new resistance is the resistance

per mile of line, and the new permittance is the effective permittance

per mile of line. The electrostatic retardation of the line is un-

changed. (But if we do not, in passing from single-wire to double,

alter the terminal arrangements in proportion, we naturally accelerate

signalling.)

The halving of the permittance is, in another form, a rloiibling of

what might be called the electrostatic "resistance," it it wtrc not

desirable to refrain from multiplying applications of the term resistance;

owing to the condensers, first wire to earth, and earth to second wire,

being in sequence, whilst the earth itself counts for nothing ezoept a
perfect conductor, for our present purpose. We may, however, perhaps
appropriately speak of the doubling of the "olastance" of a condenser,

defining the ehistance to be the reciprocal of the permittance ; for this

is at once in accord with iMaxwell's "electric elasticity," the reciprocal

of the specific inductiTe capacity, and with the general terminology that

I have proposed, thus :

—

Resistance ami conductance are reciprocal, as are resistivity and con-

ductivity, wiiich refer to the unit volume. Inductivity and elastivity

also refer to tlie unit volume; whilst inductivity is to inductance as

eonductivit^ is to conductance; and elastivity is to elastance as
resistivity is to resistance. In the cases of the fluxes induction and
displacement, it may be olt.served tiiat appropriate reciprocals are

wanting. This system, I find, works well practically, except in this

respect. Although elastance is supported by Maxwell's elasticity, yet

it does not at all harmonize with displacement, which is, by itself, quite

appropriate, though it does not lend itself to the variations that are

wanted. Again, elssticity might be confounded with mechanical

elasticity, unless we prefix the adjective electric, which prefixing of

Magnetic IndueUon
( [Rei„et«,ce. Keluctivit,.]

Di A • T\f 1 J. r Elastance, Elastivity.
Eleotne Dii^Mement

| [i.,„„itta„cc, Pcmittivit;

Conduction Current
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adjectives is just one of the things that we should fry to avoid in «
convenient terminology. This o))jection is, however, completely re-

moved l)y the f^iibstitution of elastivity, which has also the advantage
of more })ert<.'t tly harmonisinj^ with conductivity and iTuhictivity. As
for going to the dead languages for more now words, which may be

quite tinacGommodative, I must Tegard that as a harbarons practiea

A good and adaptable substitute for displacement is therefore wanted,
and from it a pair of words which shall stand for the reciprocals of the

above elastance and elastivity, which are convenient. Now capacity, the

present term for the reciprocal of elastance, may mean anything ; it is

too general a term ; we should rather have a word suggestive of elastic

pming\ capacity seems to suggest the power of holding eleotridtjr, a
notion which is thoroughly antagonistic to Maxwell's notion of the

functions of a diolectric. Again, the reciprocals of inductivity and
inductance are wanted. It is quite painful to read of "magnetic resist-

ance " to " lines of force." [I have now inserted the additional words
coined after writing the aboTC, and have substituted permittance for

capacity in the text]
After this little digression upon a subject which is important to all

who desire the improvement of electrical nomenclature in a systematic

and convenient manner that will harmonize with Maxwell's theory of

electricity and its later developments, we may return to the looped

cables. The earth between them has, or rather has been assumed to
have, merely the function of a conductor of negligible resistance; whidi,

though not true, for there would be some small mutual action between
the cables, is perhaps sufficiently tnie practically when cables are sub-

merged. The above reasoning therefore applies to a pair of btiried

wires, provided they be each wholly surrounded by fairly well-conduct-

ing matter, either existent all the way between them, or at least io
good conductive connection, if the matter does not extend from the
outside of the in.^iilator of one wire to that of the other and surround
botli. But if this be not tlie case, it is clear that the effective elastance

will be increased by the substitution of dielectric for conducting matter,

or the effective permittance will be reduced, thus reducing the retarda-

tion. Hence the greatest possible measure of the electrostatic retarda-

tion of a pair of equal buried ^nres in loop is that of either alone, when
buried in the technical "earth," and it may be considerably less.

Experiment on this point is wanting to see how wires buried in pipes

behave as regards ^rmittance. It is no use at all to measure the per-

mittance of each wire by itself with respect to earft ; the proper way
is ^as I have before pointed out) to measure the effective pennittance

as it really is, that from one wire to the other, modified in amount to

an unknown extent (in the present case) by the amount of moisture
present, and by the parallel conductors.

If the radius of a wire be r, and that of its (homogeneous) insulator

5, its greatest permittance^ vis., when earth comes dose up to the

outside of the insulator, is

(1)
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per unit length, where c is the permittivity of the dielectric, this being

the weU*1uiowii foimnla dne to Sir W. ThomaoD. When the eoTering

connate of concentric layeie of different pennittiTitiee
«i,

c^, etc., of

outer radii s^, etc., we get the permittance at once by tiucing the
reciprocal of the sum of the elaetaDces ; thuB,

flf-rilogi+^log5i+-log-3+..T\ (2)

To illustrate the way of getting this fonnnla, let this wire be Bnspended
in the air, and its permittance with respect to earth he wanted ; we
shall have to add on the elastance between the outside of the solid

covering and the earth, to obtain the total elastance, when, of course,

its reciprocal, the permittance, w greatly reduced.

If e vaty continnonily with the radius, then

jar

taken between the proper limits, is the elastance. Thus, if c vary
inversely as r, the ela.stance is simply proportional to the thickness of

the dielectric. If it vary as r, the elastance is itiojtortional to the

difference of the reciprocals of the radii, so that the permittance is

finite when the outer radius is infinite, instead of zero, as is the case

when e is constant) or yaries inversely as r. The permittance of an
infinitely thick cylindrical dielectric with finite internal radius, is zero
or finite according as, if r = r^?-", n is native (including zero) or posi-

tive, the general formula being

when the outer and inner radii are 6 and a.

Similarly, when the dielectric layers are spherical, since the elastance

of a layer of thickness dr is {ivlc){drjiirr'^), iv/c being the elastivity,

we have

s-

as the expression for the elastance between the proper limits. And
if c^Cf^r", we have only to change A to n+l in the cylinder case to
obtain the spherical results ; e.^., permittance inversely as thickness if

The slrid application of this method to magnetic induction problems
is not possible on account of the circuital property, except in some
peculiar cases of magnetic cirenita. But its partial application ia uaeful

enough.
[It is, I believe, tn Mr F. C. Webh, in his work "Electrical Accum-

ulation and Conduction, that we must give the credit of first

recognising and employing in electrostatic problems the idea of the

addition of elaatancea, rawer than that of tiie compounding of per-

mittances. It is, however, unfortunate that the api»lication of the
method ia so limited.]

Digitized by Google



330 ELECTKICAL PAPERS.

In the case of a pair of twin wires in pipes, we onlj safely know the
greatest possible effective permittance, which is 15, where S is given
by (1) or (2); whilst the effective resistance is double that of either

wire; and that this measure of the permittance may be considerably
reduced. But using the proper value, whatever it may be, we may
apply the snbmarine-cable theoiy, aa if a single wire were in question,

but taking F to represent the difference of potential of tiie two wires.

Let us now pass to the other extreme, by remoTing all conducting
matter from the neighbourhood of the wires to a very great distance

;

for instance, imagine the twin wires to go from the earth to the moon.
It the wires be at the same distance apart as before, the permittance is

brought to a nunimum. (It is, of course, nonsense to talk of the per-

mittance of the wires, strictly speaking, as it is really the permittance
of the dielectric between them that is in question.) Let one be charged
positively, the other equally ncfjatively ; the ratio of this charge to the

diliereuce of potential is the pennittance required. Its value was given
in my paper " On the electrostatic capacity of suspended wires " [Art
xn., ToL L, pw 42]. If f| and are the radii, and r„ their distance

apart (between axes or centres),

is the permittance per unit length (in electrostatic units), if the

dielectric has the unit permittiTity. But if the wirss are covered with
solid dielectrics in concentric layers, this formula (3), or rather the
reciprocal, S~\ will only represent the elastancc between the external

coverings supposed of radii and /v, ; we must then add the elastances

of the various concentric layers, as per equation (2), for each wire, to

obtain the total elastance between the wires ; and, lastly, its reciprocal

is the required permittance.

But, keeping to (3), with a dielectric of unit permittivity all the way
from wire to wire, the resistance to be coupled with S will be tfie sum
of the resistances of the two wires per unit length. Observe that the

radii of the wires need not be equal, uur their resistances. Quite in-

dependently of equality of the wires, tiie propagation of rignals from
end to end will take place according to the single-wire theory, with B
and .S^ as just defined, and taken to be the fall of potential across the

dielectric. (As to the permittance of either wire by itself in space, that

is zero, or else meaningless, if it be infinitely long.) But whether
ma^etic induction will now be ignorable will depend upon the values

of Jkt 8, and the inductance, which last is not now in question.

If one conductor surround the other concentrically, and be far

removed from other conductors, we of conr?;e use formula (1) for the

permittance, whilst the effective resistance is the sum of the resistances

of the wire and sheath, and V is their difference of potential But if

other conductors be brought close, their presence will necessitate the
consideration of the external permittance of the sheath, and somewhat
modify the propagation of signals according to the single-wire theory.

Returning to tne previous ease, let the wires be equal, and be not
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infinitely removed from other conductors, but still be at a distance from
them which is a large multiple of their distance apart ; for instance, let

them be suspended above the gnmnd in the usual manner. Clearly

they will cancel one another to a great extent as regards their influence

in charging the earth, when they are equally and oppositely charged
by the battery.

Hence the formula (3), with r, = fg, or

S= j4log^}" (4)

will be approximately true. But this value of S will be rather less

than the true value, which is a little increased by the presence of the
earth. The value of the permittance between two unequal wires of
radii and r^, disUint / between centres, at heights J.Sj and hs^ above
the ground, is, if l)e tfio distance between either wire and tne image
of the other (the image being a piirallel similar imaginary wire as much

' vertically under as the real wire is above the ground), given by

S= {21og^::!}'\ (5)

(To get this and other fonnul.p, see the paj>er last referred t^, and
pair wires.) So, when the wires arc of equal radii, and at equal heights,

we shall have

'

and, since s/s^^ is nearlv unity, (4) is nearly equivalent On the other
hand, the pennittanoe between either wire and earth is

6 = |21<«iJ"\ (7)

and TFe see that one-half of this has no necessary equivalence whatever
to the true S of (4) OT (6). There may be an accidental equivalence.

But, whilst (4) assumes the earth to be infinitely distant, and (6) allows
for the increase due to the earth's nearness, there is still a further

incre«iso ^to be practically reckoned on account of the proximity of

parallel wires (ie., when there are any, as is ut>ual). The amount of

this increase, which is not at all insignificant, I have caleukted in the
paper referred to, when the earth is the return-conductor. To get the
results when wires are looped, we have merely to pair the wires
properly.

It is necessary for the wires to be at the same height above the

ground, and to oe equal in other respects, for the looped circuit to

behave strictly as a single wire in too propagation of siniaJs from
end to end. Otherwise, differential effects are produced, due to the
currents not being (jnite equal in the two wires. The extension of the

meiitiiiig of a "line to include looped wires, generally to be equal, but
sometimes with a complete removal of this restriction, leads to a great
simplicity in the treatment of problems relating to the transmission of
signals nom end to end, doing away with a vast quantity of round-
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about work that occurs when each wire is considered independently,

with its own oonstants and potential and currant I bave developed
this in my paper "On the Self-induction of Wires," [Art XL., vol. ii.]

;

a moro elementary treatment is contained in "Electromagnetic Induc-
tion and its Propagation," Sections xxxii. to xxxv. [AsL xxxv.,
vol. II., p. 76].

In farther illustration of this matter, go back to fig. 1, in which let

the wires be, not equal, but have the same time-oonstants of retardation,

or Jfj^J^. Let the upper wire have Niamu the resistance of
the lower, ana the lower have N times the permittance of the

upper, between wire and earth. The top wire should then have a
battery of iV times the resistance of that of the battery on the

lower wire, and also an instrument of N times the resistance and
inductance ; whilst any condensers in the lower terminal arrangements
should have N times the permittance of those in the upper. In short,

the two systems are to he similar; one to be an enlajqged copy of the
other, the ratio being ]V.

If, now, the earth be kept on for return-conductor, and similar poles

of batteries d equal voltage be to line, the potentials at corresponding
l>oints will be equal, though not the currents, so that the two wires

behave like one, having the .same time-constant. And, if the batteries

be with opposite poles to line, with voltages in the ratio FJJi.,, we
have eqiuil but oppositely signed charges and cnrreuts, and the

earth-connections may be removed, leaving a metallic circuit, which, if

Fhe taken as the fall of potential from wire to wire, is equivalent to
a single wire with earth-return, of resistance equal to tlM sum of the

resistances of the two wires, and elastance equal to the sum of the
elastances, so that the electrostatic time-constant is unchanged.

This applies to all wires whose dielectric coverings are externally

joined by matter of negligible resistance. On the other hand, when
there is dielectric everywhere about the wires, we have ^ case of
equation (3) again, if sufficiently distant from earth and other conductors.

But if not sufficiently distant, we shall have differential effects prodiice<l,

and the propag-ation of signals will not tjike place strictly acconling to

the single-wire theory, but will have to be, if the ditterential effects are

great enough to make it worth while to allow for them, calculated

according to the methods appropriate to self and muhuU induction of
wires, electrostatic and magnetic, as develo|tocl in my paper "On
Induction between Parallel Wires" [Art. XIX., vol. i., p. 11 Hi. As
an extreme case, let one wire he suspended, and the otbor, or equal

resistance, be buried in the ground. Here the dilTerential effects will

be very large. But this is a mere curiosity, from the practical point of
view. What is important is, that in the practical cases that have
arisen of late years, princii)ally owing to the extension of the use of the

telephone, in which metallic ciicuits arc employed, the wires arc

practically equal in all respects, so that the circuit may be treated

as a single wire with very great accuracy in the manner I have
exemplified here in some elementary eases and developed elsewhere,

extended to include self-induction and leakage.
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See my paper on *' Induction between Parallel Wires " already

referred to. For two parallel wires the equations are [vol. I., p. 140]

< = (^*a
+

+ 2 + '^12*1
j + ^^^dt\^

^^^^ 7'

where i\ and are ihe potentials of wires 1 and 2 at distance »\
h and the resistances ; and i'.^ the insulation-reastances

;
Sj, s^>, s^^

tne mapfnetic induction-coefficients
;

Cp r.„ and r,., the electrostatic

induction-cocthcients ; the dot standing for time-difierentiatiooi and the

accent for anlifferentiatioiL

Now let the wires be eqinl, and loop them. Let

— a difference of potential,

C>"cnrrent|

S^a/^^reaistanee of line per unit length,

W - ^12) = ^ = permittanee „ » n
2(s-8jj,)=rXBindactanee „ „ „

(2i)~^ajr"ilea]cagfr«ondnctanee„ „

Then we shall have

ax d.c

and the potenti^ equation is^ by subtracting the equation of «^ from
that of v^.

These are the equations of a single wire with earth-return and constants

Z, S, and K, potential F, and current C, as in equation (25) of the

same paper [p. 139, vol. I.]. There are seyeral other cases in which a
similar simplification results.

It would appear from the results given in my brother's paper, and
from others of a similar nature, that the greatest value of the time-

constant of a buried circuit with wires of high resistance which it is

possiUe to work through practically wilih tele^ooee is ah(Nit

RSP= '015 second.

From the results obtained in the early days of the telephone I

concluded that -01 second was something like it. But it is really a
quite indefinite quantity, depending u()on so many eircnmstancei^

including not only the instruments, but also the absiu-dly-called

personal "equation." One man might go on to '015, and another
declare that "0075 was past bearing, a difference of 100 per cent. But
on this point I wish it to be distinctly understood, so far as my own
views are concerned, that, taking this 015 second as expressing the

practical utmost limit of what it chiims to represent^ it only applies
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when thft line can be trejited as a submarine cal)le. And, to emphasize

this remark, 1 will add that if any one would jwy the cost, which would
be conriderable, I would ttndeitake to erect a Hue of such length and
permittance that its electrostatic time-cotistant should be several times

this "OlS second, and yet work the telephone beiiutifully through it.

It would not bo a submarine cable, that is all. The submarine cable

would have no more to do with it than Mrs. Harris.

Apparatus is a matter of coasiderable importance. Nearly all the

progreis to efficiency described in my brother's paper was in getting rid

of apparatus retardation, and allowing the lines to have the beat chance.

When, however, it comes to the complete removal of all intermediate

apparatus (leaving only apparatus in bridge), and then to working
through the longest distance possible, it is clear that, if the terminal

apparatus is &irly good, the substitution of one telephone for another

cannot (unless they are of widely different natures) be accompanied hy
any important change in the greatest working distance.

App. B. On Tdejikiim Lims {MeUdUc OmUil eoiuidend at

Inductum-Bakuieet,

It is needless to say that a circuit consisting of a single wire with

earth-return is not balanced against the inductive interference of parallel

wires at all. But, as is remarked in my brother's jiapor, a double-wire

telephone line is an induction-balance. More correctly sjieaking, it

ought to be made one. The disturbances of balance reuirred to in the

paper are, from the scientific point of view, of considerable interest

In the following the theory of these disturbances is illustrated by
investigating some comparatively simple analogous cases.

Take two lonjj; wires and thoroughly twist them together ; and join

them up with a tAilephono so that any cun'ent in the circuit must go up
one wire and down the other ; and then try to induce currents in the

circuit by means of intermittences or reversals in an external wire. If

this be done as a laboratory experiment, there will be no sound in the
telephone. It is true that we can easily detect the induction between
the primary ami a single loop (or half a complete twist ) of the secondary,

especially it wc make a loop in the primary ot about the same size ; but

there is practically not the least effect when it is not one loop, but
hundreds in the secondary that are in question. In fact, the two wires

of the secondary circuit change places so often that they may, in the

mean, be regarded iis identically situated, and have precisely ecpial

K.M.F.'s induced in them by the primary ciu-rent. There is, then, no
observable current in the secondary ; nor does it matter whether the

wires have the same resistance or not» (though there might perhaps be
an observable current ifthe wires were of widely different sizes, especially

if the thicker one be iron), nor whether resistance is inserted in the circuit

or not It is simply a question of the resistance and induct;ince of the

secondary circuit; and since there is no E.M.F. in it on the whole, there

is no current.

But the case becomes different when we stretch out the double wire
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to many miles in length ; for then electrostatic permittance comes
sensibly into play, which allows current to kave the wires, and therefore

permits cuiTeut to exist in them. The difference between the long and
the short line is, however, only one of degree in this respect In fig. 1,

let the two horizontal lines represent a pair of telephone wires in loop^

whieh are to he imagined to he twisted (or not^ as we please), and let

PftO. 1.

iTj, Kf he the terminal apparatus. There is no interference from
parallel wires to he ohsenrea at JT, and JT, in general, hut ifa reristanee

Jti be inserted intermediately in one of the wires, there is. It can he
abolished by inserting an equ;il resistance other wire at the

same pkce. If unequal, there is still interference. If B. is a coil and
B» a mere resistance, equal to that of the coil, there is still interference.

We must mske iS, an equal ooil to get rid of it These interferences

are weak, and are not ohsenrahle when it is a telephone-wire that is the
primary; but when the primary is a Wheatsfcone-transmitt^r wire,

they disturb specfli ow the telephone circuit, and require removal. The
way in which the Bridge-system absolutely cures the evil is one of the

most ijiteresting things about it, though not the most important, which
is of course the entire removal of the impedance of intermediate
apparatus.

Now, if electromagnetic induction were alone concerned, there could
be no such interference, either at the terminals or anywhere else. The
interference is therefore connected with the permitUmce of the wires.

Imagine, first, the circuit to be so far removed from other conductoi-s

that the permittance is appreciably the reciprocal of the elastance from
one wire to the other in an infinite dielectric. For illusfentlon in a
simple manner, concentrate the permittance at two places, represented

by the condensers and S,y in fig. 1. Then let the wires be cut by
the lines of magnetic foi*ce of a primary current, causing equal and
similaily directed b.m.f.'8 in them hetween and S^^, also between
5, and and between 5, and We shall call these the impressed
forces and ignore the external agency. It is easily seen that those
between and 6\ can produce no current ; neither can those bctwccti

iS'o and K.,\ as there is no permittance attache<l to those parts of the

circuit, liut between and the wires are not conductively con-
nected. Yet the impressed forces can still produce no current, because
any current there might he is constrained to Itc of the same strength in

both wires, anfl to be oj)positely directed. This conclusion is wholly
independent of the resistiitices concerned, as well as of the |)ernnttances

of the condensers ; so that there could be, in this case also, no inter-

ference effect
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Thua, formally, let the arrows indicate the directions of positive
enrrent and kilf. ; let it. and ii^ be the reiiitanees of the upper and
lower middle sections; L the inductance of the circuit B^S^R^j;
«j and e the impressed furcos in and and F^, the falls of
potential through the condensers. Then, if 6' is the eairent in
B^ and B^

ei + e^=P'^ + F^ + {B,+JL + Lp)C (1)

is the equation of IE.M.F. in the circuit R^S^^S^, where p stands for
the time^fferentiator. Also, the condenser-equations are

C={K\ + S,p)F, = (K, + S,p)K, (2)

if the currents in A'', and K., in the figure be K^F^ and K^F^. Here
and may be arbitrary, depending upon the nature of the h'ne, etc.,

to the left of 5, and to the right of if we take K^F, and K^F^ to be
the currents which shunt the condensers. From these data» if «i + c =0,
we have C = 0, so far as impressed force in R^ and ii ooncemed.

*

If «i + e^ be not zero, Fi and may be found by

Y ^ {^2 + S.2p)(e,-^e^) >

y ^ {K,-^SMe,^e,) [

W

< same denominator
*J

Thus, nnoe the eqnal and similarly-direeted impressed f<nees in the
two wires between the condensers can produce no current^ and since
the same reasoning applies to any number of condensers with any
resistances and inductances between them, we may conchide that there
will be no current induced iu any part ul" a circuit consisting of two
wfrea twisted together, however unequal they may be, provided the
effective permittance be the permittance in the sense above menticmed.
This is most intimately connected with the fact that under these cir»

cumstances the j^ropagation of signals from end to end of the line takes
pkcc in the !^ume manner as on a single wire with earth-return.

As the interference is not duo to the mutual permittance, we must
refer it to the permittances of the wires with reject to external con-
ductors, or rawer, to inequalities therein. Let it be die earth that is

the external conductor, ami now modify fig. 1 thus, to make fig. 2.

Hefe the pair of condensers IS^ and represent the permittances ofthe

~ R,
Fto. t.

upper and lower wires with resi^cct to earth at one pUoe, and ^3 and S
do the same at another place, the earth being represented by a wire
joining the condensers together as represented, to which wire we may
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attribute resistance r, which may he zero if we pU'.isc. As l)efore, the

arrows indicate the direction of positive current uiui k.m.f. Let C\,

and e be the currents in R^, H.,, and r ; and let Z^, and if be the
indnctancM^ self and niutual, of t he circoita Jt^jS^Si and rS^B^^ Then
the equations of KM.F. in these drciiits are

61« Fj + F,+

+

Lip)C^ - «j

+

i£pC^\ ,4.

where F^, etc., are the fiJls of potential through the eondensers.

Also^ the condenser^uations are

c, = s,p V, + jr,( V, + V,) = s,p F, + r, + v,\ f
^ ^

if iT. and ^3 be the conductances (generalised) of the systems to the

left between the upper side of 81 um the lower of Sp and to the risht

between the Upper side of 8^ and the lower of 8^. Finally, to oomptete
the relations, we have

Ci + c=(7, (6)

As the current is not now constrained to be of the same strength in

the two wires, on account of tlit> anxiliary conductor r, we shall usually

have did'erential etl'ects and interferences. Let us then enquire how to

make the cnrrente in and zero when + e,^ = 0. That is,

^, + ^2 = 0, and r3+r^ = 0, when e^ + e^ = 0 (7)

Introduce these into (4), and we get

^-Vi- V, = iR,^L,p)C,-rc-k'MpC^\ .g.

^i- F,).(i8,+ v)C7,+«+irjpC„/ ^
^

by adding which there results

0= + L, p + }fp)C\ + {B^ + L^p + Mp)C^ (9)

Also, by (7) in (5), we have

C, = S,pV^^S,pV^ 0,= -S,p\\=^-S,pV,, (10)

from >vhich we see that CJC^=^ - i>^Si= -SJS^', which, used in

(9), give

0=^{B^-'£^JS^)Ci+ {(X, + i/)-(X,+if)6V^'i);?C„ (11)

which must be identically satisfied. Hence^ finally,

^«^=^=il±41 (12)

are the complete conditions of the induction balance. Notice the

independence of the auxiliary wire's resistance. From this we see that

in the previous case (got by making: r infinite here), the induction-

balance was merely true becaiisc (\ = C, ; then, as we «iw before, K^y

R.„ etc., may have any values. Notice also tliat M is negative, and

that + M and L^ +M &re the inductions through the circuits JiiS^rSi

luod Ji^S^/S^ due to unit euirent in the circuit IiiS^S^R./>.jS^.

B.I.P.-~VOIi. If. T
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If, as in the simpleBt oase, the wires are equal, and Ji^ = etc., we
of ooune tips^ the induction4iahuice by putting a ooil in sequence with
one of the wires R^^ R^ and restore it by putting an equal coil in
sequence with the other. In this case of equality, undisturbed, we
have, since U^ = R^L^ = L^ 6', = >S',, - S^,

and the or| nation of E.BI.F. in the circuit of in parallel, and the
condensers and return, is

- (iif, +r)9(^+
(^J- + 2

j -)2C!,+Kl, - Jf)p . 80, (IS)

We have now equal and similarly directed currents in 7i', and li.y,

passing through the condensers and returning combined through the
auxiliary wire. The equal wires may be repSeed by one of half the
resistance, and of inductance \{L^-M)\ the terminal condensers
and S.y by one of double the permittance, and similarly for S.-^ and S^^

when put in sequence with the substituted wire on the one hand and r
on the other. Then 2C^ is the going and return current.

It may, perhaps, be worth while to give the full equations in the
general case of disturbed balance. They are

e,^AJ^,^A,V^, e, = B,F, + B,F,, (14)

in which the A s and B's have the expressions

= 1 +:5&±i^&±Mf+ (7?2 + L,p){K, + S,p) + rS^p +MpK,.

From these we may deduce (12) by taking

When, instead of two pairs of condensers only, as in fig. 2, we have
a large number of pairs, the earth-wire r must nin on and join the

middles of every pair. We see from this that the equal ELM.F.'s in

J}^ and will cause currents in them similarly directed which will not

return immiHliately by the wire r in the figure, but only partly there,

the rest going forther and getting to the auxiliary wire through other

condensers. Supposing, then, wo have the condensers, etc., uniformly

distributed, if the impressed forces be also uniformly distributed along

the two wires, there would be, by thtir mutual cancelling, little if any
eflfect produced (not referrinij to the balance at the terminals, which is

independent of uniformity of distribution of the eM|ual B.M.F.'8). But^

generally, the b.m.p.'s will not be thus uniformly distributed.

The general equations of self- and mutual-induction of parallel wires,

Kl5)
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given in "Induction between Parallel Wires" [vol. L, p. IICJ, show
that if we start with a pair of equal wires looped, and tnen introduce
some inequality, we cause the induction-balance to be a little upeet^ and
simultaneously w^e cause the circuit to behave not quite the same as a

single wire, as described in App. A. Thus, if the wires be equal in all

respects, and be at the same height aliovc the grouiid, they behave as

one; and also, if exposed to the interiuicnce of a parallel wire equi-

dutant from them, tae balance will not be upeet. But if the paired

wires be in a Terdcal plane, and therefore at ililTerent heights above
the ground, we cause a small departure from behaviour as a single wire,

and also slightly upset the balance, even although the interfering wire

be equidistant from the paired two. Both etlects will be small, and it

is questionable whether they would be observable. But I am informed
by my brother that the interference arising from one wire being of iron

and tne other of copper has been observed in his district

When the circuit is com|)leted by a concentric tube, the external

permittance of the tube will give rise to interference, if the circuit be
long enough. This has not yet been observed.

ractictu telephonists who keep their eyes open have unusual oppor-

tunities of observing very curious and interesting elcctrostatie and
magnetic effects. Unfortunately, however, the demands of business, to

say nothing of other reasons, usually prevent their careful examination,

record, and explanation.

App. 0. Qn the Propagation of Signals along Wires of Ij)w Besistance,

especially in reference to Long-Distance TclepJwny.

A WHOLLY exaggerated importance has been attached by some writers

to electrostatic retiirdation. I do not desire to underrate its import-

ance in the least—its influence is sometimes paramount,—but the

application of reasomng based solely upon electrostatic considerations

snould certainly be limited to such cases whore the application is legiti-

mate. Now some writer^;, without any justification, take Sir W.
Thomson's theory of the submarine cable to be the theory for universal

(or almost universal
)
application, supposing that magnetic induction is

merely u disturbing cause, introdueine additional retardatldii, but only

to an extent which is practically negugible in copper circuits. This is

ery wide of the truth. What has yet to be distinctly recognised by
practici:ins, is that the theory of the transmission of signals along wires

is a many -sided one, and that the clectmstatic theory shows only one

side—a very important one, but having only a limited application in

some of tiie more modem developments of commercial electricity,

notably in telephony, especially through wires of low resistance. Some*
times magnetic inertia itself becomes a main controlling factor.

In my |Kiper "On the Extra Current" [Art. xiv., vol. L, p. 531 I

brought the conRidcration of magnetic induction into the theory of the

propagation of disturbances along a wire, by the introduction of the

S.1I.F. of inertia, aocording to luacwelllB system, in aeoordance with

which the inductance per unit length of wire is twice the magnetic
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energy of the unit current in the wire. Galling this the momentam

is LO and the B.M.Jf. due to its variation is - per unit length.

In my paper "On Induction between Parallel Wires" [Art. xix.,

vol. I., p. 116] I have further considered the question; and more
recently, 1885-6-7, in the course of my articles "Electromagnetic

Induction and its Propagation," and "The Self-Induction of Wires," I

have given a tolerably comprehensive theory of the propagation of dis*

turbances, and have worked out certain important parts of it in detailed

solutions suitable for numerical calculation. In the present place I pro-

pose to give some practical appliwitions of the formulu', in addition to

what I have already given, to be followed by an account of the principal

properties of a distortionless circuit, which casts considerable light on
the subject by reason of the simplicity of treatment it allows.

Roughly speaking, \v e may divide circuits into five classes :

—

(1) . Circuits of considcnible permittance, to be regartlcd a.s submarine

cables in general, according to the electrostatic theory, unless the wave-

frequency be great or the resistance very low. Lon^ overheiid wires of

comparatively small permittance may sometimes be included, especially

if the resistance be high.

(2). Short lines which may be treated by disregarding the electro-

st:itic pemiittance altogether, and considenng only the resistance and

indiK tuTice, provided tlie frcnuency be not too great. Ordinary shmi

telephone-circuits usually come under this class.

(3) . An intermediate class, in which both the electrostatic and
magnetic sides have to be considered simultaneously. This class is

rather troublesome to manage in general.

(4) . Yet another class broujLjbt into existence by the late extensions

of the telephone in America and on the Continent, and of rapidly

increasing importance, in which wires of small resistance and smaU
permittance are used combined with high frequencies, and in which the

permittance (though small) must not be ignored, since, in combination
\^^th the inductance it pro<bicos an approximation towards tlio trans-

mission of signals without distortion. The theory is then, even when
the line is thousands of miles long, quite unlike the electrostatic theory.

(5). Distortionless circuits, now to be first described, in which,
means of a suitable amount of leakage, the distortion of waves u
abolished. Though rather outside practice, except that extreme cases

of the last class resemble it, this class is very important in the compre-
hensive theory, because it supplies a sort of royal road to the more
difticuit parts of the subject.

There may also be sutdasses derived from the above. For instance^

a leaky submarine cable, in which resistance, permittance and leakage-

conductance control matters, whilst inertia may be of insensible influence.

The peculiarity that is brought in by magnetic inertia (symbolised

by the inductance) combined with electric displacement, is propagation

by elastic waves (similar to the waves that may be sent along a flexible

cord, or perhaps better, a common clothes-line, though even then tiiwe

is not usually f nou^h resistance), as distinguished from the waves of
difliision (as of heat in metals) which is the main characteristic of the
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slow si<;nalling through an Atlantic cable. The two features are always
both present, but sometimes one is paramount, as in class (1), and
aometimes the other, as in classes (4) and (5). [The Americans who
went in for wires of low resistance had, I think, no idea of the import-

ant theoretical significance of the step thoy took, but did it because
they wanted long-distance telephony, and }>ecause ^nres of high resist-

ance would not go—a characteristically American way of doing things.

Yet their action led the way to a rapid recognition of the sound
praetieal merits of Mszwell's theoiy of the dielectric.]

Let J2; 5, L, JTbe the resistance^ permittance^ indnctance, and leakage-

conductance respect i\ ( ly, per Uttit length of cinMiit^ which mi\y be a
single wire with earth-rfturn, or a pair of wires in loop, in which case

the wires should generally be equal, to avoid the inti ift'icnces which
would remain in spite of the twisting by which the greater part of the

interferences from other drenits may be eliminated. Also, let Fand
C be the potential-difference and current at distance z ; then

-Vr-(i?+Ip)C, -VC^iK+Sp)F, (1)

where V stands for dfdz and p for dfdtf are the fundamental equations.

Now suppose that an oscillatory impressed force acts at the bet^inniiig

of the line. Let p denote the ratio of its amplitude to that of the

current. At z = 0, p is plainly the impedance of the circuit to the

impressed force. If the line were penectly insulated, and had no
permittance, p would be a constant for the whole circuit, at a given

frequency. But the range of the current is not everywhere the same
(besides varying in phase), r<» that p is a function of z. The term
impedance is strictly applicable only at the place of impressed force,

therefore. But to avoid coining a new woi'd, I shall extend its use, and
term p anywhere the *' equivalent impedance." It is with the equivalent

impedance at the far end of the circuit, say ^ - /, that we are principally

concerned. Gall it /, this being the ratio of the amplitude of the

impressed force at 2 = 0 to that of the current at = /. Let

I.S'y2=l, JiJLn=f, K/Sn^g^ (2)

where ii/2r is the frequency. Also let

Por Q-?(i)»{(l +Ml ^ff±{f9- 1)}* (3)

On these understandings, the value of / is

^-*^(T^y(^+*""'-^«*^w*» (*)

provided the line be short-circuited at both ends. Terminal apparatus

will be considered later.

If .S' = 0, Z = 0, A' = 0, then I = Itly the steady resistance of the circuit.

If only <S^= 0, A"= 0, then /= l{Br + L^n-)\ the magnetic impedance. If

LbO, JT^O, then

+ 2 cos 2/^^)*, (5)

in which PU{inBI^)K (6)
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Now the significance of (4) (lc[H:iids materially upon the values of the

ratios g, and on the frequency. }i\r%i as roj^rds g. A leakage-

reaistance of 1 megohm per kUom. makee K=^ 10~^, and a permittance

of 1 microf. per kilom. makes S^XO"^ alaa Therefore on a land-line

of 1 nieiroli!)! per kilom. insulation-resistance and 01 microf. per kilom,

perniittiiuce, wo have rj = 1 00//?. Thus rj is important at low fre<|nencie8,

and becomes a small fraction at high frequencies, even with this rela-

tively low insulation. Thu% us 1000 ntakee ^^'l, and fi» 20,000
makes ^^-OOd. The^e correspond to frequencies of about 160 and
3200. Wo see that in telephony, even with poor insulation, g is always
small. By bettering the insulation it is made smaller still. Therefore

we may practically take (j - 0 in telephony through a fairly well-in-

sulated line. Notice here that the ctloct of g in attenuating the current

may be considerable when the fireqnencj is low, and yet be small when
the frequency is high.

Now the frequency is low on long snT>marine cables. Consequently
if there is sensible leakage, has an important attenuating effect. But

the above formula doos not inform us what other etiects leakage has,

except by examination through a large range of frequencies. It has a
remarkable effect in removing the distortion of the signals, by neutralis-

ing the effect of electrostatic retardation. This is marked when the

frequency is low, and beromos less marked when it is high. But in the

latter case, if the frequciK y be only high enough, there is little distor-

tion oven when the insulation is perfect, or <7 = 0, provided the resistance

be small Thus $r has a large attenuating and also a laige rectifying

effect when the frequency is low ; when it is high, then it does not

attenuate so much and does not rectify so much, nor is so much rectifi-

cation wanted. But the full nature of this rectifying action will be seen

later in the distortionless circuit.

Now consider /. This depends on the resistance, inductance, and
frequency. Now 1 ohm per kOom. makes B'^W-, consequently, if

r be the resistance in ohms per kilom.,

/=10«r/Xfi. (7)

In a long submarine cable r is small, but n is also small, and L is small,

or certainly not great ; therefore/ is big. So we may take its reciprocal

to be zero
;
or, what will come to the same thin^ take Z = 0. We have

then the fonnula (5) for the equivalent impetmnce (unless leakage is

imi)ortant) ; and since we can work up to such frequencies that r^' is

big, we may then ^vrite

I = l{BISn)K" (8)

or p = Iii:i = €^'{S^Piy\ (9)

where PI is as in (6). This PI may be as big as 10 on an Atlantic
cable. Equation (8) shows the extent to which the line's resistance

ajqniars to be multiplied, and is according to Sir W, Thomson s theory.

Now consider buried wires of 45 ohms per mile, such as are used in

telephony by the Post Office. Being twin wires, L is small ;
so, when

n is even as high as W, f is made rather laige. Consequently we may
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bUII^ wpiy the electrostatic thoory, even in telephony, so far as the

Imriea wuPM mentioned are concerned, although it will somewhat &il
at the higher frequencies : and we see that it is by rcHson of their

hifih resistance and htir inductance that we can ignore tlie influence

of inertia in them. Hut this does not apply to the suspended wires
which are in circuit with the buried Mrires, as we shall see pre-

sently.

Consider a pair of open or suspended wires. Take 20 ohms per
kilom. as the resistance, or 10 ohms each wire. This will, bv (7), make
/=2 if X=10 and 7t= 10,000; and f= 2 if />=100. Now the last

value of L is cxtrerae. It could only be got with an iron wire, and its

inductivity would need to bo large even then ; besides that, the fre-

(puuicy would need to be low in order to allow the large L to operate,

on account of the increased resistance due to the tendency to skin-

oonduction at high frequencies. Such a large value of L may usually

be put on one side, so far as practical work is concerned ; but /> = r)0

would be more reasonal»le, reuiciiil>ci ing that in L is included the part

due to the dielectric surrounding ihc wire. The data regarding the

inductivity of iron telcginiph^wires are not copious; from my own
observations^ I believe that, with the weak magnetic forces concerned in

telephony, /l = ^00 is high, and it may be as low as 100. The point is,

however, that/, from being largo, may be made small by incrciising the

inductance without other changes. Still, however, with the assumed
Steady resistance of 20 ohms per kilom., we could not treat/as a small
finction, especially as the increased resistance due to the imperfect
penetnition of the magnetic induction into the wires will int n aso /, as

will also the reduced inductance due to the same cause. Thus / must
be kept in the formula for the equivalent impedance, though not to

be treated as either very large or very small in general. That is,

we have the form of theory of class (3) mentioned above. Similar
remarks apply to long suspended copper wires if the resistance be
several ohms per kilom., and they be at the usual distance apart ; for

although with high fro(]uencios / will be small, yet it will not be
small enough at the low lrc«juencies to allow of its treatment as a
smaU quantity. We shoiUd therefore use equation (4) with only ^ = 0
in fleneral.

fiut now come to a copper wire of only 1 ohm per Idiom., in

loop with a similar wire, making B=2Qi* or r»2. Now ii»10*

"^^^ /-2/Xj (10)

from which we see that / may be so smaU a fhuHaon as to lead to a
simplified form of theory. We now have the fourth class of circuits

;

weli-insidatod, of low resistance, and of fairly high inductance, making
It/Ln small, and a tolerably close approach to distortionless trans-

mission.

To estimate the value of Z, go back to equation (2) defining v. Here
V is a speed, always less than that of ligh^ but of the same order of

magnitude. If the wires are of iron, it is considerably less; but if of

copper it is so little less that we may neglect the difference. Now
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ifimW'^ and 1 micro£ » 10~l^ 00 that if Sq is the pennittanoe in nuerot

per Idiom.,

i-(9*,)-', (»)

which 18 useful In giving an immediate notion of the size of in

terms of the permittance, when that is known. Thus 'Ol microf.

I>er kilom. makes so that f-{\ when n = 10,000, when the

resistance per kilom. is 2 ohms; and / is only ^ at the higher

frequency 20,000/2ir.

But tlua estimate (11) will always he too small a one, and sometimes
much too small, if «o be the measured pennittanoe per kilom. It was
found by Professor Jenkin that the measured permittance was twice as

great as that calculated on the assumption that the wire was solitary.

The explanation (or a part of it) which I have before given [Art Xil.,

oL I., p. 42, and xxxvil, yoL II., p^ 159J
is that the neighhonring

wires themselves largely increase the permittance. Tlierefui e, if Sq he

the me.isurcd permittance in presence of earthed wires, the real L must
be considerably greater than by equation (11). On the other hand,

there is a set-otV by reason of L being reduced by the induction of

currents in the neigh boiu-iiig wires, though not so greatly as to

counteract the precMing efwct. A^in, the magnetic field p«ie-
trates the earth, which increases L, But, to avoid these complexities,

which require us to consider the various rmitnal effects of circuits,

let our circuit be quite solitary. Then, if r= radius of each wire, and
s = distance apart,

i=l + 4log(.Vr) (12)

when /x= 1, as with copper wires, the I standing for ^/ij + l/Xg, if
/*i

and
are the inductivities of the two wires. These terms are important

in the case of iron wires ; but not with copper, unless the wires are veir
close, when they become relatively important on account of the small-

ness of the total inductance. The other part of L is the inductance of

the dielt ( trie, and it is this which, when multiplied by gives the

reciprocal of the square of the speed uf light, subject to the proper
limitations. Now Z» 20 requires s/r = 148 ; or if r be ( inch (which is

about what is wanted to make the resistance 1 ohm per mile), s must
be 18^ inches. We therefore see that Z = 20 is quite a reasonable value

with copper loop-circuits. It gives /= 1 when n = 1000, and when
n= 10,000. Thus/ is less than unity throughout the whole range of

telephonic frequencies, and becomes a small fraction even at practical

fnouendeB.
Take, then, ^-0 and/ small in (3) and (4). We get

and the equivalent impedance formula (4) reduces to

/- iZr(€««*+ - 2 COS j (U)

in the fonrth class of circuits.
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The further significance of this formula will depend materially upon
the value of the ratio Bl/2L» (that is, the value m Pl)^ the ratio of the
resistance of the circuit to 2Zr, which is, in the present case, 1200 ohms.

If the length of the circuit be a small fraction of 600 kiloms., the

impedance depends u[K)n the frequency in a fluctuating manner, going

down nearly to ^Jil and then running up nearly to Lv, as the circular

function goes from - 1 to + 1, on raising the frequency. Thus the
least possible eauivalent impedance at z^l is one hau the steady

resistance of the line, and the greatest is Lv.

According to (14) this would go on indefinitely, as the frequency was
raised continuously. But another etVcct would come into play, vii^,, the

increased resistance due to skin-conduction, with a corresponding iimall

chance in L. As the result of this increased resistance the value of

rise, and the range in the fluctuations of /decrease; and if

the frequency be pushed high enough the fluctuations will tend to

disappear. But this coiUd not happen in telephony at any reasonable
fre<{uency, say n = 20,000.

Tile physical cause of the low value ^Hl at certain freciuencies is the

timing together of the impressed force at the beginning of the circuit

and we reflected waves. It is akin to resonance. Thus, if the line

had no resistance at all we should have

/-iesin(ia/e), (16)

with the circular function taken alwavs positive. When idjv^w^
/aO. Then ^/n^QiJvt or the period of the impressed fSoice cdncides
with the time of a double transit (to the end of the circuit and
back a pain).

In connection with (15) I may mention that an approximate formula

for the impedance, when nljv is in the first quadrant^ and especially in

its early part, is

/={i<-'+i%«)'<x5!£g!!i. (16)

which shows the beginning of the action of the permittance in reducing

the impedance from its magnetic value as the frequency is raised.

But to use wires of snch low resistance for comparatively short lines

would be wastefully extravagant. , Such wires admit of very long

circuits being worked. Therefore increase the len^h of the line in

equation (H); as we do this the range in the oscilktion in / falls,

until, when M1^2Lp, J does not depend much upon the circular

fbnction. We may then, and at all higner frequencies, write simply

/-JIe.€«w-, (17)

'-m-^' <'8)

Compare with (8), the corresponding cable-formula, and note the differ-

ences. The impedance is now nearly independent of the fluency*
and there is nearly distortionless transmission of signals, proridea R/Ln
he small, and Rtiho^ 2 or 3 or more.
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Tho following ublo gives the values of p calculated by (14), which
only aasttmes tutt RjLn is smal], for a series of yaluee of Bl/Lo^y,

Min. p. Mean^ Max. p.
1

p- y- p-

i
•505 1500 2 063 6 1-678 12 16-81

1 •521 •878 1128 7 2-365 14 393
•587 •68G •771 8 3-378 16 93 2

•5<J4 •685 •766 9 5-000 18 225
3 •710 •748 •784 10 7-420 20 650
4 •907 •924 •940

5 1-210 1-218 1-226

Here the " mean," "maziinum," and '* minimum " values ofp mean the
values when the cosine is 0, +1, and - 1. The fluctuations are very
large when y is small, going from \Rl to T,r \ \mi thoy are insensible

when y is bigger. Uemember that the imc is short-tircuited. The
receiving apparattis, by absorbing energy, reduces the flnctoatioiiB, and
we shall see later that they < l)e nearly abolished.

When Iil/Lv= y is variable, the value of 1/M is made a minimum bjr

taking Rl = 2 06Lv, say 2Lv. This is a little over 1200 ohms in our
example of L = 20: and makes the length of circuit be 600 kilom.,

when the resistance is 2 ohms per kilom. After y = 3 we may disregard

the fluctuations.

Now tills length of only 600 kilom. is still fir too short to make it

necessary to employ so expensive a wire. One of much higher

resistance would answer quite well enough for practieal telephony, in

which a considerable amount of distortion is permissible, because

transmission would be nearly perfect over 600 kilom. according to the

above data. The question arises, upon what principles can we compare
one circuit with another, and is it possible to lay down the law from
theory a*; to the limiting distance of telephony 1 The answer is plainly

that it IS not possible, because the ty{)es of telephonic circuits differ.

A cable or other circuit with inertia ignored is radically ditierent from
one in which there is a marked approach to elastic wave-propagation.

Even if we fix the type, and take, say, the above example of low
resistance, 2 ohms per kilom. and L = 20 per ccntim., and the question

be asked, How far can you telephone 1—the answer is that there is no

fixed limit, as it (le])( luls upon so many circumstances, some of which

are unstiited, and are hardly susceptible of measurement when stated.

Consider, firsts the drenit without terminal influences. We may
distingin'sh two connected, but yet entirely different, things in opera*

tion. We set up electromagnetic vibrations at A somehow, not regidar

vibrations of one frequency, but irregular, arid o{ almost any type.

Now, during transmission along the circuit, the vilnalions are attenuated

for one thing, and distorted, or changed in type, for ano^er. With
Mfect tnmsmission there would be neither attenuation nor distortion.

TUs would require perfect conductors, which would not permit the
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VBYM to enter them from the dielectric and bo dissipated, but would
let them slip along like greased lightning. Then there ht a kind of
circuit which is distortaonleea^ but in which there is considerable attenu-

ation. Here, plainly, any distmec can be worked through, provided
the attenuation is not too great. Trial nlonc could settle how far it

would be practicable with a given type. Coming to more practical

cases, there is the approximately distoitionless circuit above described.

Here the attenuation ia not nearly so great as in the diatortioideas

circuit of the same type (that is, only differing in the leakage needed
to remove the remaining distortion), so that the distance to be worked
through is much greater with simihirly sensitive instruments, or with
instruments gradiutted to mako the currents received and sounds
produced be about equal in the ditlereut cases compared. Here, again,

trial alone can settle how £ur we may work safely. Supposing, for

instance, we had reached a practical limit with nearly distortionless

transmission, it is clear that wo could increase that limit by the simple
expedient of increasing the current sent out or the sensitiveness of the
receiver. So we cannot fix a limit at all on theoretical principles.

But undoubtedly the distortion will increase as the circuit is Icugthcned
(except in the ideal distortionless drcui^ ; this will tend to fix a limit,

though we cannot precisely define it, independently of the attenuation.

Nor should intei-fcreiiccs be forgotten, and their distorting effects.

^V^len thousands of miles are in question, many other things may
come in to interfere, all tending to fix a limit. Independently of the

line, too, there are the terminal arrangements to be considered. A
practical limit in a given case might be fixed merely by the inadequate
intensity of the received currents to work the receiver suitably. But
apart from intensity of action, both the transmitter and the receiving

telephone distort the j)roper ** signals " themselves. The distortion

due to the electrical part of the receiver may, however, bo minimized
by a suitable choice of its impedance, and especially by making its

inductance the smallest possible consistent with the possession of the
other neceesaiy qualifications. The conditions as regards perfect

silence in reception are also of importance. Finally, there is "personal
equation." It is clear, tlien, that in such a mixed-up problem as this

is, we cannot safely estimate what amount of distortion is permissible

in transit along the dnmit^ and how much attenuated and distorted

we may allow the vibrations to become b^re human speech ceases to
be recognisable as such, and to be intelligibly guessal lc.

It is, however, surprising what a large amount of distortion is

permissible, not merely on long lines, but on short ones. It is, indeed,

customarv, or certainly was on the first introduction of the telephone,

and for long after, for people to enlarge upon the wonderftd manner
in which a receiving telephone exactly reproduces, in all details, the
sounds that are communicated to the transmitter, and to be astonished

at the power the disc possesses of doing it, and to explain it by
harmonic analysis, and so forth. Well, the disc does not do it. If it

did, as it would be in quite mechanical obedience to the forces acting

Upon itf there would be nothing to wonder at ; or the reason for wonder
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would be shifted elsewhere. It would be rcuUy wonderful if we could

get perfect reproduction ofmech. The best telephony ia bad to tbe
critical ear, if a high standard be eelected, and not one based upon
mere intelligibility. (As a commentary u|>on the reports of "perfect

articulation," t tc , 1 may mention that we sometimes see the amusingly
innocent remarks ailded that even whistling could be heard, and one
voice distinguished from another.) Consider the difficulties in the

way. We cannot even make the diaphragm of the transmitter precisely

follow the vibrations set up by the vocal organs (which vibrations are, by
the way, distorted between the larynx and the diaphragm, though tin's

is not an important matter), because it is not a dead-beat arrangement,

and responds ditferently to ditierent tones. Here is one cause of

distortion. A second occurs in trying to make the primary current

variations copy the motion of the diaphragm. A third is in the

transfonmition to the secondary circuit, though perhaps this and the

last transformation may bo taken together with advantage. So to

begin with, we have con.siderably distorted our signals before ^^etiing

them on to the telephone line. Then, there is the distortion in transit^

which may be very little or very great, according to the nature ofthe h'ne.

Next, the received-current variations ought to be exactly copied by the

magnetic stress betwccTi the disc and magnet of the receiver. But the

inductance of the receiver prevents that, even if the resistance be

suitably chosen to nearly stop the reaction of the instrument on the

line. Then we should get the disc of the telephone to exactly copy
tiie magnetic-force variations, which it cannot do at all well* on account

of the want of dead lieatness, and the augmentation of certain tones

and weakening of others. The remaining transformations, from the

brain to the vocal organs at one end, and from the disc to the brain

via the air and ear at the other end of the circuit, we need not consider.

And yet, after all these transformations and distortions, praetiad

telephony is possible. The real explanation is, I think, to be found

in the human mind, which has been continuously trained during a

lifetime (assisted by inherited capacity) to interpret the indistinct

indications impressed upon the human ear ; of which some remarkable

examples may lie found amongst partially deaf persons, who seem to

hear very weU even when all they have to go by (which practice maJces

suilii ienQ is as like articulate speech as a man's shadow is like the man.
In connection with thos(^ transformations, I may mention that one

of them, viz., in the telephone receiver itself^, was until recently un-

explained. Writers have before now remarked upon the necessity of a

permanent magnetic field, and sneculated as to its cause, and recently

not ^vanus Thompson recalled attention to the matter, and candidly

confessed his ignorance of the explanation, beyond what was furnished

by M. Giltay, who had also considered the matter, and found that the

permanent field was needed to eliminate the vibrations of doubled

frequency that would result were there no permanent field. This is

true in a sense ; but it is not the really important part of what isi

I think, the true explanation, because the vibrations of doubled

frequency would be very feeble. What the permanent field does is

Digitized by Google



ON T£L£QRAPU AND XJSLEPHONE CIBCUITS. 349

to vastly muKnify the eti'ect of the weak telephonic currents, and make
tbem workftDle^ Hie due is attracted by toe magnet, and the stren
between Utemi yaiiea aa the square of the intensity of magnetic force in

the intermediate space. We want the disc to vibrate sensibly by very
weak variations of magnetic foi co. If the permanent magnet were not

there, we should have insensible vibrations of doubled frequency. But
the pemianunt tield makes the stress-variations vary as the product of

the intensit}' of the permanent field and that of the weak sanation due
to the current vartationB ; iJiey are therefore proportional to the received

current-variations, and arc also greatly magnified, so that the telephone
becomes efficient. [See Art, XXXVI,, vol. II., p. 155.]

Iteturning to the telephone-circuit itself, the following would ap]>car

to be what should be aimed at (apart from improvements in terminal

transmiseion and reception^ in efficient long<diatanoe telephony. Setting

up an arbitrary train of disturbances at one end, causing the despatch
of a ronrinuou>ily viiryini]; train of waves into the cin nit, the waves
shoukl travel to the distant end of the line as little distorted as possible,

and with as nearly equal attenuation as possible, which attenuation

should not be too great; and, finally, on reaching the terminal

telephone, the waves should be absorbed by it, as nearly as possible,

without reflex action. This ideid may be illustrated by a long cord,

along which we can, by forcibly agitating one end, despatch a train

of waves, which tmvel along it only slightly distorted, and which
• should then be absorbed by some mechanical arrangement at the

further end. Theoretically this only needs the fiarther end to have its

motion resisted by a force proportional to its velocity, the coefficient

of resistance depending U])on the ma.<5s and tension of the cord.

At any intermediate point we may correctly register the disturbances

passing it. It is evident that the reflected wave from the distant end
should be done away with, in order that the disturbances passing (and

reaching the distant end) may be a correct copy of those originally

despatche*!. This ideal state of things is fairly-well reached in the

fourth class of circuits alx)ve mentioiicd, aful j>crfectly in the fifth

class, whilst the low-resistance long di.stance circuits intrcKluced in

America are somewhere between the third and the fourth classes.

In passing from the fourth class to the third, by increasing the
resistance of the line from veiy low to more common values, the effect

is to introduce a considerable amount of distortion which may be
(somewhat imperfectly) ascribed to electrostatic retardation. The
limiting distance of telephony will therefore now depend more upon
the circuit itself (apart from terminal arrangcaienta) than before. Still

we cannot fix it Only by passing to the extreme case of such high
resistance of the line acting m conjunction with the permittance that
the effect of inerti;i is rcallv insensi)tlt\ ilo we so marmify the effect of

the distortion in transit as to make the limiting di!5tance be determined
approximately by the value of the electrosUitic time-constant ^.SV^.

we now come to the first class we began with, and Sir W. Thomson's
law of the squares may be ap(>Iied in making comparisons* The dis-

tortion in transit is very grea^ if the line be &n^ and we therefore to
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some extent swamp the terminal apparatus as regards the total dis-

tottiotL

But there is only a tendency to the electroBtatic theory, not a oom-
plete fulfilment. In the case oF .1 cable of the Atlantic type, used as a
telephonfi-rirnuit (of course not across the Atlantic) the resistTiice is

rather low, and this is quite sufficient, in conjunction \*'ith the induct-

ance, to greatly improve matters from the electrostatic theory, in spite

of the large permittance. In hid, a small amount of indnctanoe la

sufficient to render telephony possible under circumstances which would
preclude possibility were it non^ezistentb To show this, consider the
foUowing table :

—

n. L=0,

1250 1-723 1-567 1-437 1-235

2500 3-431 2-649 2-251 1-510

5000 10-49 5-587 3-176 1-729

10,000 58-87 10-49G 4169 1-825

20,000 778 . 16-707 4-670 1-854

In the first column we have the frequency-constant n= 2ir x frequency,

so that the frequency ranges through foiu* octaves. It is supposed that

the resistaiire is 4 ohms and the permittance \ microf. per kilom., being

somewhat like what obtains in an Atlantic cable. The remaining

columns show the values of the equivalent impedance p at the distant

end according to the already-given formula (4), y^-ith the values of L
given at the tops of the columns. (Take f/ = 0 in (4).)

Thus in the second cohiniu we have the figures given by the electro-

static theory, showing such an extremely ranid increase of attenuation

with the freauency that telephony would I think be quite impossible.

But the third column shows that the small inductance of 2*5 per
centim. immensely improves matters, especially with the great fre-

quencies.

The fourth column, with L - 5, shows a far greater improvementi
and I should think good telephony would be possible.

The fifth column, with L^IO, is very remaricaUei as it shows an
apTOoach to distortionless transmission.

This remarkable result is wholly due to the inductance, in presence

of the rather low resistance. Whereabouts the efiective inuuctance

really lies it is hanl to say, but it ninst snroly bo greater than 2-5,

though it may not be much more, as the iron sheathing does not make
the effective if run uj) in the way that might be supposed at first sight.

With Z»0, 10,01 m makes p = 58, or the received cuirent 1/58 of

the steady current. To have the same result in our low-resistance

circuit, we see by the first tal)le that W=\5Ja' about does it, giving

in = 15 X 600 = 9000 ohms, and / = 4500 kilom. Now is it possible to

work a telephone fairly well through a mere resistance of 08 x 9000 <Mr

say 50,000 ohms (ignoring complications due to the telephone not

being a mere resistance), remembering that our currents will be fidrly
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miiformly attenuated 1 If so, then this circuit of 4500 kilom. will work
with good articulation, under favourable conditions—freedom from
interforenoefl, etc But I do not fix this limits nor any, for reasons

before given.

This difference should ))e noted. In the case of the cable of no

inductance, the reduction to 1/58 part applies only to ?/ = 10,000. If

n=1250, at the lower limit, the reduction is only to 10/17 of the

steady current ; thus there is plenty ol sound, but very inarticulate.

This IS the reverse of what occurs in our other case, in which there is

little sound, hut with good articulation, and therefore usefully admitting
of magnification.

If, on the other hand, we take the electrostatic time-con stiint as '02

second, the attenuation at n= 10,000 is, by the second table, to 1/778 of

the steady current; and this value, by the first table, gives MlfLo^uay
20, and Iil= 12,000 and 2^6000 kilom., and the equivalent impedance
= 778 x 12,000 ohms. Of course this is excessively large. If com-
ponent \'ibration8 on a c<il)le really snttbr attenuation to 1/778 part,

such Wbrations might as well be altogether omitted, leaving only the

lower tones. On the other hand, a sufficient magnification in the

6000 kilom. case would render telephony possible. But the probable
fact is that '01 second with X"*0 is not possible, far leas 02 second.

When it is said to be done, the reason is that L is not zero. In the

north of England examples there are usually buried wires and overhead

wires in sequence, so that it is still more true that sell-induction comes
in to help, although the theory of such oompoaite eireuits cannot be
easily brought down to numerical calculation.

But, returning to the 4500 kilom. example, it vppeus raaionable that

the circuit might be worked under favourable circumstances. Let us

see what its electrostatic time-constant is. We get* by (il)i5o~Tiv
microf. per kilom. Hence

Don o I (4500)* 2 J£Str^2x— '= - second.
180 I0« 9

*''^"»

which is no less than 22 times the supposed maximum of '01 second.

Even if we make a large allowance, and suppose that an attenuation to

part only of the steady current, instead of ^ part, is tiie utmost
allowable, we shall see by the table that this makes El^llLv (instttd

of the previon>^ 15), so that the electrostatic time-constant is still a
large multiple of the value 01 obtained by observation of wires of high
resistance.

Again, to contrast the two theories, let us inquire what length of line

makes K)! sec the electrostatic time^onstant. The result is 300n/10
or say 900 kilom., of resistance 1800 ohms, which is only three times Lp ;

so that there is nearly perfect transmisskm on the line of low resistance^

whilst there is extreme distortion on the circuit having the same electro-

fltfitic tinie-con.stant if destitute of itiduetance.

Since there is a minimum value of the attenuation-ratio I/Jil when
the ratio ^/Lv is variable, let it be merely L that is variable, without
change of length or resistance. This may be done by simply varying
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the distance between the two wiies in the eirenit The mlmmnm
attenuation at the distant end comes about (by fint table) when

When I = 600 kilom. we huve = 20, as we saw before. If / = 300 kiiom.,

then 10, which change is easily made by bringing the wires closer.

Batil/» ISOO Idiom., we require Z = 40, ana a wide separation is ne<:e8-

sary, according to equation (12). But there i.s another thing to be

remembered. The distance between the wires should continue to be a

small fraction of the height above the ground, in order that the property

LSiP' = 1 should remain fairly true. Although the permittance does not

appear explicitly in formula (14), it is implicitly present in % and in

such a way that a doubling of S and halving of L are equivaleDt (But

this does not apply to the U\h]o. whore and >' may vary independently.)

Now, if we separate wires very widely without raising them any higher,

«S' tends to become simply the reciprocal of the sum of the elastances

from the first wire to earth and from the earth to the second wire

;

tiiat is, half the permittance of either. It therefore tends to constancy

instead of varying inversely as L, which goes on increasing dowly as

the wires are further separated. Ilence the necessity of raising the

wirt\s, as well as of sc jmrating them, if the full advantage of L is to be
secured when it is large.

In passing, I may add that if the earth were perfectly conducting, so

as to shut out the magnetic field from itself, the product LS^, where L
is the inductance of the dielectric and S its permittance, calculated so

as to suit the propagation of plane waves, woidd remain unity always,

however the wires were shifted, provided parallelism were maintained.

It seems at first sight anomalous that when the permiliance is so

small that we might expect the common magnetic fonnnla to Apply, we
should increase the amplitude of current of any (not too low) frequency

by incretising the inductsmrc. It spems to show how careful wo should

be not to extend too widely the api>]io!ition of profeasodly approximate
formulas. Equation (4) has quite ditierent significations under varied

circumstances ; and, general as it is, it is yet not general enough to

meet extreme cases, even when, as in my original statement of it (7%e
Electrician, July 23, 1886) [vol, ii., p. 61], the increased resistance

and reduced inductance due to the tendencv towards skin-conduction

are allowed for. Besides the propagation of disturlmnces through the

dielectric following the wires, after the manner of plane-waves, there is

an outward propagation from the source of ener;^, whieh seems to me^
however, to be quite a secondary matter, and msignificant, especially

whtti the circuit is a metallic loop, which concentrates the electro-

magnetic field considerably. But when there is an earth-return, there

is a wide extonsiori of the magnetic field, and distances frrnn the line

should be compared wilh its length, in making estimates of the range of

disturbances of appreciable magnitude, appreciable by cumulative ac^on
on a distant wire. There are also the modifications duo to the presence

of neighbouring wires, which may be calculated by the equations ot a
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system of parallel wires. But perhaps the most important modiiying
influence of all is that of the terminal apparatus.

I have considered the effect of any terminal apparatus in my paper,
'* On the Self-Induction of Wires," Part V., [voL n., p. 247]. It is very

complex in general. But so far as relates to a long circuit of low resists

ance, we do not want the full fonnulaj. Take (17) as the formula

when the wires are short-circuited at the sending and receiving ends.

Then, when we put on terminal apparatus containing no impressed

force excepfe the one sinusoidally varying force at the beginning of the

eircuil^ (which may be in any part of the main drcnit of the terminal

appanufciu there), the resnlt ia to alter the attenuation-ratio from the

former ptopu gtven by
ft«/>x(?*xG^, (19)

where and arc the teiminal factors ff)r the sending and receiving

ends, to l)e calculated in the following manner. Let Ji\ and be the
" etl'cctive " resistance and inductance of the apparatus at the receiving

end, then

C?i = l+(7?^ + Z%2)-i

X ((P^'^Q*){£^+I/Sn*)-^2J'{BB^-k^LL^n^)-¥2QiJ^ (20)

without assumptions regarding the size of / and g. Now take ^ == 0,

and / a small fraction, and we reduce (20), when the fraction /L^n/Zv
is sinall, to

Oi^l-^BJLff. (21)

Therefore (19) becomes

= J7>. €*^'( 1 + B^ILv){\ + R^ILv) (22)

Note that the full expression for G„ is obtainable from (20) by changing

li^ and i/j to Uq and L^,. But if we oiUy assume / to be small and g
zero, then, instead of (21), we have

G^ = {\+ IlJLvf + {L,n/Lv){L^njLv -f) +/\2iJLv) (23)

Now let it be merely a telephone that is the receiving apparatus, of

resistance and inductance JR^ and L^, or something equivalent to a mere
coil. If it be a mere coil, and also, though less easily, if a telephone,

we may vary independently by changing the form of the coil or by
inserting non-conducting iron. We see, then, that the terminal &ctor
is made a minimum, with Li alone variable, when

which, with i^ = 20^ and n=10^ makes 2£|b60*, quite a reasonable

Talue for a smaU telephone. But if n« 20>, the result is 160^ twenty-

five times as large.

Next let it be, not the current, but the magnetic force of the coil

that is a maximum, on the assumption that Xj/^i, the time-constant of

the coil, is fixed. This is nearly true when the size of the wire is

varied, if it be a mere coil that is ofmeemed, and is an appiwch to the

B.i.r.—VOL. iL a
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truth when there is iron. It is now GJB^ that has to be a minimuixi,

subject to RJL^ — constant This happens when

{Bl + Ua')^ = Li\ (24)

or when the inipedanre of the coil equals the critical Lik

I showed in my j»aper "On Electromagnets," etc. [Art. XYII., vol. i.,

p. 99], that in the magnetic theory the condition of maximum magnetic

force of the coil is that its impedance should equal that of the rest ol

the circuit, which contains the impressed force. We may easily verify

that Lv is the impedance in the present case (with / small). Now
Lv 600 ohms when L~20 ; this is the extreme vahie of the resistance

of the coil, which should really be less on account of the term Z,n.

For instance, if the time-constant be 0002 second, and n=10S we
require 2*24£|«»Xo. We see ftirther that this does wtka fLMjUf
smally because / is small, and L^nfL9< 1. Therefore, using (23), wo
have

Qi- 2*(1 -k-RJLof- 2*{ I + (I +»V)-»}* (25)

which, with n—lO* and the timeH»nstant a«*0002, becomes O} s 1'7.

This is, of course, a far larger value of the terminal factor than need
be. In fact, the conditions of maximum magnetic force of the coil and
of niiiximum received cuiTont are not usually identical, and may l>o

quite aiiUigoniiitic. For instance, if we should make the terminal

ftetor near^ unity, we should have the biggest current, but with the
least power.

But a remarkable property should lie mentioned, which may bo
proved by the general formula from which (19) is derived It is that

if the receiver be a mere resistance, the choice of its resistance to equal

Lv will, when IljLn is small, nearly annihilate the reflected wave, and
so do away with the fluctuations and the distortion due to them,
whether the circuit be a long or a short one. Under these cimun-
stances we have practically iicrfect reception of signals.

The general condition making G^IB a minimum on a long circuit,

subject to constancy of a, is by (19) and (20),

^•-^-KKsy=(H$)*^-
The right member expresses the square of the impedance of the circuit to

a S.H impressed force at its end. When/and (7 are small we obtain the
former result. The proi)erty of eqii/d impedances is, however, a general

one, so that all we do in verifying it is to see that no glaring error haa

crept in. Ifa coil connect two points of any arrangement in which a
S.H. state is kept up by impressed force, and we vary the sise of wire
without varying the size and shape of the coil, we bring the magnetic
force of the coil to a maximum by making its impedance equal to that

external to it^ if the thickness oi covering vary similarly to that of the
wire.
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XLH. ON KKSISTANCE AND CONDUCTANCE OPERATOT^S,
AND THEIK DERIVATIVES, INDUCTANCE AND PER-
MITTANCE, ESPECIALLY IN CONNECTION WITH
ELECTRIC AND MAGNETIC ENERGY.

IPhil. Ma<j., December, 18S7, p. 470.]

Oenn-id Nature of iJa Ojn ralors.

1. If we regartl for a moment Ohm's law merely from a mathematical
point of view, we see that the <^uantity li^ which expresses the resist-

ance, in the equation V^RC, when the current is steady, ia the

operator that turns the current C into the voltage V, It seems, there-

fore, appropriate that the operator which takos the pkce of R when
the current varies should he t( iin(!<l the resistance-oponitor. To
formally define it, let any self-contained electrostatic and magnetic

combination be imagined to be cut anywhere, producing two electrodes

or terminals. Let Uie current entering at one and leaving at the other

terminal he C> and let the voltage 1)e /
' this being the foU of potential

from where the current enters to where it leaves. Then, if V=ZC be
tlie diflTerential ecjuation (ordinary, linear) connecting K and C, the
resistance operator is Z.

All that is required to constitute a self-contained system is the

absence of impressed force within it^ so that no energy can enter or

leaTe it (except in the latter case by the irreversible di8si])ation con-

cerned in Joule's law) until we introduce an impre8se<l force; for

instiince, one producing the above voltage V tit a certain place, when
the product VC expressea the oncrgy-cuiTent^ or flux of energy into the

system per second.

^e resistance-operator Z is a function of the electrical constants of

the combination and of d!iU, the njicrator of time-differentiation, which
will in the following be denoted by p simply. As I have made ex-

tensive use of resistance-operators and connected quantities in previous

papers,* it will be sufficient here, as regards their origin and manipu-
lation, to say that resistance-operators combine in the same wav as if

they represented more resistances. It is this fact that makes them of

so much importance, especially to practical men, by whom they will be
much employed in the future, I do not refer to }>ractical men in the

very limited sense of anti- or extra-theoretical, but to theoretical men
who desire to make theory practically workable by the* simplification

and systematisation of methods which the employment of resistance*

operators and their derivatives allows, and the substitution of simple
for more complex ideas. In this paper I ])iopose to give a connected
account of most of their important properties, including some new ones,

especially in connection with energy, and some illustrations of extreme
cases, which are found, on examination, to prove the nde."

2. If we put /7 = 0 in the resistance-operator of any system as above
defined, we obtain the steady resistance, which we may write Z^. If

all the operations concerned in Z involve only ditl'erentiations, it is

* Especially Part III., and after, "On the Self-induction of Wiros," [voL n.,

pp. 201 to 361 generally. Also vol. I., p. 415].
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clear that when C is given completely, Fi& known completely. But if

inverse operatiom (integrations^ have to be perfomied, we eannot find

Fimmediately from C completely ; but this does not interfere with the
use of the resistance-operator for other purposes.

It is sometimes more convenient to make use of the converse method.
Thus, let Y be the recii)rocal of Z, so that C YV. If we make p
vanish in Y^ the result, say Y^ is the conductance of the combination.

Therefore y ie the conductance-operator.

The ftmdamental forms of Fand Z are

Z^B-^Lp, (1)

F«ir+*. (2)

In the first case, it is a coil of resistance R and indnctonce L that is in

question, \\\\\\ the momentum LC and magnetic energy ILC\ In the

second case, it is a condenser of conductance A' and permittance S, with

the charge 5Kand electric energy i^SV' ; or its equivalent, a perfectly

nonconducting condenser having a shunt of conductance JT.

In a number of magnetic proolemB (no electric energy) the resistance-

operator of a combination, even a complex one, reduces to the simple

form (1). The system then behaves precisely like a simi)le coil, so far

as externally inij tressed force is concerned, and is indistinguishable

from a coU, provided we do not inquire into the internal details. I

have previously given some examples.* Substituting condensers for

coils, permittances for inductances^ we see that corresponduig reductions

to the simple form (2) occur in electrostatic combinations (no magnetic
energy).

But such cases are exceptional; and, should a combination store

both electric and magnetic energy, it is not possible to effect the above

simplifications except in some very extreme diiHimstances. There vr%
however, two classes of problems which are important practically, in

which we can produce simplicity by a certain sacrifice of generality.

In the first class the state of the whole combination is a sinusoidal or

6im])le-hannt)iiic function of the time. In the second class we ignore

altogether the manner of variation of the current, and consider oulv

the integral effects in passing firom one steady state to another, which
are due to the storage of electric and magnetic energy.

S,S. FibraUoHs, and ihe ^ecUve B^ I/, and W.

3. If the voltage at the terminals be made sinusoidal, the current

will eventually become sinusoidal in every part of the system, unless it

be infinitely extetided, when consequences of a singular nature result.

At present we are concerned with a finite conil ination. Then, if n/27r

be the periodic frequency, we have the well-known proi>erty p^= -n^;
which substitution, made in Z and F, reduces them to the forms

Z^B^+L% (3)

r^K' + S'p; (4)

« "On the Self-induction of Wires," Farts YI. and VU. [vol. u., pp. 268 and
202L]
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where ii\ L\ K\ S' are functions of the electrical constants and of n^,

and are therefore oonatante at a given frequency.

In the first case we compare the combination to a coil whose resist*

ance is R' and inductance Z', so that and L' are the effecti\ e resist-

ance and inductance of the combination, originally introduced by Lord
Rayleigh* for mai;netic combinations. In my papers, however, there is

no limitation to cases ol' magnetic energy only,t uiid it would be highly

inooiiTenieiit to make a distinction.

In a similar way, in the second case we comjiare the combination to

a condenser, and we may then call K' the eft'ective conductance and 5'

the effective permittance at the given frecjuency. 7*" reduces to Z^,

and ii' to Yq at zero frequency. But it is important to remember that

the two comparisons are of widely different natures: and that the

effectiye resistance [in the coil-comparison] is not the reciprocal of the

^foetive conductance [in the condenser-comparison].

Fand Z in (3) and (4) arc reciprocal, or JTi^^l, just as the general

y and Z of (1) and (2) arc reciprocal.

If ( F) and (C) denote the amplitudes of F and C, we have, by (3)

and (4),

(r}/(C)- (/."2 + iy«n«)» = /, say (5)

(C)/( V) = (A + = J, say (6)

/ and ,/ are also reciproc^il. The former, /, bein<,' the ratio of the force

to the tlux (amplitudes), is the impedance of the combination. It is

naturally suggested to aJl / the "admittance" of the combination.

But it is not to be anticipated that this wiU meet with so favourable a
reception as impedance, which term is now considerably used, because

the methods of representation (1), (3), and (5) are more useful in

practice than (2), (4), and (6) ; although theoretically the two sets are

of equal importance. I

To ohtam the relations between and JS?, and 1/ and S', we have

Y={R'-¥lJp)-^ = {n'-L'p)I-\ (7)

^-(A' + 6»-i«(A:'~i^"/))/-»; (8)

from which we derive

PK' = R\
- PS' = //,

all of which are useful rehttions.

-JW^S', \ (9)

• PhU. Mag,, May, 188«.

t In Part V. of " On the Self•Induction of Wires" I have given a few examples
of mixed cases of an c-lcnicntary nature, in connexion with the probleni of linaing

the effect of an iniproBsed force in a telegraph circuit.

t The neoessity of the term Impedenoe (or some equivalent) to take the place of
tlir various utterly nii.sku<liiig expri ssioiis that have been used, has oome about
through the wonderful pouulkritatiou of electromagnetic knowledge dne to the

dynamo, and its adoption to fflr W. ThaaucnS approval of it and of one or two
ouier terms.
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4, By (3) aiid (4) we have the equations of activity

VC=Il'C''->tp{\UC-'), (10)

VC^K'V^-k'pi.iSfV^), (11)

in general. Now, if we take the mean Taluea, the diflferentiated terms

go out^ leaving

VC^Ii''C'>=K'y\ (12)

the bars denoting mean values. The three expressions in (12) each

represent the mean dissipntivity, or heat per second. W and A^' are

therefore necessiirily positive. It sliould bo noted that ll'C'^ or K'V^
do not represent thu dissipativity at any moment. The dissipativity

fluetnates, of coune, because the square ol the current fluctuates ; hut
besides that, there is usuaUy a fluctuation iu the resistance, because the

distribution of current varies, and it is only by taking moan values that

we can have a definite resistance at a given frequency.

If the combination be magnetic, and T denote the magnetic eneigjr,

its mean value is given by

'T^\UC'\ (13)

so that U ia necessarily positive and S' negative. But \UC- is not

usuallv the magnetio enmjr at any moment
If the combination be £ctrostatic, and U denote the electric energy.

its mean value is

ir-JS'P, (14)

so that 8^ IS positive and JJ negative The electric energy at any
moment is not usually IS'V^.

But^ in the general case of both energies being stored, we have

f- u^^i/m^ -ii^p* (15)

If the mean magnetic energy preponderates, the elTective inductance

is positive, and the permittance negative ; and conversely if the electric

energy preponderates. If there i)e no condensei-s, the comparison

with a coil is obviously ni(».si suitable, and if there l>e no magnetic

energy we should naturally use the comparison with a condenser; but
when both energies coexist^ which method of representation to adopt is

p\n-ely a matter of convenience in the special application concerned.

If the mean energies, electric and magnetic, oe equal, then

i/-0-^, JffK'^l, J^K', (16)

That is, by equalising the mean energies we bring the current and
voltage into the same phase, annihilate the effective inductance (and
also permittance), and make the eflective conductance the reciprocal of
the ell'ective resistance, whi( h now equal?; the impedance itself. It

should be noted that the vanitihing of the energy -{litlcrence only refers

to the mean value. The two energies are not ei^uul and do not vanish

simultaneously. Sometimes, however, their sum is constant at every
moment, but this is exceptional. (Example^ a coil and a condenser in

sequence.)
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Impuhhe Indudanee and Permitkmc$. Gemtal Theorem rdtUmg U> (he

EUdnc and Magnede Energies.

5. Paasiiig now to the second class referred to in § 2, imagine, firsts

the combination to be magnetic, and tliat F is steady, producing a

steady C, dividing in the system in a manner solely settled by the dis-

tribution of conductivity. Althougli we cannot tn*;it the combination

as a coil as reguixls the way the ciurent varies when the imprejssed force

is put on, we may do so as regards tbe integral effect at the terminals

produced by the magnetic energy. The last is the well>known

quadratic function of the currents in different parts of the system^

T^mC}+MCiC'¥lL^+ (17)

Now put every one of these C's in terms ol Ifte C, the total current at

the tenninals, which may be done by Ohm's law. This reduces T to

r=^ZoC« (18)

where Lq is a function of the real inductances, sell' and mutual, of the

parts of the sy stem, and of their resistances. This may be called the

impulsive inductance of the system. For although it is, in a sense, the
effective steady inductance, t-aking the current C at the terminals as a

basis, being, in fact, the value of the sinusoidal inductance // at zero

frequency; yet, as it is only true for impulses that the combination

behaves as a coil of inductance 2^ it is better to signify this fikct in the

name, to avoid confusion. This will be specially usMul in the more
general case in which botli energies are concerned.

vSecondly, let the system be electrostatic. Then, in a similar way, we
may write the electric energy in the form

U=^S,P-^, (19)

in terms of the Fat the terminals, where is a fuin tiuii of the real

perniitUmces and of the resistances. .S'„ is the inipulsive {>ermittance of

the combination. It is also the sinusoidal ^' at zero frequency.

In (18) is positive, and in (19) ^'^ is positive. The momentum or

electromotive impulse [or the voltaic impulse, if we use the modem
" voltige" to ai^i^' the old " electromotive force "] at the terminals in

the former case is and in the latter case is - S^JiT, where Ji is the

steady resistance. Tlie true analogue of immuMitum, however, is charge,

or time-integral of current, and this, at the terminals, is -^S'qK, corre-

sponding to x^(7.

6. Passing to the general case, and connecting with the resistance-

operator, let r be the currant at the terminals at time i when varying,

so that

F=zr=^{Zo-\-pZi-\-lp^Zi'+...)r, (20)

where the accents denote differentijitions to j), and the zero suftixes

indicate that the v alues when ;» = 0 are taken. The coellicients of the

powers of p are thcrdore constants. Integrating to the time,

^m^^z^rdt+zsr]+iziir]+ (21)
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U the cnimit be steady at beginning and at end,

J(F-Zor)*-Z'[r] (22)

and if the udtiai eunent be lero, and the final valne be C,

^{V-Z^T)dt = Zifii (23)

ao that Z'^C is the voltaic impulse employed in setting up the magnetic

and the electric energy of the steady state due to steady V at the

terminals. Thus
L, = Z', (24)

finds the impulsive inductance from the re8istanGeK>peiator. Or,

L^^{Z'Z^'^ with p«0 (25)

In a similar manner, we may show that

8^~Y{^ - Zz^Z^^ (26)

finds the imuulsivc permittance from the conductance-operator. Lfi
and ^S^^Vm equivalent expressions for the voltaic impulse.

If Zq should be infinite^ then use Y. For instance, the insertion of a
nonconducting condonser of pcmnttance *S'j in the main circuit of the

current makes Zq infinite, since the resistance-operator of the condenser

is {S,p)~K There is no final steady current, and Lq is infinite. We
should thra use (26) instead of (24), especially as the energy is wholly

electric in the steady state.

7. To connect with the energy, multiply (23) by C, the final current^

and, for simplicity, let ^be steady ; giving

|(r-i?r)cai=zjC2=|F(c-r)^ (27)

It may be anticiimted from the preceding that these equated quantitiea

express twice the excess of the mamictic over the electric energy.

In connexion with tliib I may ijuote from Maxwell, vol. ii., art. 580.

A purely electromagnetic system is in question. ''If the currents are

maintained constant by a battery dunng a displacement in which a

quantity of woik, //' is done by electromotive force, the electrokinetic

energy of the system will be at the same time increased by //'. Hence
the Imttcry will be drawn upon for a double quantity of energy, or 2/F,

in addition to that which is spent in generating heat in the circuit.

This was first pointed out by Sir W. Thomson. Compare this result

with the electrostatic pro|>erty in art. 93." The electrostatic property

refeiTcd to relates to conductors charged by batteries. If their poten-

tials are maintained constant, they tend to move so that the energy of

the system is increased, and the work done by the electrical forces

during the displacement is equal to the increment of the energy of the

system. The energy spent by the batteries is equal to double of cither

of these quantities, and is spent half in mechanical, half in electrical

work."

Although oi a somewhat similar nature, these properties are not
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what is at present required, which is contained in the following general

theorem given by me* :—Let any steady impressed electric forces be
suddenly Bturted and continued in a medium pennitting linear relations

between the two forces, electric and magnetic, and the Uiree fluxes

—

conduction current, electric displacement, and magnetic induction (but

with no rotational property allowed, even for conduction < nrrent) ; the

whole work done by the impressed forces during the establishment of

the steady state exceeds what would have been done had tins state been
instantly established (but then without any electric or magnetic ener^)
hy twice the excess tk the electric over the magnetic energy. That iSi

^yt^e(T-l\)di = 2{U-T), (28)

where e stands for an element of impressed force, T the current-density

at time t, F,, the final value, and ^ the space-integration to include all

the impressed forces. (Black letters for vectors.) The theorem (28)

seems the most explicit and general representation of what has been
long recognised in a general way, that pennitting electric displacement

increases the activity of a battety, whilst permitting magnetisation
decreases it. The one process is equivalent to allowing elastic yielding^

and the other to putting on a load (not to increasing the resistance, as
is sometimes supposed).

Applying (28) to our present case of one impressed voltage V, pro-

ducing the final current 0> we obtain

^dtF{r-a}dt--2(U-T), (29)

comparing which with (27), we see that

T- Ur= iZ!,C' = iL,C^ = - iS^r\ (30)

couhrmiDg the generality of our results.

OenenU Tkeorm af D^pandenu of Disiurbanees soUfym ths Owl ofikt
Imprmed Fcrdoe,

8. It is scarcely necessary to remark that the properties of Z and
previously discussed do not apply merely to combinations consisting of
coils of fine wire and condensers ; the currents may be free to flow in

conducting masses or dielectric ma-sses. .Solid cores, for example, may
be inserted in coils within the combination. The only efiect is to make
the resultant resistance-operator at a given place more complex.

But a ftuther very remarkable ])roperty we do not recognise by
regarding only common combinations of coils and condensers. If we,
in the complex medium above defined, select any unclosed surface, or

surface bounded by a closed line, and make it a shell of impressed

voltage (analogous to a simple magnetic shell), thereby producing a
potential-diffennee V between its two fiwes, and C be the current

through the shell in the direction of the impressed voltage, there must
be adefinite leststaaceKiperator Z connecting them, depending upon

« AflcfrlcMM, Aprn 25, 1886^ 490^ [vol I., 464.]
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the distribution of conductivity, permittivity, aud inducUvity through
•11 space, and determituilile by ft aaffidently exhAustive analysis. TBe
remarkable property is that the resistanoe-opentor is the same for any
aar&fiei haviiig the same bounding-edge. For a eloaed shell of im-

pressed voltage of uniform strength can produce no flax whatever.

This is instructively shown by the equation of activity,

2er-g+i/+j, (31)

indieating that the snm of the activities of the impressed forces, or the

energy added to the system per second, equals the total dissipativity Q,
plus the rate of increase of tne stored energies, electric and magnetic,

throughout the system. Now here V is circuital
;

if, therefore, the

distribution of e be polar, or e be the vector space-variation of a single-

valned scalar potential, of which a simple closed shell of improsned
force is an example, the left member of (31) vanishes, so that the dia-

sipation, if any, is derived entirely from the stored encrg}'. Start,

then, with no electric or magnetic energy in the system ; then the

positivity of Q, [/, and 2' ensures tliat there never can l)e any, under
the influence of polar impressed force. Hence two shells of impressed

force of equal uniform strength produce the same fluxes if their edges

be the same; not merely the steady fluxes possible, but ^e variable

fluxes anywhere at corresponding moments after commencing action.

The only ditVcrence made wlien one .shell i.s suKstituted for the other is

in the manner of the transfer of energy at the places of impnjssed force;

for we have to remember that the effective force producing a ilux, or

the "force of the flux," equals the sum of the impressed force and the

"force of the fiehl " ; whereas the transfer of enerey is determined by
the vector product of the two forces of the field, electric and magnetic
respectively. In (31) no count is taken of energy transferred from one

seat of impressed force to another, reversibly, all such actions being

eliminated oy the summation.

It is well to bear in mind, when considering the consequences of this

transferability of impressed force, especially in cases of electrolysis or
the Volt:i f(»rco, nut only that the three physical properties of con-

ductivity, [»erniittivity, and induct ivity, though sufficient lor tlie state-

ment of the uiiiin taci^> of elcctroraagnelism, are yet not comprehensive,

but also that they have noreference to molecules and molecular actions;

for the e(ju:itiuns of the electromagnetic field are consteucted on the

hypothesis of the ultimate homogeneity of matter, or, in another form,

only relate to elements of volume large enough to allow us to get rid of

the heterogeneity.

As the three tluxes are determined solely by the vorticity (to borrow
from liquid motion) of the vector impressed force, we cannot know the

distribution of the latter from that of the former, but have to find

where energy transformations are going on ; for the denial of the law

that eF not only measures the activity of an impressed electric force e

on the current V, but represents energy received b^' the electromagnetic

system at the very same place, lands US in great difScnltteBi

I^Again, as re^uds the electric force of induction." We cannot find
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the distribution through space of this vector from the Faraday-law
that its line-integral in a closed circuit equals the rate of decrease of

induction thitnigh the eireuit We may add to any distribution

satisfying this law any ix)lar distribution without altering matters^

except that a different potential function arises. In this case w o do
not even alter the transfer of energ}'. The electric force of the licld is

always definite ; but when we divide it into two distinct distributions,

and call one of them the electric force of induction, and the other the
force derived from electric potential, it is then quite an indeterminate

problem how to effect the division, unless we choose to make the quite

arbitrary assumption that the electric force of induction has nothing of

the polar character about it (or has no divergence anywhere), when of

course it is the other part that possesses the whole of the divergence.

This fiiet renders a targid part of some mathematical work on the
electromagnetic field that I have seen redundant^ as we may write
doAvn the final results at the beginning. In the course of .some in-

vestigations concerning iioinial electromagnetic distributions in space

I have been forcibly struck with the utter inutility of dividing the

electric field into two fields, and by the nmplicity that arises by not
doing so, but confining oneself to the actual forces and fluxes, which
describe the real state of the medium and have the least amount of
artificiality about them. Similar remarks apply to Maxwell's vector-

potential A. Has it divergence or not? It docs not matter in the

least, on account of the auxiliary ^olar force. \\ hen the electiic force

itself is made the subject of investigiition, the question of diveigence of

the vector-potential does not present itself at all.

The lines of vorticity, or vortex-lines of the vector impressed force,

are of the utmost importance, l)ccausc they are the originating places

of all distuibances. This is totally at variance with j>reconceived

notions founded upon the fluid analogy, which is, though so useful in

the investigation of steady states, utterly misleading when variable

states are in question, owing to the momentum and energy belonging
to the magnetic field, not to the electric rnrrent. Every solution

involving impressed forces consists of waves emanating from the vortex-

lines of impressed force (electric or magnetic as the case may be, but
only the electric are here considered), together with the various

reflected waves produced by change of media and other causes. At
the first moment of starting an impressed force the only disturbance

is at the vortex-lines, which are the first lines of magnetic induction.

EsBompUs of tht Forced VibratioM of Mledromoffneiic SjfsUau,

(o). Thus a uniform field of impressed force suddenly started overall

space can produce no effect. For, either there are no vortex lines at

all, or they are at an infinite distance, so that an infinite time must
elapse to [)roduce any effect at a finite distance from the origin.

{b). Copper and sine put in contact Whether the Volta-force be at

the contact or over the air surfaces away from and terminating at the

contact (if perfectly metallic), the vortex-line is the common meeting-
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place of air, zinc, and copper ; the first line of magnetic force is there,

and from it tiw dutitrbanoe pcoeeedi into the metals and oat into the
air, which ends in the steady electric field.*

Since the vortex-lines or tubes are closed, we need only consider one
at present—say, that due to a simple shell of impressed force. If it be
wholly within a conductor, the initial wave emanating from it is so

rapidly attenuated by the conductivity (the process oeing akin to

repeated internal reflezicnu, say reflexion of 9 parts and tvansmisaion

of 1 part, repeated at short intervals) that the tnosmiflSMm to a distance

throuL'h the conductor (if good) becomes a very slow process, that of

ditlusion. Conseciuently, when the impressed force is rapidly alternated,

there is no sensible disturbance except at and near the voriex-line.

But if there he a dielectric outsiae the conductor, the moment diB>

tnrhanoee reach it, and therefore instantly if the vortex-line be on the
boundary, waves travel through the dielectric at the si>eed of light

unirape<led, and without the attenuating process within the conductor,

which therefore Itecdnies exposed to electric force all over its boundary
in a very bhurt time ; hence diilubiun inward from the boundary. The
eleetric telegraph would be impossible without the dieleetric It would
take ages if the win itself had to be the seat of transfer energy.

(c) . In the magnetic theory of the rise of current in a wire we have,

at first sight, an exception to the law that at the first moment there

is no disturbance except at the vortex-lines of iniprcpsed force. IJut it

is that theory which is incorrect, in assuming that there is no displace-

ment. This is equivalent to making the speed of propagation throueh
tiie dieleetric infinitely great; so t&t we have results mathematicaUy
equivalent to distributing the impressed fon (> throughout the whole
circuit, and therefore its vortex-lines over the whole boundary. f In

reality, with finite speed, the disturbances come from the real vortex-

lines in time.

There is still a limitation of the disturbances to the neighbourhood

ol the vort<?x-lino8 when they are on the boundary of the conductor,

and the pericKlic frerjucney is sufficiently great, the impressed force being

within the conductor. [The attenuation by resistance is referred to.]

But in a nonconducting dielectric this efiect does not occur, at least

in any case I have examined. On the contraiy, as the frequency is

raised, there is a tendency to constancy of amplitude of the waves sent

out from the edge of a simple sheet of impressed force, or from a sheU
of vortex lines of the same, in a dieleetrie. Very remarkable results

follow from the coexistence of the primary and reflected waves. Thus :

(d) . If a spherical portion of an infinitely extended dielectric have a

unitbrm field of alternating impressed force within it^ and the radius a,

the wave-fiwquency n/fhr, and the speed e be so related that

tan^ii^-2f^.
9 V

*"Some Remarks on the Volta Force," Journal S, T. £, d> JS,, 1885 [vol. i.,

425].

The Beeiridau, Jnno 26, 1888, p. ISO [voL n., 60^
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there is no Hiaturbance outside the sphere. There are numerous
dmiiar cases ; but this is a striking one, because, from the distribution

of the impressed force, it looks as if there must be external displacement
produced by it There is not^ because the above relation makes ^e
primary wave outward from the surface of the sphere, which is a shell

of vorticity, be exactly neutralised hy the reflexion, from the centre^

of the primary wave inward from tlie surface.

(e). If, instead of alternating, the uniform held of impressed force in

(d) be steady, the final steadj^ electric field due to it takes the time
(r + a)/v to be established at distance r from the centre. The moment
the primary wave inward roaches the centre, the steady state is set up
there ; and as the reflected wave travels out, its front marks the
l>oundary between the steady field (final) and a spherical shell of

depth 2a, within which is the uncancelled first portion of the primary
wave outward from the snrfiice; which carries out to an infinite

distance an amount of energy equal to that of the final steady eleetric

field. This is the lo.ss by radiation. (The magnetic energy in this

shell equals half the final electric energy on the whole journey ; the
electric energy in the shell is greater, but ultimately becomes the

same.) In practical cases this energy would be mostly, perhaps wholly
dissipated in conductors.

(/). If a uniformly distributed impressed force act altematingly
longitudinally within an infinitely long circular cylindrical portion of a
dielectric, the axis is the place of reflexion of the primary wave inward,
and the reflected wave cancels the outward primary wave when

J,{naM = 0;

so that there is no external disturbance, except at first. Here a = radius

of cylinder.

(g). There is a similar result when the TtMrticity of impressed force

takes the place of impressed force in (/).
(h) . If the alternating impressed force act uniformly and Ioiilh-

tudinally in a thin couducting-tube of radius a, with air within and
without, then

/o(~W-0
destroys the external field and makes the conduction-current depend
upon the impressed force only. And if we put a barrier at distance z
to serve as a perfect reflector, that is, a tube of infinite conductivity,

J,{nxjv) = 0

makes the electric force of the field in the inner tube be the exact

negative of the im])ressed force ; so that there is no conduction current.

The electromagnetic field is in sUitionary vibration. If the inner tube

be situated at one of the nodal surfaces of electric force, the vibrations
• mount up infinitely.

(i) . If, in case {//), the impressed force act circularly about the axis

of the inner tube (which may be replaced by a solenoid of small depth),

/,(7ia/i?) = 0

destroys the external field, and
/i(«ar/v) = 0
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makes the electric force of the liel'l the negative of the impresaed lore6^

aud so destroys the conduction cun cut.

(/). We can also destroy the longitudinal foree of the field in a con-

ductor without destroying the external field. Let it be a wire of
steady resistance in a cUelectric, and the impressed force in it be

«se^coSfiijBcos nt

per unit length. Then ?« = «//' makes e ha the force of the flux-, in the

wire ; so that the current is Ke, if K be the conductance of unit lcii«;th.

Those examples are mostly selected from a paper I am now writing

on the subject of electromagnetic waves, which 1 hope to bo permitted

to publish in this JoumaL
If the electoic and magnetic energies, and the dissipjition of energy,

in a given system bo l)oum]ed in their distribution, it is clear that the

resistance oper.ilor is a rational function of p. But shotdd the field be
boundless, as when conductors are contained in an infinitely extended
dielectric, then just as complete solutions in infinite series of normal
solutions may become definite integrals by the infinite extension, so
may the resistancc-openitor become irrational. We may also have to

modify the mwming of the sinusoidal from representing mam
resistiince only, on account of the never-ceasing outwani transfer of

energy so long as the impressed force continues.

Irtdttetion-Balanees—Oenend, Smtuoidal, and Impuldoe,

9. Betnming to a finite combination reinesented hv F^ZC, there

are at least throe lands of induction-balances possible. First, true
balances of similar systems, where we balance one combination .against

another which either copies it identiciiliy or upon a reduced scale,

without any reference to the manner of variation of the impressed

force. Along with these we may naturally include all cases in which
the J? of a combination, in virtue of peculiar internal relations, reduces

to a simpler form representing another combination, equivalent so far

as V and (' are concerned. The telephone may bo employed with

great advantage, and is, in fact, the only proper thing to use, especially

for the observation of phenomena.

There are, next, the sinusoidal-cnrrent balanoes. These are also

true, in being independent of the time, so that the telephone may bo
used ; but are of course of a very special character otherwise. Here
any combination is made ecpiivalent to a mere coil if U be positive, or

to a condenser if S' be ix)sitivo (§j 3 and 4), and so may be balanced l)v

one or the other. But intermittences of current cannot be safely ukcn
to represent sinusoidality, and Urgd errors may result from an assumed
equivalence.

In the third kind of balances it is the impulsive inductmce that is

balancecl against some other impidsive inductance, positive or negative

as the case may be; or jjcriiaps the impulsive inductance of a com-
bination is made to vanish, by equating the elee<aic and magnetic
energies in it when its state is steady. The rule that the impulsive

balance in a Christie arrangement without mutual induction between
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the four sides is »^iveri by equating to zero the roefficient of ;/ in

the exi>ansion of ^i^a - ^2^3 i'^ |K>\vers of p, wliero Z,, etc. are the

resistance operators of the four sides,* is in agreement with the rule

deriT6d from (24) or ^25) above, to make the impnlsiTe inductance of
one combination Tameh. Impulsive, ot "kick" balances, naturally

require a galvanometer. Even then, however, the method h sometimes
unsiitisfactory, when the opposin<< influences whicli make up the

impulse are not sufficiently simultaneous, as has been pointed out by
Lord RayleiKh.f

There ie also the striking method of cumulation of impulses employed
by Ayiton and Perry, t employing false resistance-balances. It seems
complex, and of rather ditftcnlt theory; but, just as a watch is a
complex piece of mechanism, and is yet thoroughly pnictical, so

perhaps the secqhmmeter may have a brilliant airccr before it.

Several interesting papers relating to the comparison of inductances

and permittances have appeared lately. It is usually impulsive balances

that are in tpicstion* probably because it is not the observation of
phenomena that is required, but a direct, even if ron<;b, measurement
of the inductance or permittance concerned, often under circunjstances

that do not well admit of the use of the telephone. Only one of these

•papers, however, contains anything really novel, scientifically, \ iz., that

of Mr. W. H. Preece, F.R.S.,§who concludes, fixnn his latest researches,

that the "coefficient of self-induction" of ct)pper telegraph-circuits is

nearly zero, the results he gives being several hundred times smaller

than tlio formula tlerived from electromagnetic principles asserts it to

be. Here is work for the physicist.

10. To equate the expressions for the electric and magnetic energies

of a combination is, I find, in simple cases, the easiest and most direct

way of furnishing the condition that the impulsive inductance shall

vanish. Tluis, if there be l>ut one condenser and one coil, »S'F'' = ZC- is

the condition, S and L being the permittance and the inductance

respectively, F the voltage of the condenser, and C the current in the

ooiL The reUition between F and C will be, of course, dependent upon
the resistances concerned. || But in complex cases, and to obtain the

value of the impulsive inductance when it is not sero, equation (24) is

most useful

The RaUkmee Operator of a TeUgra^ CirouU.

The following illustration of the properties of Z and is a complex
one, but I choose it because of its comprehensive character, and because

it leads to some singular extreme cases, interesting both mathematically

« " On th« Self-Indootioa of WImb," Part VL, PhiL Mag., Feb. 1887 [vol n.,

p. 2mi
+ Elfctrical i\fens>irfment», p.

X Joum, Soc. Tel. Engineers ajid EUctriciam^ 1867.

§B.A. Meeting, 1887: "On the Coefflelent of Self-Indadioii of Iron and
Copper Wiree."

I If the condenser shunts the coil, makinij V=RC, wo get the eMO bvonght
before the iS.T.E. St, E. by Mr. Sumpner, witli ilovcIupmciiU.
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and in the physical interpretation of the apparent anomalies. Let the
comlnnation be a telegraph-cireiiit^ eay a pair of paiaUel copper wirei»

of length I ; resistance li, permittance S, inductance L, ana leakage-

conductance A', per unit length, and here to be considered strictlv

constants, or independent of p. Let the two wires be joined through

an arrangement whose resistance-operator is at the distant end B

;

tiiea the resietance-operator at the beginning A of the eireiiit is given

by*

Z {I^^ + Lp)l{{tan ml)/ml] -hZ^ .^^x

if -iii«-(iJ+iii)(Jr+i%»). (38)

Take Zi^Ofm the present^ or short^nreuit at E This makes

(R + Lp)l{tm ml)lml, (34)

and the steady resistance at A is therefore

Zq = III (tiin 111^1)1111^, (35)

if ~;rt^ = RK, Also, differentiatiAg (34) to p, and then making j»» 0,

we find

^-A-4/'^'(i-:^) + J<ieo%.^i+^) (36>

represents the impulsive inductance.

If we put i9»0 in (36) we make the arranffement magnetic, and then

Lq is positive. If we put 0, we make it electrostatic^ and is nega-

tivC) w the impulsive permittance, is positive. It is to be noticed twX
there is no confusion when hoih energies are present ; that is, there

are no terms in containing products of reiil perniittances and induct-

ances, which is clearly a general property of resistance-operators,

Otherwise the two energies would not be independent
We may make vanish by special relations. I!1ui8» if there be no

leakage, or i:-*0, (36) is

L^^U-iRl.RSl^i (37)

80 that the magnetic must be one third of the electrostatic time-

constant to make the "extni-current " and the static charge balance.

(The length of the circuit ret^uircd for this result may bo roughly stated

as about 60 kilometres if it be a single copper wire of 6 ohms per
kilometre, 4 metres high, with retom through the ground; but it

varies considerably, of course.)

Hut if leakage be now added, it ^vill increase the relative importance

of the magnetic energy, so that the length of the circuit rcijuires to be

increased to produce a bahiuce. This goes on until K reaches the

value RSIL, when, as an examination of (36) will show, the length of
the circuit needs to be infinitely great. The same formula also shows
that if K be still greater, cannot be made to Tanish at all, being then
always positive.

*«<0b the Self Indacti n of Win s, Ftet lY., PhOL Mag,, Nov., 1886
[voL n., p. 232 ; alto p. 247 aud 10a.J
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11. Now let the circuit be iniinitely loug. Equation (3d) reduces to

tlM inational ibm
Z-±(i?+Z,j5)*(A:+6»-*, (38)

with anibi^ty of sign. Of course the positive sign must be taken.

The negative wppom to refer to disturbances coming from an infinite

distance, which are out of the question in our problem, as there can he
no reflexion from an infinite distance. But equation (38) may be
obtained directly in a way which is very instructive as regards tho

structure of resistjince-openitors. Since the circuit is infinitely long, Z
cannot be altered by cutting-olF from the beginning, or joining on, any
length. Now first add a coil of resistance and inductance X, in

sequence, and a condenser of conductance K, and permittance S^j in

bridge, at A, the beginning of the circuit Ine efiect is to increase JS

to Z where
Z._={k\+S,p + {I:, + Lip + Z)-')-'^; (39)

i.e.f the reciprocal of the new Z.^, or the new conductance-operator,

equals the sum of the conductance operators of the two branches in

parallel, one the conducting condenser, the other the coil and circuit in

sequence. (39) gives the quadratic

Z^ + {H, -f L,p)^, = (7^1 + L,p){K\ + (40)

Now choose Ji^.L^, K^, S^, in exact proportion to Ji,L,K^ and S, and then

make the former set infinitely small. The result is that we have added
to the original circuit a small piece of the same type, so that and Z
are identical, and that the coefficient of the first power ot Z^m (40)
vanishes. Therefore (40) becomes

Z^{It-k'Lp)HK-^SpyK (41)

This fully serves to find the sinusoidal solution. Differentiating it, we
find

^-*(-fe*0-I>
••••

corroborating the previous result as to the vanishing of when the

circuit is infinitely long by equality of JtS and KL, wad the positavity

of wheni:Z.>^iS\

The DuiortionUu TeUgraj^ CireuiL

1 2. Now, in the singuhu* case of B/L- K/S, we have, by (41) and (42),

X^-0. (48)

if «-(X5)**, the speed of transmission of disturbances along the circuit.

The resistance-operator has reduced to an absolute constant, and the

current and transverse voltage are in the s;ime phase, altogether

independent of the frequency of wave-period, or indeed of the manner
of variation. The quantity Lv, or L x 30 ohms, approximately, if the

dielectric be air, is strictly, and without any resoratioii, the impedance

of the circuit at A, but it is only exceptionally the resistance,

H.a.p.—VOL. It. 2a
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Make V=^f{()^ at A, an arbitrary function of the time ; then, if

and are the transverse voltage and the current at distance % from A
at time t, we shall have

K^At-xivy^^% c.^FjLv, (u)

or all disturbances originating at A are transmitted undistorted along

the circuit at the speed v, attenuating at a rate indicated by the

exponential function. (I have elsewhere* fully developed the properties

of this distortionless circuit, and only mention such as are necessary to

understand the peculiarities connected with the present subject-matter.)

The electric and magnetic energies arc always equal, not only an the
whole, but in any part of the circuit ; this accounts for the disappear-

ance of Z/Q, and the bringing of l\ and to the same phase, as we
should expect from § 4. But in the present case Zq, or Lv, or A'', for

they are all equal, is only the resistance when the steady state due to

the steady k at A is arrived at (asymptotically), or the effective

resistance at a given frequency when F is sniuaoidal, and sufficient time
has elapsed to have allowed and to become sinusoidal to such a

distance from A that we can neijlect the remainder of the circuit into

which greatly attenuated disturbances are still being transmitted.

13. Now, since the impedance is unaltered by joining on at A any
length of circuit of the same type, and is a constant^ it follows that the

impedance at A of a distortionless circuit as above described, but of

Jinile length, stopping at B, where r = with a rrsi^fdnce of amount Lv
inserted at H, is also a constant, viz. the same Lr. To corroborate, take

IiS = KL and Z^ = Lc in the full formula ^32). The result is Z = Lv.

The interpretation in this case is that all disturbances sent from A are

absorbed completely by the renstance at B immediately on arrix nl,

so that the finite circuit l)chaves as if it were infinitely long. The
permanent state due to a steady V at A is arrived at in the time i/r.

The impedance and the resistitnco then become identical,

14. If, in the case of § 12, we further speciahzc by taking R^'O,
K^O, pvodueing a perfectly insulated circuit of no resistance, the
impedance is, as before, Lv ; but no part of it is resistance, or ever can
be, in spite of the idcntit}'' of phase of F ,ind ('. However Iottj; we
may keep on a steady F a.t A, we keep the impressed force working at

the same rate, the energy being entirely employed in increasing the

electric and magnetic energies at the front of the wave, which is

nnattenuated, and cannot return.

But if wo cut the circuit at B, at a finite distance /, and there insert

a resistance Lv, the effect is that, as soon as the front of the wave
reaches B, the inserted resistance immediately becomes the resistance

of the whole combination ; or the impedance instantly becomes the

resistance, without change of value.

15. As a last example of singularity, substitute a short*cirouitfor the
terminal resistance Lv just mentioned. Since there is now no resistance

in any part of the system, if we make the state sinusoidal everywhere,

* " Electromagnetic Induction and iti Proiisgstioii," Sections Xl» to L., Eteeiri*

cian, 1887 [vol ii., pp. 119 to 165J.
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by sinusoidal at A, R' must vanish, or ^^and C be in perpendicular
phases, due to the infinite seriea of to-and-£ro reflexions. We now
have, by (32),

if 7i/2?r = frequency, and R' has disappeared.

If, on the other hand, be steady at A, the current increases without
limit, every reflexion increasing it by the amount VjLv at A or at B
(according to which end the reflexion tiikos j)lace at), which increase

then extends itscii' to B or A at speed v. The magnetic energy mounts
op infinitely. On the other hano^ the electric energv does not^ floetu*

ating perpetually between 0 when the circuit is uncharged, and ^^V^
when fully charged. The impedance of the circuit to the impressed
force at A is Lv for the time 211 v after starting it ; then ^Lv for a
second period 'lljv ; then \Lv for a third period, and so on.

It will have been observed that I have, in the last four paragraphs,

used the term impedance in a wider Bonse than in § 3, where it is the
nljo of the amplitude of the impressed force to the amplitude of the flux

produced at the place of impressed force when suflBcient time has elapsed

to allow the sinusoidal state to be reached, when that is possible. The
1'ustification for the extension of meaning is that, since in the distortion-

ess circuit ofinfinite length, or offinite length with a terminal resistance

to take the place of the infinite extension, we have nothing to do with
the periodic frequency, or with waiting to allow a special state to bo
established, it is quite superfluous to adhere to the definition of the

last sentence ; and we may enlarge it by saying that the impedance of
a combination is simply the ratio of the force to the flux, when it

happens to be a constant^ which is very exceptional indeed. I may
add that R,L, and 8 need not be constants, as iti the above, to pro-

duce the propagation of waves without tailing. All that is required is

RIL = KjS, and Lv = constant ; so that R and L may be functions of x.

The speed of the current, and the rate of attenuation, now vary from
one part of the circuit to another.

The Ut» of (he BensUmee-OpenUor in Nomal Sol/uHcm.

16. In conclusion, consider the application of the resistance-operator

to normal solutions. If we leave a combination to itself without
impressed force, it will subside to equilibrium (when there is resistance)

in a maimer determined by the normal distributions of electric and
magnetic force, or of charges of condensers and currents in coils : a

normal syst^jm bein^, in the most extended sense, a systeni that, in

subsiding, remains similar to itself, the subsidence being represented

by the time-factor e'^, where p is a root of the equation Z^O. It is

true that each ])art of the combination will usually have a distinct

resistance-operator ; but the resistance-operators of all {)arts involve,

and are contained in, the same characteristic function, which is merely
the Z of any part cleared of fractions. It is sometimes useful to

remember that we should dear of fractions, for the omission to do so
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may lead to the neglect of a whole series of roots ; but such cases

are exceptional and may be foreseen; whilst the employmeut uf a
reditanee^pentor rather than the eharaeteristic fanetion ie of far

flpreater general utility, both for ease of manifmlatlon and for phyncal
interpretation.

Given a combination containing energy and left to itself, it is upon the

distribution of the energy that the manner of subsidence depends, or
upon the distribution of the electric and magnetic forces in those parte

of the system where the permittivity and the inductivity are finite, or
are reckoned finite for the purpose of calculation. Thus conductors,

if they be not also dielectrics, have only to be considered as regards the

magnetic force, whilst in a dielectric we must consitier both the electric

and the magnetic force. (The failure of Maxwell's general equations of
propagation arises from the imnossibility of expressing the electric

energy in terms of his potential ranetion. The variables should always
be capable of expressing the energy.) Now the internal connexions of
a system determme what ratios the variables chosen should bear to one

another in passing from ])lace to ])lace in order that the resultant system

should be normal ; and a constant multiplier will hx the size of the

normal system. Thus, supposing « and to are the normal fonctioiis ol
yoltage and enrrent, which are m most problems the most practical

Tariables, the state of the whole system at time < will be represented by

F-S^ttf", (46)

V being the real voltage at a place where the corresponding normal
Yoltage is % and C the real current where the normal current is w, the
summation extending overall the^-roots of the characteristic equation.

The size of the systems, settled by the ^'s (one for carh p) are to be
found by the conjugate property of the vanishing of the mutual cuergy-

ditference of any pair of jy-systemSi applied to Uie initial distributions

of rand C.

17. To find the effect of impressed force is a ficequently reenrrinjgp

problem in practical applications ; and here the resistance-operator is

specially useful, giving a genend solution of great simplicity. Thus,

suppose we insert a steady im})ressed force e at a place where the

resistance-operator is Z,j)r(xiucing e=^ZC thereafter. Find C in terms

of s and Z* The following demonstration appears quite comprehenrive.

Convert the problem into a case of subsidence first, by substituting a
condenser of permittance S, and initial charge St, for the impressed

force. By making 6' infinite later we arrive at the effect of the steady e.

In getting the stibsidence solution we have only to deal with the energy

of the condenser, so that a knowledge of the internal connexions of the

system is quite superfluous.

The resistonce-operator of the condenser being {Spy\ that of the

combination, when we use tiie condenser, is Z^, where

Let Taod C be the voltage and the current respectively, at time i after

insertion of the condenser, and due entarely to ite initial charge.
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Equations (46) above express them, if u and w have the special ratio

proper at the condenser, given hy

w^-Spu, (48)

because tbe current equals the rate of decrease of its charge. Initially,

we have s>i2^ii and ^^t0«-O. Bo, maldiig use of uie conjugate
properly,* ve have

Sm^^V,''T,)A (49)

if Uj, be the eloctrie and the magnetic energy in the normal system.
But the following property of the reaistanceK)perator is also tme^*

2{T,-U,) = '^^u^; (60)

that is, dZJdp is the impulsive inductance in the p system at a place

where the resistance-operator is p being a root of Z^^O; just as

dZJdp with ;>^n is the impulsive inductance (complete) at the same
plaice. Using (50) in (49) gives

^- -{&«)+ (f^) (61)

Now use (48) ill (51) and insert the resulting A in the second of (46),

and there results

'-'-S;^'"'

where the accent means differentiation to j). This is the complete

subsidence solution. Now increase 8 infimtely, keeping e constant

Zi ultimately becomes Z
;
but, in doing so, one root of becomes

zero. We have, by (47), and remembwing that Z^— 0,

p^- "{Sjpy^-^-pZ'^Z+pZ'; (63)

so, when 8—<o and Z^O^wb have pZ{^pZ^ for all roots except the

one just mentioned, in which case p tends to zero and Z' is finite,

makinj: in the limit pZ{ = Z,,, hy (53), where Z^i» the^«*0 value oi Z,

or the steady resistance. Therefore, finally,

where the summation extends over the roots of Z = 0, shows the

manner of establishment of the current by the impressed force e. The
use of this etjuation (54), even in comparatively elementary problcniH,

leads to a considerable saving of labour, whilst in cases involving partial

^erential equations it is invaluable,t To extend it to show the rise

of the current at any other part of the system than where the impressed

* "On the SelMndnetloii of Wira,*' Pk%L Mag., Oct. ISM [vol. ii., pp. 202
to 206].

fin Part III. of "On the Self-Indnction of Wires," T tiiii)loyc»l the Condenfier

Mttthod, with application to a special kind of combination
;
but, as we have seen

from the above proof, (54) is tmo for any eleetroctatic and alootromagnotle oom-
bination provided it be finite.
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force it 18 neeessaiy to know the ^nnectioiiB, so that we may know
the ratio of the current in a nonnal system at the now phice to that at
the old

;
inserting this ratio in tho summation, and modifying the

external Z,, to suit the new place, furnishes the complete solution tliere.

Or, use the more general resistance-operator Z^^ such that e^-=ZggCgt

connecting the impressed fwee at any place x with the corrent at
another place y.

18. When the initial current is zero, as lia})pen8 when there is self-

induction without permittance at the place of and in other cases, (54)
gives

showing that the normal f^ystcms may be imagined to be amnged In
parallol, the resistance of any one being ( ~ pZ').

To express the impulsive inductance Z'o in tenns of the normal Zs,

multiply (54) by $ and take the complete time-integral. We obtain

\io-'^y.i(u-T).-^^ <»«>

remembering (29). Or, using (26X

(67)

In electrostatic problems the mots of Z^O aie real and negative, as

is also the case in magnetic problcuiii. iiicro are never any oscillatory

results in either case, and the vanishing of is then accompanied by
vanishing of the corresponding normalmnctions, to prevent the oscilla-

tions which soom on the verge of occurring by the rp[>ftitioTi of a root

which Z'=^0 implies.* When both energies are present, the real pirts

of the imaginary roots are always compelled to be negative by the

positivity of T, and of Q the dissipativity.

When Z is inational, it is probable that the oomplete solution

corresponding to (54) might be immediately derived from Z. In the
case of (41),t however, the appb'cation is not obvious, although there is

no difficulty in passing from the (54) solution to the corrcsjtomiiiig

definite integrals which arise when the length of the circuit is infinitely

increased.

* [See p. 529, vol. i. Also Thomson and Toit, Part i. , § 343c and after, relating

to Routh^s Theorem, given in his Adam's Prise Essay, " Stability of Motion."]

t [Done in "£1. Mag. Waves," 18SS. Arts. XLUI. and zuv. later.]
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XLUL ON ELECTROMAGNETIC WAVES, ESPECIALLY IN
RELATION TO THE VORTICITY OF THE nH'RESSED
FORCES ; AND THE FORCED VIBRATlOiSS OF ELECTRO-
MAGNETIC SYSTEMS.

[Phil. Ma>j., 1888; Parti., Febniarv, p. 130; Fart IT., March, p. 2f)2; Part III.,

May, p. 379 ; Part IV., October, p. 360; Part V., November, p. 434; Part VL,
DMenber, 1888, p. 488.]

Part I.

tSummary of Electromagnetic CmiTiections,

1 . To avoid indistinctneiB, I stirt with a short j^umraary of Maxwell's

scheme, so far as its essentials are concerned, in the form given by me
in January, 1885.*

Two forces, electric and magnetic^ E and H, connected linearly with
the three flaxes, electric diBplacement D, oonduction-cuirent 0, and
magnetic induction B ; thus

B-/IH, O^VE, ])-(c/4ir)l. (1)

Two currents, electric and magnetic, T and G, each of which ia

proportional to the curl or yorticity of the other force, not counting
impressed ; thus,

curl (H - h) = 47rr, (2)

cari(e-18) =4TrG; (3)

where e and h are the impressed part8 of £ and H. These cutTents

are also directly connected with the corresponding forces through

r = C + D, G-B/4jr (4)

An auxiliary equation to exclude unipolar magnets, viz.

diyB«0, (6)

expressing that B has no divergence. The most important feature of

this scheme is the equation (3), as a fundamental equation, the natural
companion to (2).

The derived cner^-relations are not necessary, but are infinitely too

nuful to be ignorML The electric energy the magnetic energy T,

and the disnpatiyity Q, aU per unit volume, are given by

«r«JBD, r^.lHBMr, Q~mO. (6)

The transfer of energy W per unit area is expressed by a v ecLor product,

W = V(E-e)(H-h)/47r, (7)

and the equation of activity per unit volume is

er+hO-C+^+r+divW, (8)

from which W diswpeare by integration over all space.

The equations of propagatimi are obtained by eliminating either E or

* Sae the opening aeotions of '* Elsctrotnagnetio Induetioil aad its Propagation,"
KUeirkiam, Jan. 3, I88S, and after [Art. xxx., vol. i., p. 4S9^
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H between (2) and (3), and of ooune take different fonns acooiding to
the goonu'triral coordinates selected.

In a recent paper I gave some examples* illustrating the extreme
importance of the lines of vorticity of the impressed forces, as the

sources of electromagnetic disturbances. Those examples were mostly
selected from the extended developments which follow. Although,
being special investigations, involving special coordinates, vector
methofls will not be used, it will still bo convenient occasionally to use

the black letters when referring to the actual forces or fluxes, and to

refer to the above eauations. The German or Gothic letters employed
hj Maxw^ I coula never tolerate, from inability to distinguish one
m>m another in certain cases without looldi^ very hard. As regards
the notation EC for the scalar product of E and C (instead of the

quaternionic - SEC) it is the ob\^ous practical extension of EC, the

product of the tensors, what EC reduces to when E and C are parallel t

Plane Sheets of Impressed Force in a Nonconducting Dielectric.

2. We need only refer to impressed electric force e, as solutions relat-

ing to ll are quite similar. Let an infinitely extended nonconducting
dielectric be divided into two regions by an infinitely extended plane
{x, y), on one side of which, say the left, or that of-z, is a field of e of
uniform intensity e, but varying with the time. If it bo perpendicular
to the boundary, it produces no flux. Only the tangential component
can be operative. Hence we may suppose that e is parallel to the
plane, and choose it parallel to z. Then 1^ the force of the flnx, is

parallel to x, of intensity E a&y, and the magnetic force, of intensity

//, is parallel to y. Let e'^/{t); the complete solutions due to tho
impressed force are then

E= t.vH=-if(t-z/v) (9)

on the right side of the plane, where ^ is + , and

-E = lirH= -^/(t + z/v) (10)

on the left side of the plane, where z is ~ . In the latter case we must
deduct the impressed force from E to obtain the force of the iield| say

Ff which is therefore

-m-^m-^'hy (11)

* PhU. Moff. Dee. 1887i "On Resistuiee md Gondaotaaoe OperMon," § 8, p.

487 [Art. XLir., vol. ii., p.

+ In the early part of my paper " On the Electromagnetic Wave Surface," Phil.

Mat/., June, 1885 [Art. xxxi., vol. it., p. 1] I have given a short intruduction to
the Algebra of vwtors (not quaternions) in a practicsd manner, i.e., without
metaphysics. The result is a thoroughly practical working system. The matter
is not an insignificant one, because the extensive use of vectors in mathematical
physics is bound to come (the sooner the better), and my method fumishee a way
of bringing them in withont any study of Quaternions (which are scarcely wanted
in filectromagnctism, though they may be added on), and allows us to work
without change of notation, especially when the vectors arc in special type, u
they should be, being entities of widely different nature from acalanL I denote a
eetor by (say) B, its tensor by h\ and its y, z components, when wanted, by
Bi, E^, Ey The perpetually occurring Rcalar product of two vectors reqnires no
prefix. The prefix \ of a veotor product •hoold be a special symboL
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The results are most easily followed thus :—At the plane itself, where
the vortex-luiw of • are situated, we, by varying produce aimultaiieons

changes in ff, thus»

-if-^2fiff, (12)

at the plane. This disturbance is then propagated both ways undis-

torted at the speed v = (/'W)

On the other hand, the corresponding electric displacements are

oppositely directed on the two sides of the plane.

Since the line-integral of ^ is electric currenti and the ]ln64ntegral

of c is electromotive force, the ratio of ^ to iST is the resistanoe^iperator

ofan infinitely long tube of unit area; a constant, measurable in ohnu^
being 60 ohms in vacuum, or 30 ohms on each side. Why it is a con-

stant is simply because tht^ waves cannot return, as there is no reflecting

barrier in the iiiiiuiic dioluctric.

3. If the impressed force he confined to the r^on between two
parallel planes distant 2a from one another, there are now two sources

of distiu hances, which arc of opposite natures, because the vorticity of

e is oppositely directed on the two planes, so that the left plane sends

out both ways disturbances which are the negatives of those simultane-

ously emitted by the right plane. Thus, if Ske origin of s be midway
between the planes, we shaU have

£=,.»a=-i/(<-i^) + i/(<-i±f) (13)

on the light tide of the (tntnm of <^ and

-if-,*J?.-i/(i + L-«j + i/^j+i±-«^ (U)

on the left std«. If therefore e wury periodically in such a way that

/(/)=/(/ + 2a/r), (15)

there is no disturbance outside the stratum, after the initial waves have
gone off, the disturbance being then confined to the stratum of impressed
mroe.

Decreasing the thickness of the stratum indefinitely leads to the
result that the etfect due to e =/(/) in a layer of thickness dz At z=^0 IB,

on the right side,

since fi£tf^ = 1 ; on the left side the -f sign is required.

We can now, by integration, express tlic etlecLdue to e=f{z, I), viz.,

In these, however, a certain assumption is involved, \'iz. that f vanishes

at 00 both ways, because we base the formuls upon (Iti), which concerns

if-
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a layer of € on both ddes of which e is Eoro. Now the distiulNuieee

really depend upon dejdz^ for there can be none if this be lera By
(12) the elementaiy dejdx through distance d» instantly produces

H^^iUz (19)

at the placf . If, thcroforc, / ^/(:', i), the ZT-solution at any point con-

sists of the positive waves coining IVotii planes of de'idz on the left, pro-

ducing say, ifp and of due to the negative waves from the planes

of deldz on the right side, making the complete solution

H=H^ +H^ E=^iw{ff^-Hi', (20)

where

^-iLX'-^^^" <">

This is the most rational form of solution, and indudes the case of
e=/(i) only. The former may be derived from it by effecting the
integrations in (21) and (22) ;

rcmembcrinf]^ in doing so that the

differential coefficient under the sign of integration is not the complete
one with respect to as it occurs twice, but only to the second and
further assuming that s» 0 at infinity.

JTontt tn a Conducting Dieledric. How to remove the DisMim
due to the ConducUvUif,

4. Let us introduce a new physical property into the conducting
medium, namely that it cannot support, magnetic force without dissipa-

tion of energy at a rate proportional to the square of the force, a
property which is the magnetic analogue of electric conductivity. We
make the equations (2) and (3) become, if p = d/di,

<;urlH = (4;r^ + r;))B, (23)

- curl E = (47r^ + fip)E ; (24)

if there be no impressed force at the spot, where g is the new eoeffident

of magnetic conductivity, analogous to k.

Let

i7rgl2ti = q^ ?i-?2 = «. E^t'^Ry)

Substitution in (23), (24) leads to

curl Hj = c{s + p)B^, (26)

- curl - /*( - 5 +p)Hi (27)

If s = 0, these arc the equations of electric and magnetic force in a non-
conducting dielectric. If therefore the new o be of such magnitude as

to make 5 = 0, we cause disturbances to be pro|>agated in the conducting

dielectric in identically the same manner as if it wore nonconducting.
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but with a nnifbrm attODUfttion at a rate indicated by the tame-

Undittotied Plane frames in a Conducting Uidectric,

5. Taking i perpendicular to the plane of the waves, we now have,

aa special fonns of (23), (24),

-dHldz^(i^k^ep)E, (28)

''dSldz^(4^'^iip)S, .(29)

B being the tensor of B, parallel to x, and H the tensor of H, parallel

to y, and both being functions of z and t.

Given E ana M^H^ at time 0, functions of z only, decompose
them thus,

2f, = E, + f^vH,, (30)

2J-,-E,-^vM^ (31)

Here makes the positive and /, the negative wave, and at time t the

solutions are, due to the initial state, when s= 0,

E- - vt) +/^{z+ vt)} (32)

|ii»JI«f--{/,(*-irf) -/,(«+«0} (33)

The only difference from plane wayes in a nonconducting dielectric is

in the uniform attenuation that goes on, due to the dissipation of

energy, which is so balanced on the electric and magnetic sides as to

annihilate the distortion the waves would undergo were s finite, whether
positive or negative.

Pneiual ApplUaUan, ImitaUm of th4$ EffeeL

6. When I introduced * the new property of matter symbolised by
the coefficient g, it was merely to complete the analogy between the
electric and magnetic sides of electromagnctism. The property is non-

existent, so far as I know. But I have more recently found how to

precisely imitate its effect in another electromagnetic problem, also

relating to plane waves, making use of electric conductivity to effect

the functions of both k and ^ in ^ 4 and 5. In the case of § 5, first

remove hoth condurtivitios, so that we have plane wa%'cs unatteiniated

and undistortcd. Next put u imir of parallel wires of no resistance in

the dielectric, parallel to z, and let the lines of electric force terminate

upon them, wlulst those ol magnetic fbrce go round the wires. We
shall still have these plane electromagnetie waves with curved lines <^
force propagated unaistorted and unattcnuated, at the same speed v.

If ^be the line-integral of E across the dielectric from one wire to the

other, and ivC be the line-integral of H round either wire, we shall

have
-dF/dg^lfiC, (34)

'dC/dz'^S^F, (35)

*See first footnote [p. 375].
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(34) takinf,' the place of (29), aiui (35) of (28), vnth /; and g both zero.

Here L and S are the inductance and permittance of unit length of the

circuit of the parallel wires, and t>=(Z*S')'*.

Next let the wires haye constant resistance E per unit length to
current in them, and let the medium between them be conducting (to a
very low degree^ making K the conductance per unit length across

from one wire to the other. We then turn the last equations into

-rfr/&-(iJ+24»)C; (86)

'dCld2=(K+Sp)V, (37)

and have a complete imitation of the previous unreal problem. The
two dissipations of energy are now due to ^ in the wires, and to A' in

the dielectric, it bein^ that in the wires which takes the place of the
unreal magnetic dissipation. The relation B/L^K/S, which does not
require excessive leakage when the wires arc of copper of low resist-

ance, removes the distortion otherwise suti'ercd by the waves. I have,

however, found that when the alternations of current are very rapid, as

in UAeiphcfoy, there is very little distortion produced by copper wires,

even without the leakage required to wholly remove it^ owing to B/Im
becoming small, «/27r being the frequency ; an effect which is greatly

assisted by increasing the inductance (sec Note A, [p. 392]), Of course

there is little resemblance between this problem and that of the long

and slowly-worked submarine cable, whether looked at from the

physical aide or merely from the numerical point of Tiew, the results

being then of different orders of magnitude. A remarkable misconcep-
tion on this point seems to bo somewhat generally held. It seems to be

imagined that self-induction is harmful* to long-distance telephony.

The precise contrary is the case. It is the very life and soul of it, as is

proved both by practical ei^ierience in America and on the Continent
on very long copper circmts, and by ( xumining the theory of the

matter. I have proved this in ronsid('r:il)le detail ;t but they will not

believe it. So far does the misconception extend that it has perhaps

contributed to leading Mr. W. H. Preecc to conclude that the coefficient

of self-induction in copper circuits is negligible (several hundred times

smaller than it can possibly be), on the basis of his recent remarkable
experimental researches.

The following formula, derived from my general fornnilaB|, will show
the r6l( played by self-induction Let R and L be the resistance and
inductance per unit length of a perfectly insulated circuit of length /,

short-dreuited at both ends. Lot a rapidly sanusoidal impressed force

of amplitude <q act at one end, and let he the amputade of the

*\Y. H. Pre«ce, F.H.8., "On the Coethcient of SelMnductton of Copper
Wires," Bw A. Meeting, 1887.

t ** EL Mag. Ind. and its PrapagatioD," Mketrieian, Seetloas zl. to l. (1887)
[vol. TT.

, pp. 1 19 to If)")].

* S«e the siDuaoidal solutions in Part II. and Part. V. of " On the Self-induction

of Wim," Phil. Mag., Sept. 1886 and Jan. 1887 [toL ii., pp. 194 and 247.

Also p. 02].
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current at the distant end. Then, if the eireuit be very long,

Co-^c-''^, ^^®>

where r is the speed {LS)~^ = {fic)~\ provided B/Ln be small, say \.

It may be considerably greater, and yet allow (38) to be nearly true.

We can include nearly the whole ran^e of telephonic frequencies by
iifliDg suspended copper wires of low resistance.*

It is resistance that is so harmful, not seU-indiictioii ; as, in combina-
tion with the electrostatic perniittiiice, it causes immense distortion of

waves, unless counteracted by increasing the inductance, which is not
often practicable (see Note B, [p. 393]).

Distorted Fkme Wwan in a Condudrng DUkdrie.

7. Owing to the fact that, as above shown, we can fully utilize solu-

tions inTolving the unreal g, by changing the meaning of the symbols,

whilst still keeping to plane electromagnetic waves, we may preserve g
in our equations (28) and (29), remembering that H has to become C,

E become V, iirk become c become -S', 477/7 become 7^, and /x become
Z/, when making the application to the possible problem

; whilst, when
dealing with a real conducting dielectric, g has to be zero.

Required the solutions of 728) and (29) due to any initial states

and Hq, when s is not zero. Using the notation and transformations or

(26), (or direct from (26), (27)), we produce

-diri/d»-c(«+|»)£„ {89}

-<IJEr,/&-M-«+J»)5i; (40)
from which

fl'{d^HJdz^)^{pi^s*}H^ (41)

with the same equation for

The complete solution may be thus described. Let, at time / = 0,

there be // = IIq through the small distance a at the origin. This

immediately splits into two plane waves of half the amplitude, which
trayel to right and left respectively at speed v, attenuating as they
progress, so that at time t later, when they are at distanees ±9t from
the origin, their amplitudes equal

(*2)

with corresponding E's, viz.,

y»E^ and (43)

on the right and left sides respectively. These extend through the

* The explanation of the ^Lc dividing p„ in (38), insteafl of the Lv we might
expect from the /ii< resistance-operater of a tube of unit section intinitely long one
way only, is that, on arrival at the distant end of the line, the ourreut is iinmedi-

Htc'ly doubled in anipUtude by the reflected wave. The second and foUowing
reflected waves are negligible, on account of the length of the line.
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distance a. Between them is a diffused disturbance, given by

<**>

^-''^'( -'ly^^"-^} («)
in which f^>^fi.

In a similar manner, suppose initiaUy B^B^ through distance a at
the orii;in. Then, at time t later, we have two plane strata of depth a
at distance vt to right and left respectively, in which

E « J^o*"** ±Z***^* (46)
the + sign to be used in the right-hand stratum, the - in the left.
And, between them, the diffused custurbance given by

^-«-'S-iy«{:<^^-<^'')'} m
Knowing thus the effects due to initial elements of Eq and H^^ we

have only to integrate with respect to z to find the solutions due to
any arbitrary initial distributions. I forbear from giving a detailed
demonstration, leaving the satisfoction of the j)roper conditions to be
the proof of (42) to (48) ; since, although they were very kborioualy
worked out )>y myself, yet, as mathematical solutions, are more likely
to have been given before in some other physical problem than to
be new.
Another way of viewing the matter is to start with s = 0, and then

examine the effect of introducing s, either + or Let an isolated
plane disturbance of small depth be travelling along in the positive
direction undistorted at speed v. We have E^[irH m it. Now
suddenly increase k, making s positive. Tlie disturbance still keeps
moving on at the same speed, but is attenuated with greater rapidity
At the same time it leaves a tail behind it^ the tip of which travels out
the other way at speed r, so that at time t after commencement of the
tailing, the whole disturbance extends through the distance In
this tail // is of the same sign as in the head, and its integral amount is
such that it exactly accounts for the extra-attenuation sufiered bv H m
the head. On the Other hand, E in the tail is of the opposite sic^n to

E in the head ; so that the integral amount of in head and tail

decreases faster. As a special case, let, in the first place, there be no
ronducti\nty, = 0 and /7-O. Then, keeping n still zero, the effect of
introducing A; is to cause the above-described efiect, except that as there
was no attenuation at first, the attenuation later is entirely due to
whilst the line-intflgral of if along the tail, or

including H in the head, remains constant. This is the persistence of
momentum.
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If, on the other hand, we introduce the statements made regarding

B are now true as regards E, and conversely. The tail is of a (Hfferent

nature, E being of same sign in the tail as in the head, and H of the
opposite sign. Henoe, of course, when we h;u c both k and g of the
right amounts, there is no tailing;. This subject is, however, far better

studied in the telegraphic application, owing to the physical reality

then existent, than in the present problem, and also then by elementary
methods.*

8. Owing to the presence of djdz in (45) and (47) we are enabled to

give some integral solutions in a finite form. Thus, let H~ Hq (constant)

and E = 0 itiitially on the whole of the negative side of the origin, with
no E OT II on the positive side. The £ at time i later is got by
int^rating (45), giving

^-&-'4^''-''^y-''' <")

which holds between the limits z= ±r^, there being no disturbance

beyond, except the Hq on the left side. When ^=0 and zjvt is small,

it rednoes to

W'''"""- ^''^

This is the pure-diffbsion solution, suitable for good eonduetors.

If initially E = Eq, constant, on the left side of the origin, and sero on
the right side, then at time t the H due to it is^ by (48),

The result of taking e««0, ^t-O, in thia formula is sero, as we may
see by observing that c in (49) becomes fx in (51), It is of course

obvious tiiat as the i;iven initial electric field has no eneigy if c«0, it

can produce no ett'ect later.

The JET-solution corresponding to (49) cannot be finitely expressed.

which, integrated, gives

where all the J'a operate on stj - 1 ;
thus, e.g. (Bessel's),

/,-/s(W^).

* *' Electromagnetic Induction and ita Propagation," Eleefrinan, S«otions XLiii.

to X. (J887) [vol. IL, pp. 132 to 169}.

»
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But a much better form than (52), suitable for calculating the shape

of the wave speedily, especially at its start, may be got by arranging in

powen dtx-vit thus

. ^,(1 - i) ...}.(»)

true when z < where etc., are ftmetiona trf t only, of wbieh the

first five «re gtyen by

At the origin, E is given by

H^^Hor^, (M)

and IS therefore permanently ^Hq when g = 0. At the front the

wav^ where «^
JSr-JJo«"^- (W)

Now, to remeent the i?-solution correeponding to (51), we have only

to turn JI to E and to jE^^ in (53), and change the sign of s thron^ont^

le, explicit, and in the/'s. Similarly in (52). Tbui, at the origin,

EmiB^C^, (56)

and at the front of the wave

B^^E^. (67)

9. Again, let H^\Hq on the left side, and ir» - \Uq on the right

ride of the origin, initially. The E that results from eaeh of them is

the same, and is half that of (49); so tint (49) still expresses the

A^-solution. This case corresponds to an initial electric current of

surface-density HJiir on the z = 0 plane, with the full magnetic field

to correspond, and from it immediately follows the i^ solution due to

any initlu distrihntion of eleotrie current in plane lasers.

Owing to H being permanently IZTq at the origin in the case (49),

(64), when {;=^^\ we may stiite the problem thus:—An infinite con-

ducting dielectric with a plane boundary is initially free from magnetic

induction, and its boundary suddenly receives the magnetic force ^-^0='

constant. At time i later (49) and (62) or (53) give the state of the

oondnetor at distanee z<vi from the boundary. In a good conductor
the attenuation at the front oi the wave is so enormous that the
ditTusioti solution (50) applies practically. It is Only in bad conductors

that the more complete form is required.

Effect of Impressed Force,

10. We can show that tho initial eil'ect of impressed force is the

same as if the dielectric were nonconducting. In equations (23), (24),
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let p = niy where 7i/27r = periodic frcquoney, supposing e to alternate

rapidly. By increasing n we Ctin make the second terms on the

right sides be as great multiples of the iirst teimi> as wo |)lea8e,

80 that in the limit we have results independent of k and in this

respect, that as the frequency is raised infinitely, the true solutions

tend to be infinitely nearly represented by simplified forms, in which
k and g play the part of small quantities. An ins|)cction of the sinu-

soidal solution for plane waves shows that E and H get into the siime

phase, and that k and g merely present themselves in the exponents of

nctors representing attenuation of amplitude as the waves pass away
from the seat of vorticity of impressed force.

Consequently, in the ])lanc problem, the initial effect of an abrupt
discontinuity in say e = constant on the left, and zero on the right
side of the plane through the origin, is to pro<.iuce

H= -el2fiv (68)

all over the plane of vorticity ; and

E=^:ie (59)

on its right and left sides respectively. We may regard the plane as

oontinuousl;^ emitting these disturbances to right and left at speed v so

long as the impressed force is in operation, hut their subsequent history

can only be fully represented by tlte tail-formul» already given.

Trrespective of the finite curvature of a surface, any element thereof

may be regarded as plane. Therefore every element of a sheet of

vortex-lines of impressed force acts in the way just described as being

true of the elements of an infinite plane sheet But it is only in com-
paratively simple cases, of which 1 shall give examples later, that the
subsequent course of events does not so greatly complicate matters as

to render it impossible to go into detjiils after the first moment. On
first stiirting the sheet, it becomes a sheet of magnetic induction, whose

lines coincide with the vortex-linos of impressed force. If / be the

measure of the vorticity per unit area, /f2ft9 is the intensity of the
magnetic force. In Uie imaginary good conductor of no permittivity,

this is zero, owing to v being then assumed to ))e infinite.

Notice that whilst the vorticity of e produces magnetic induction,

th:it of h produces electric displacement, and whilst in the former case

£ IS made discontinuous at a ^kne of finite vorticity, in the Litter case

it is H that is initially discontmuous.

True Nature of Diffusion in Conductors.

11, The process of diffusion of magnetic induction in conductors

appears to be fundament^dly one of repeated internal reflexions with

partial transniis.sion. Thus, let a plane wave /ij ^ /xri/, moving in a

nonconducting dielectric strike flush an exceedingly thin sneet of metal.

Let E^=tivH^ be the transmitted wave in the dielectric on the other

side, and - ftdST, be the reflected wave. At the sheet we have

E,-hE,^E^ (60)

H^ + H^=^U^ + iiTk^zE^ (61)
ii.B.r.—VOL. II. 80
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if ^, be the conductivity of the sheet of thickneas z. Therefore

H is refleetod positively and E negatively. A perfectly conducting
l3arrier is a perfect reflector ; it (lou))les the magnetic force mid destroys

the electric force on the aide containing the incident wave, and trans-

mits nothing.

Take = (1600)-^ for copper, and /xv- $ x 10^^ centim. per see.

Then we see that to attenuate the incident wave ifj to by trans-

mission thiongh the plate, requires

z = {2wfik/) - > = X 10-» centim., (63)

which is a very small fnictioii of the wave-length of visible light. The
//-disturbance is made the E re<lu(ed to hh\, on the transmission

side. There is, however, persistence of JI, although there is dissijKition

of £. To produce dissipation of U with uersistence of £ requires the

plate to be a magnetie, not an electric conauctor.

Now, imagine an immense number of such pktes to be packed closely

together, with dielectric between them, forming a composite dielectric

conductor, and let the outermost sheet be struck Hush n plane wave
as ul>ove. The first sheet tninsniit.s the second ^//,, the third

and so ou. This refei*s to the frorit of the wave, going into the composite

conductor at speed v. It is only necessary to go a very short distance

to attenuate the front of the wave to nothing ; the immense speed of

proportion does not result in producing any sensible immediate effect

at a distance, which comes on quite slowly as the complex result of all

the internal reflexions and transmissions between and at the sheets.

Observe that there is an initial accumulation of i/, so to speak, at the

boundary ofthe conductor, due to the reflexion. (Example : the current-

density may be greater at the outermost layer * of a round wire when
the current is started in it than the final value, and the total current in

the wire increases faster than if it were constrained to he uniformly
distributed.)

Thus a good conductor may have very considerable permittivity,

much greater than that of air, and yet show no signs of it, on account
of the extraordinary attenuation produced by the conductivity. Now
this is rather important from the theoretical point of view. It is

commonly assumed that good conductors, e.g., metiUs, are not dielectrics

at all. This makes the speed of propag;ition of disturl)ance8 through
them infinitely great Such a hypothesis, however, should have no
place in a ration^ theory, professing to represent transmission in time
by stresses in a medium occupying uie s])ace between molecules of gross

matter. But by admitting that not only bad conductors, but all con-

ductors, are also dielectrics, we do away with the absurdity of iutiuitcly

rapid action through infinite distances in no time at all, and make the

method of pru})a^utii)ii. ;dthou>^h it i)ractically ditl'ers so greatly from

« " On the S.I. of Wirea," Part 1., FhU, Mag,, Angnst 1886 [vol. ii. p. 181].
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that in a nonconductin;^' dielectric, be yet fundamentally the same, with
its characteristic features masked by repeated internal reflexions with
loss of energy. We need not take any account of the electric displace-

ment in actual reckonings of the magnitude of the effects which can be
observed in the case of good conductors, but it is surely a mistake to

overlook it when it is the nature of the actions involved that is in
question. (See Note C, [p. 153.])

Why conductors act as reflectors is quite another question, which
can only bo answered speculatively. If molecules are perfect conduc
tors, they are perfect reflectors, and if they were paeked quite doeely,

we should nearly' have a perfect conductor in bulk, impenetrable by
magnetic induction ; and we know that cooling a metal and packing
the molecules closer does increase its conductivity. But as they do not
form a compact mass in any substance, they must always allow a partial

transmission of clcclrumagnutic waves in the intervening dielectric

medium, and this would lead to the diffusion method of propagation.

We do not, however, account in this way for the dissipation of energy,
which requires some special hypothesis.

The dift'usion of heat, too, which is, in Fourier's theory, done by
instantaneous action to infinite distances, cannot be physically true,

however insignilicauL may be the numerical departures from the truth.

What can it be but a process of radiation, profoundly modified by the
molecules of the body, but still only transmissible at a finite speed t

The very remarkable fact that the more easily penetrable a body is to

magnetic induction the less easily it conducts heat, in general, is at

present a great ditiiculty in the way, though it may perhaps turn out
to be an illusti-ation of electromagnetic principles eventually.

Infiniie Seriet of Reflected Waves. Hemarkable JdeniUUs,

Realized E.nnnpie.

12. When, in a plane-wave probkiii, we confine ourselves to the

region between two parallel planes, we can express our solutions in

Fourier series, constructed so as to harmonise with the boundary con-

ditions which represent the effect of the whole of the ignored regions

beyond the boundaries in modifying the phenomena occurring within

the limited region. Now the effect of the Iwundaries is usually to pro-

duce reflected waves. Hence a solution in Fourier series must usually

be decomposable into an infinite series of separate solutions, coming

into existence one after the other in time if the speed p be finite, or afl

in operation at once from the first moment if the speed be made infinite

(as in pure difiusiony. If the boundary conditions be of a simple

nature, this decomposition can sometimes be easily explicitly repre-

sented, indicating remarkable identities, of which the following investi-

gation leads to one. We may either take the case of plane-waves in a

conducting dielectric bounded by infinitely conductive planes, making
£^0 the boundary condition; or, similarly, by perfect magnetically

conductive planes producing //^O. But the most practical way, and the

most easily followed, is to put a pair of parallel wires in the dielectric,

and produce a real problem relating to a telegraph-circuit.
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Let A and B be its tenninations alb z^O and z=l respectively. Let
them be short-circuited, producing the terminal conditions F=0 at

A and B in the absence of impressed force at either place. Now, the

circuit being free from charge and current initially, insert a steady

impressed force at A. Required the effect, both in Fourier series

and in detail, showing the whole history of the phenomeiia that

result

Equations (36) and (37) are the fundamentul connections of Fand C
at any distance z from A. Let £, K, S be the resistance, inductance^

leaksgS'^onductance, and permittance per unit length of circuit, and

z^^Rj^L, z^^KI28, fla-«i-*«» ..-(64)

\^{n^-slf (66)

It may be easily shown, by the use of the resistance-operator, or by
testing satisfaction of conditions, that the required solutions are

r.r,.^^^^^»^l^x^ <««)

where m^jvjlt and / mdudes all integers from 1 to oo ; whilst and
represent the final steady Fand which are

^.-'.(-"V-^> (68)

C..?^(«n«^+^^) (69)

where m^s ^RK,
Now if the circuit were infinitely long both ways and were charged

initially to potential-difieronce on the whole of the n^gatiye side of
A, with no charge on the positive side, and no current anywhere^ the
resulting current at time t later at distance z from A would be

by ^ 7 and 8 ; and further, K- 0, F at A would be permanently
which is what it is in (GH). Hence the C solution (67) can be finitely

decomposed into separate solutions of the form (70) in the case of
perfect, insulation, when (G7) takes the form

C=^^(l-€-«"')+^€-«*2co8m;r?^sinA<, (71)

where y = Si = «*fo. vanishing of 5.. in (64).

Therefore (70) represents the real meaning of (71) from / = 0 to ljt\

provided vt>z. But on arrival of the wave at B, F becomes zero,

and C doubled bjr the reflected ware that then commences to travel

from B to A. This wave may be imagined to start when ^ « 0 from a
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point distant / beyond B, and be the precise negative of the first wave
as regards V but the same as regards C, Thus

<^-iv"^'>^i'^^-'y-*^] (")

expresses the second wave, stiirting from B when t^lfv^ and reaching
A when / - lJh\ The sum of i\ and L\ now expresses (71) where the
waves coexist, and C'j alone expresses (71) in the remainder of the
circuit.

The reflected wave arising when this second wave reaches A may be
imagined to start when ^sQ fWmi a point distant 21 from A on its

negative side, and be a precise copy of the first wave. Thus

- + ^)'^ - (73)

expresses the third wave; and now (71) means in those
parts of the circuit reached by and C| 4* in the remainder.
The fourth wave is» similany,

^^^^

starting from B when t^Sl/v, and reaching A when i-4llv. And so
on, (ul inf.*

If we take L = 0 in this problem, wc make ? = to
, and bring the

whole of the waves into operation immediately. (70) becomes

(^«)

and similarly for etc. In this simplified form the identity is

that obtaiTH'd l»y Sir . Thomson f in connexion with his theory of
the sul)niarine cable ; also discussed by A. Cayley | and J. W, L.

Glaisher. [See also vol. i., p.

In order to similarly represent the history of the establishiiient of

Fq, we require to use the series for E due to E^^, corresponding to

(53), or some equivalent. In other respects there is no ditferencc.

Whilst it is impossible not to admire the capacity possessed by solu-

tions in Fourier series to compactly sum up the etVoct of an infinite

series of successive solutions, it is greatly to be regretted that the

Fourier solutions themselves should be of such difficult interpretation.

* It is not to be expected that in a real telegraph-circuit the succesiivo waves
have abrnpt fronte, as in the text. There are causee in operation to prevent this,

and roun(I off the abruptin ss. Tlio ciiuations connecting' V and C express the

firat approximation to a complete theory. Thus the wires are assumed to be
instantaneoosly penetrated by the magnetic induction m a wave paawe over their

surfaces, aa if the conductors wore infinitel} tliin sheets of the same resistance.

It IB only a very partial remedy to divide a wire into several thiimer wires, unleea

ire at the tame tnne widely separate them. If kept quite cloee it wonld, with
copper, be ao remedy at all.

fMath. and Phy^cal Papen, ToL iL> art* Ixxii ; with Note by A. Cayley.

XPhiL JTotr., June 1874.
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PerhapB there will be disooTerod some piaetical way of analysing them
into easily interpretable f«)rms.

Some special cases of (06), (67) are worthy of notice. Thus V is

csUiblished in the siiuio way when Ii=Q as when provided the

value of KjiS in the first case be the same as that of lijL in the second.

Galling this value 2^, we have in both cases

F=^l-|)-|.. .'S2^(co«A< + |«nAi) .(76)

Bat the carreiit is established in quite different manners. When it

is K that is zero, (71) is the solution ; but if R vanish instead, then

(67) gives

C now mounts up infinitely. But the leakago-current^ which is KF,
becomes steady, ns (76) sljows.

In con?iexion with this subject I should remark that the distortionless

circuit produced by taking iijL = Kjii m o{ immense assisUmce, as its

properties can be investigated in fall detail by elementiiry methodsi and
are most Instructive in respect to the distortlonal circuits in question

above.*

Modijicaiums iiuuie by TermiiuU ApvanUus. Certain Cases cosily

mraughi to FwitealizaHon.

13. Suppose that the terminal conditions in the preceding are

Fb ~ZJu and V^^Z^C^ Zq and being the " resistance-operators " of

terminal appuatus at A and B re^>ectively. In a certain dass of cases

the detenmnantal equation so simplifies as to render full realization

possible in an elementary manner. Thus, the resistance-operator of the
circuity reckoned at A, ist

^ * l+(A'+ »S>)/Z,(tanm/)///<i' ^ '

where ur- = - (A' + Lp){K+Sp) (79)

That is, e - <!>(' is the linear diflerential o<|untiofi of the current at A.
Now, to illustrate the reductions obviously possible, let Zq= 0^ and

Z^-^nJ{n + Lj>) (80)

This makes the apparatus at B a coil whose time-constant is LjU, and
reduces V» to

*-(iJ+ii,)i(5^ + «.){l -mV'^}"' (81)

80 that the roots of ^^-O are given by
S-k-I^mO, (82)

tanfn/+mM,»0; (83)

Electromagnetic luUuotion aud its Propagation," Arta. XL. to l. [voL u.,

p. 110}.

t **0d the SsII'IadQGtioii of Wires," FSrt IV. [voL il, p. 23S).
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i.e., a solitary root p= -H/L, and the roots of (83), which IB an
elementary well-known fomi of determinantal equation.

The complete solution due to the insertion of the steady impressed
force ^ at A will be given by*

F=Vo + -Co^^''-^{jl^) m
0=6'o+ i:Ca«^-f(i>^) (85)

where the summations ran^e over all the j) roots of </> = 0, subject to

(79) ; whilst « and io are we F and C functions in a normal system,

expressed by
to" COB mstf u^mnnrnz-i-^K+Sp)} (86)

and are the final steady Fand C, In the case of the solitaiy

root (82) we shall find

-i>g = JW(l + n,). (87)

but for all the rest

Realizing (84), (85) by pairing terms belonging to the two ps associ-

ated with one m' through (79), we shaD find tibat (CC), (67) express the
solutions, provided we make uiese simple changes :—Divide the general
term in both the summations by (1 +«iCos^?/), and the term following

Cf, outside the summation in (67) by (1 +»|). Of course the i»'s have
now different values, as per (83), and V^^, (\, are diffneiit.

14. There are several other cases in which similar reductions are

possibla Thus, we may have

^^ = »,(/2 + /.;>) + <(/r+.S/0-»,

- «i( A' + L^) + »KA'+ Sp) ' \

simultaneously, ??,,» ^'m "i»
being any lengths. That is, apparatus at

either end consisting of a coil .uifl a condenser in sequence, the time-

constant of the coil being LIU and that of the condenser SIK. Or, the

condenser may be in parallel with the coil. ' In general we have, as an
alternative form of ^ = 0, equation (78),

tan ml ^ {Z^^ Z,)[{ll ^ Lp)lY^ . .

~W l-mH-Z^Z^iiK + LiOl]-^*

from which we see that when

^ and
{Ji + Lp)l (R^Lp)l

are fuiu tions of w/, equation (89) finds the value of immcdiatoly, if,

not indirectly as functions of ^. In all such cases, therefore, we may

Parts TIL and IV. Phil. Man., Oct. and Nov. 1886; or "On ResisUnoe
and Condactanoe Upentors," Phil. Mag., Dec. 1887, g 17, dOOfvoL ii., p. 373].
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advmnU«Mrail7 have the general Mlttdons (84), (85) put into (he realised

form. They we

y _2goy(8iD mz + tan B cos mz)mt.'^\cjoi& + ^A" ^8in)A|

*
' 8ec«^i»«+ J8i:)^l-coe«ini^^taniii/)

*

Q^Q _2goyt(coemg-tan^ainwt2r)€~«*iL'{coB-(2^gX)~HA,^ -t-giJainjA^ ^^jv

*. i ^ same d^ominator
'

where 9, A, Sq, are as in (64), (65). The differentiation shown in the

denominator is to be jierforraed upon the function of ynl to which tan ml

is equated in (89), after reduction to the form of guch a function in the

way explained \ and B depends upon thus,

(an 9- -m''\K^^Sp)Z^ eecS^- 1 ^^m'^Zlifi^Bp'f^ (92)

which are &]io fonetione t/tf/k It should he remarked that the (erma
depending upon eolitary roots, occurring in (he case <»'«0, are not
repneeoted in (90), (91). They must ho carefolly attended to when
they occur.

Note A- The Electromagnetic Theory of Li<jht.

An electromagnetic theory of liglit becomes a uecessitv, the moment one
realizes that it is the same medium that transmits efeetromaffnetic dis-

turbances and those concerned in conimou radiation. Hence the electro-

magnetic theory of Maxwell, the essenti.il {>ai t of winch is that the vihnv
tions of light are really electromagnetic vibrations (whatever they ma^ be),

and which is an nndiuatory tiieory, aeems to possess far greater intrinsic

proliaViility tlian the undulatorv theory, because that i.s not an electro-

magnetic theory. Adopting, then, Maxwell's notion, we see that the only
difference between the waves in telephony (apart from the distortion and
dissipation due to resistance) and light-waves is in the wave>length; and the
fact that the s|>eed, as calculatt'd hy electromagnetic data, is the sanu* as tliat

of light, furnishes a powerful argument in f&rour of the extreme relative

simiilicity of oonstitntion of the ^er, as compared with common matter in

balic. lliere is ohaervational reason to believe that the sun sometimes causes
magnetic disturbances Ih ic of the ordinary kind. It is impossible to

attribute this to any amount of increased activity of emission of the
son so long as we only think of common radiationl But, hearing in mind the
long waves of electromagnetism, and the constant speed, we see that

disturbances from the sun may be hundreds or thousands of miles long

of one kind {i.e. without alternation), and such waves, in passing the earth,

would cause magnetic " storms," by inducing currents in the earth's

cnist and in telegraiih-wires. Since common radiation is a^^eribefl to

molecules, we must ascribe the great disturbances to movements of large

masses of matter.
There is nothing in the abstract electromagnetic theory to indicate whether

the electric or tlie magnetic force is in the f>Ianc of polarization, or ratlier,

surface of polarization. But by taking a concrete example, aa the reliexion

of light at the boundary of transparent dielectrics, we get Fresners formula
for we ratio "f reflected to incident wave, on the assumption that his "dis-

placement " coincides with the electric displacement ; and ao prove that it is

the magnetic flux that is in the plane of polarisation.
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NoTS B. Tk0 Se»^4d Effect of Sd/'Indnetum.

1 give these numerical example ;—

Take a circuit 100 kilom. long, of 4 olims and J microf. per kilom. and no
inductance in the tirst place, and also no leakage in any case. Short-circuit

at b^inning A and end R Introduce at A a ainuBcndal impraned force,

and calculate the amplitude of the current at B by the electrostatic theory.

Let the ratio of the fidl steadv current to the amplitude of the Hinusoidal

current be /), and let the frequency range through 4 octaves, fi-om 7t= 1250 to

<i«80^000; the freqnenqr being M/Sr. Hie values of j» are

1*723, 3*481, 10*4% 58*87, 778.

It ih \y.u Ay cixnlible that any kind of mMakiug wonld be possible, cwing
to the extraordinarily rapid increase oi attenuation with the frequttu^.
Little more tlian murmuring would be the result.

Now let Z»2^ (very low indeed)^ X being inductance per centita.

Calculate by the combined electroetatic and magnetic formula. The
corresponding figures are

ir)G7, 2-649, 5-687, 10-406, 16-007.

The change is marvellous. It is only by the preservation of the currents
of great frequency that good articulation ie poaaiUe, and we see that
even a very little self-induction immensely improves matters. Tliere

is no "dominant" frequency in ti;lepliony. What should be aimed at

is to get currents of any frequency reproduced at B in their proper pro-

portions, attenuated to the same extent.

CShange X to 5. Results :

—

1-437, 2-251, 3-176, 4-lRn, 4-670.

Oood tclepliony in now possible, though much distortion remains.

Increase L to LO. Kesults :

—

1-236, 1-610^ 1-7S9, 1*825, 1-864.

This is first class, showing approximation towards a distortionless circuit

Now thi.s is nil done by the self-iiKhu'ti<ni earning forward the waves
undistorted (relatively) and also with much less attenuation.

I should add that I attach no importance to the above figures in point

of exactness. The theory is only a first approximation. In onler to

emphasize the part played by self-induction, I have stated that by sufficiently

increasing it (without other change, if this could be possible) we could

make the amplitude of current at the end of an Athmtic caole greater

than the stea«^ enrrent (by ihe juasi-resonanoe).

Non 0. The Vdociij^ of Electricity,

In Sir W. Tliomson's article on the "Velocity of Electricity" (NiMioIs.s

Qfclop'rih'a, 2nd edition, lH(;o, and Art. Ixxxi. of •Mathematical and Fhysn al

lepers,' vol. ii.) is an account of the chief results published up to that

date relating to the velocity" of transmission of electricity, and a very
explicit statement, except in some respects n.s regards incrti.i, of the

theoretical meanin^j to be attached to this velocity under different circum-

stances. This article is also strikingly illustrative of the remarkable

oontiast between Sir W. Tliomson s way of looking at things electrical

(at least at tli;it titur) and Maxwf'!r«^ views; or perhaps I should say

Maxwell's plainly evident views combined with the views which his followers

have extracted from that mine of wealth * Maxwell,' but whidi do not lie on
the surfiuie. (As charity begins at honie, T may perhaps illustrate by a
personal example the difference between the patent and the latent^ in

^ lyui^L,^ 1 y Google



394 ELECTRICAL PAPERS.

Maxwell. If I should claim (which I do) to have dieoovered the true
mctliod of e8taV)lishment of current in a wire— that is, the current starting

on its boundary, as the result of the initial dielectric wave outside it,

fddlowed hy disbrion mwarda,—I might be told that it was all *' in Max-
well." So it is ; but entirely latent And there are many more things
in Maxwell wliich are not yet discovered.) This diti'erence has been the

subject of a most moving app^i from Frof. G. F. Fitzgerald, in S'aiure,

abcNit three years ainoe. There really eeemed to be anbetanee in that
appeal. For it is only a nia^tor-niind that can adequately attack the
great constructional problem of the ether, and its true relation to matter;
and should there be reason to believe that the master is on the wrong track,

the reeult must be, as Prof. Fitzgerald observed (in effect) disastrous to
progress. Now >Taxweir8 theory and methods liave stood the teet of
time, and shown themselves to be eminently rational and developable.

It IB not^ however, with the genend question that we are here concerned,
but with the different kinds of " velocity of electricity." As Sir "W.

Thomson points out, his electrostatic theory, by ignoring magnetic in-

duction, leads to infinite speed of electricity through the wire. Inter-

preted in terms of Maxwell s theoiy, this speed is not that of electricity

thnmrrli the wire at all, but of the waves tliroutrh the dit-lectric, guided by
the wire. It results, then, from the assumption /a=0, destroying inertia

fnot of the eleetno eurrent, but of the magnetic field), and leaving only
forces of elasticity and resistance.

But he also jxunts out another way of getting an infinite s|)eed, when we,
in the ease of a suspended wire, not of great length, ignore the static charge.
This is illustrated by the pushing of incompressible water throagh an
unyielding pipe, constraining the current to V>e the same in all parts of the
circuit. This, in Maxwell's theory, amounts to stopping the elastic dis-

placement in the dielectric, and so making the speed or the wave through it

mfinite. As, however, the physical acUoos must be the same, whether
a wire be long or short, the assumption being onlv warrantable for purposes
of calculation, I have explained the matter tlius. The electromagnetic
waves are sent to and tro with such great frequency (owing to the shortness
of the line) tli.it only the mean value of the oscillatory Vat any part can be
perceived, and this is the final value ; at the same time, by reason of current

m the negative waves being of the same sign as in the positive, the current

C mounts up by little jumps, which are, however, packed so closely together
as to make a ])nictically continuous rise of current in a .smooth furve,

which is that given by the magnetic theor}'. This curve is of course

practically the ssme all over the circuit, because of the little jumi>s being
imperce|)til)le.

But ill any case this sjiecd is not the sjjeed of electricity through the wire,

but tlin ugh the dielectric out^iide it. Maxwell remarke<l that we know
nothing of the speed of electricity in a wire supporting current; it may be
an inch in an liour, or immensely great. Tnis is on the assumption,
apparently, that the electric current in a wire really consists in the transfer

of electricity through the wire. I have heea forced, to make Maxwell's
scheni*' intelligible to myself, to go further, and add that the electricity may
be standing still, which is a-s nmch ns to say that there is no current, in

a literal sense, inside a conductor. (The slipping of elcctrilication over the

sui^bce of a wire is quite another thiiiff. Tliat is merely the movement
of the wave thron^li tlie dielectric, guiilcd by the wire. Tt rx-turs in n

distortionless circuit, owing to the absence of tailing, in the most plainly

evident manner.) In other words, take Maxwell's definition of electric

cmrent in terms of magnetic force as a Uisis, and ignore the imaginary

fluid behind it as being a positive hindrance to progress, as soon as one
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leavea the elemeutary field of steady currents and has to deal with variable

states.

The remarks in the text on the subject of the speed of waves in conductors
relates to a 8pee<l that is not conaidfred in Sir W. Thimison'M article. It is

the speed of transmission of magnetic diaturbanceH into the wire, in

cjliuuical waves, which begins at any part of a wire as soon as the primary
wave through the dielectric rcaeliea that part. It would he no use trying to
make signals through a wire if we had not the outer dielectric to carr^' the
maffnetizing and electrizing force to its boundanr. The slowness of dimtsion
in large mntmoii is surprisilig. Thw % sheet of copper covcrin^r the earth,

only 1 centim. in thickness, stjpporting a current wliose external held imitates

that of the earth, has a tinie-constaut of about a fortnight. If the copper
extended to the centre of the earth, the time-oonstaQt of uie meet slowly sub-
siding normal system would be millions of years.

In the article referred to, Sir W. Tliomsou mentions that Kirch-
hoffa investigation, introducing magnetic induction, led to a velocity

of electricity consiclerably greater than* that of light, whidi is so far in

accordance with Wheatstone'a observation. Now it seems to me that

we have here a suggestion of a probable explanation of \vhY Sir W.
Thomson did not introduce self>inaviction into his theory. There were
presumably more way«i than one of doing it, as re^^ards the measure of
the electric force of induction. When we i()llow Maxwell's equations, there
is but one way of duin^ it, which is quite definite, and leads to a speed which
cannot possibly exceed that of light, since it is the speed (jic)-i through
the dielectric, and cannot I>p sensmly L'reater than 3 x 10"^ centim., though
it may be less. Kirchhoff's result is therefore in coullict with MazweU's
stotement that the Gemuui methods lead to the same results as his.

Besides tliat, Wheatstone's daasit^ result has not been supported by any
later results, which are alwavs less than the spi'cd of lij^ht, as is to

be expected (even in a distortionless circuit). But a reference to Wheat-

• (i^Tote 6^/ Sli? William TaowsON.) In tliis Mtatcmcnt I iiia<lvertently rUd iiijii.s<i(c to

Kirolilioff. In the unpublished investigation referred to in the article EUctricity^
Vrktcity of [Nichols's Cycloitadia, second edition, 1860; or my 'Collected Pftpem,' vol.

u. page 135 (3)], I had foimd that the ultimate velocity of propagation of electricity in a
long in8ulat«a wire in air is equal to the number of electrostatic nnitji in the electro-

magnetic unit; an<l I had cornctly asMnin»(l tluit KirclihofT'n investigation led to

the same result. But, owing to the miauuderstandine of two electricitie.s or one,
itlerred to in §317 of mv ' Electrostatioi and Magnetism, I imagined Weber's measure-
ment of the number of eloctro«t;itic units in the electromagnetic to he 2x.'i l vl0'o

centimetres |>cr second, which would give for the ultimate velocity of ck'ctricity through
a long wire m air twice the velocity of light. In mv own in\ cMtigaiion, for tlu suh-

marine cable, I had found the ultimate velocity of electricity to be equal to the number
of eleetatwtotic units in the electromagnetic nnit divided by '^k\ k denoting tbe Rpeeillo

inductive cajiacity of the gutta-i>ercha. But at that time no one in Germnny (fcarcely

any one out of EnglamT) believed in Faraday's "Hi>ecific inductive cai>;icity gf a
dielectric."

Kirchhoif himnclf was perfectly clear on the velocity of electricity in a long insulated
wire in air. In his orlgiDal paper, " tTeber die Bewegung der Electricit&t in Drihten"
(Pogg. Ann. P>d. c. 18.57; see pages 14(5 and 147 of KirclilioffH Volume of Collected
Papers, Leipzig, 1882), he gives it as r/\ 2, which is what I thvu called the number of
clectroHtAtic units in the electromagnetic unit ; and immediately after this he says,
" ihr Werth ist der von 411<50 Meilen in eiuer Hekuude, also sehr nahe gleioh der
Oteehwindigkeit dea Lichtes im leeren Raume."
Thus clearly to KirchhoflT belongs the priority of the discoreijr that tbe velocity of

electricity in a wire insulated in air in very approximately etpial to the velocity of light.

[Ifotc by Thk AtTHOK. In Maxwell's theory, however, as I uniler»tand it, we are not
at all concerned with the velocity of electricity in a wire (ezoept the transverse velocity
of lateral propagation). The velocity is that of tiie waves in the dielectric oirtaide

the wire.]
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396 BLBOTRICAIi PAPERS.

stone's paper on the subject will show, drst, that there was confessedly
a good deal of gueflswork ; and, nexl^ that the repeated doubling of the
wire on itself made the experiment, from a moaem point of view, of
too oomplez a theoiy to be exemined in detail, and anauitable as a test

Part IL

NOTK ON Pabt I. The Function of Sdf-Indiiciwn in the rropagaiion of
JVaves along fFires*

An editorial qncrr, the purport of which I did not at first understand,

has directed my attention to Prof. J. .1. Thomson's paper " Un Electrical

Oscillations in Cylindrical Conductors" {Proc. Math. Soc^ voL x\ii.,

Nofl. 272, 273), a copy of wUch the author hae been so good as to send
me. His results, for example, that an iron wire of ^ centim. radiiis,

of iTuluctivity 500, carries a wave of frequency 100 per second about
100,000 miles before attenuating it from 1 to and similar results,

summed u[> in his conclusion that the carrying- power of an iron-wiro

cable is very much greater than that of a cupper one of similar dimen-

sions, are so surpnsingly different from my own, dedueed from my
developed sinusoidal solutions, in the accuracy of whieh I have perfect

confidence (having had oocasion last winter to make numerous practical

applications of thorn in connexion with a paper which was to have been

TeiiA at the S. T. K. and E.) [see Art xli., vol. ii., p. 323], that I felt

sure there must be some serious error of a fundamental nature running
througli his investigations. On examination I find this is the case,

being the use of an erroneous boundary condition in the beginnings

which wholly vitiates the subsequent results [relating to the effect of

magnetisation]. It is equivalent to assuming that the tangential com-
ponent of the flux magnetic induction is continuous at the surface of

separation of the wire and dielectric, where the inductivity changes

vaJue, from a large valne to unity, when the wire is of iron. The tnie

conditions are continuity of tangential farce and of normal fitx.

As regards my own results, and how increasing the inductance is

favourable, the matter really lies almo.st in a nutshell ; thus. In order to

reduce the full expression of Maxwell's connexions to a practiaU

working form I make two assumptions. First, that the ion^tudinal

component of current (^anUIel to toe wires) in the dielectric is ne^-
gible, in comparison with the total current in the conductors, which
makes C one of the variables, C being the current in either conductor

;

and next, what is equivalent to supposing that the wave-length of

disturbances transmitted along the wires is a largi; multiple of their

distance a}>art. The result is that the equations connecting Fand C

S being the permittance and K the conducUmce of the dielectric per
unit length of circuit, whilst Rf "resistance-operator," depentiing

* This note onay be regarded as a ooniinuation of Note B [p^ 393, voL n.).
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ON £L£CTIiOMAON£TIC WAVB8. PART U. 397

upon tho conductors, and their mutual poaition, which, iu the sinusoidal

State of variation, reduces to

B" = + U{d/di),

where and L' are the effective resistance and inductance of the

circuit respectively, per unit length, to be calculated entirely upon
magnetic principles. It follows that the fully developed sinusoidal

solution is of precisely tlie same form as If the reaistaiioe and induct-

ance were constants. Disregarding the effect of reflexions, we have

r-Fie-'*sin(fi<-a«X

due to Fq sin nt impressed at «»0 ; where P and Q are ftinctions d
B', L\ S, A', and n.

Now if H'iL'n is large, and leakage is negligible (a well-insulated

slowly-worked submarine cable, and other cases), we have

as in the electrostatic theory of Sir W. Thomson. There is at once

great attenuatign iu transit, and also great distortion of arbitrary

waves, owing to P and Q varying with ii.

But in telephony, n being large, P and Q may have widely different

values, because R'jUn may be quite small, even a frjiction. In such

case we have no rcsemblauce to the former results. If R'^Un is small,

P and ^ approximate to

P = H'l'lL'i' + A725t/, Q= n/t/,

where v' = {US)-^. This also requires KjSn to be small. But it is

always very small in tclepiiony.

Now take the case of copper wires of low resistance. 1/ is practically

/>,„ tho irifbirtance of the (liclectric, and is practically v, the speed of

undissipatcd waves, or of all elementary disturlwmces, through the

dielectric, whilst J£^ may be taken to be ^, the steady resistance, except
in extreme cases. Hence, with {>erfect insulation,

P^JRI2L,v, Q^n/v,
or the speed of the waves is v, and the attenuating coefficientP is practi-

cally independent of the frequency, and is made smaller by redudng
tho resistance, and by incraising the inductance oj' Uu dielectric.

The corresponding current is

V/L.V

very nearly, or Fand Care nearly in the same phase, like undissipated
plane waves. There is very little distortion in transit.

How to increase Lq is to separate tho conductor, if twin wires, or

raise the wire higher from the ground, if a single wire with carth-

retuiii. it is not, however, to be concluded that Lq could be increased

indefinitely with advantage. If / is the length of the circuity

III - 2V
shows tho value of Lq which makes the received current greatest. It

is then far greater than is practiaiUy wanted, so that the dithculty of

increasing Lq sufficiently is counterbalanced by the non-necessity. The
best value of Lq is, in the case of a long line, out of reach ; so that we
may say, generally, that increasing the inductance is always of advant-

age to reduce the attenuation and the distortion.
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Now if W6 tntrodnce lealnge, rach that HILq = KjS, we entirely

remoye the distortion, not merely when li/Lgn is small, but of any sort

of waves. It is, however, at the expense of increased attenuation. The
oonditioD of grMtest received current, being variabloi is now

We have thus two ways of securing good transmission of electromag-

netic waves : one very perfect, for any kind of signals ; the other less

perfect, and limited to the case of lijL^,n small, but quite practical.

The next step is to secure that the receiving-instrument shall not intro-

duce farther distortion by the c|uasi-re8onanee that occurs. In the truly

distortionless circuit this can be done by makin*j; the resistance of the
receiver be LqV (whatever the length of the lino) ; this causes complete

absorption of the arriving waves. In the other case, oi RILqH small, with

good insulation, we require the resisUmcc of the receiver to be also L^^c

to secure this result approximately. I have also found that this value

of the receiver's resistance is exactly the one that (when siie of wire in

receiver is variable) makee the magnetic force, and therefore the
strength of signal, a maximum. Some correction is required on
account of the self-induction of the receiver ; but in really good tele-

phones of the best kind, with very small time constants, it is not great.

\Ye see therefore that telephony, so far as the electrical part of the

matter is concerned, can be made as nearly perfect as poesilue on lines

of thousands of miles in length. But the distortion that is left, due to
imperfect translation of sound waves into electromagnetic waves at the

sending-end, and the reproduction of sound waves at tlie receiving-end,

is still very great
;
though, practiailly, any fairly good telephonic

speech is a sufficiently go<>i imitation of the human voice.

There is one other way of increasing the inductance which I have
described, viz., in the case of covered wires to use a dielectric impreg-
nated with iron dust. I have proved experimentally that Lq can be
multiplied several times in this way without any incrcfise in resistance;

and the figures I have given above (in Note B) prove what a wonderfiU

difference the self-induction makes, even in a cable, if the frequency is

great. Hence, if this method could be made practiod, it would greatly

increase the distance of telephony tiirough cables.

Now, passing to iron wires, the case is entirely different, on account

of the great increase in resist;\nce that the substitution of iron for

copper of the same size causes, which increases P and the attenuation.

Taking for simplicity the very extreme case of such an excessive

frequency as to make the formula

nearly true, R being the steady and Hf the actual resistance, we see

that increasing either E or ft increases M'axid therefore P, because ZV
tends to the value L^^r. Thus the carrying power of iron is not greatly
above, but greatly below that of coppei- of the same size.

I have, however, pointed out a jKJssible way of utilizing iron (other

than that above mentioned)^ vi&, to cover a bundle of fine iron wires

with a copper sheath. The sheath is to secure plenty of conductance
;
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the division of the iron to facilitiite the penetration of current, and so

loirer the mistance still more, to the greatest extent, whilst at the same
time increasiiig the indactance. But the theoiy is difficulty and it is

doubtful whether this method is even tlieorctically legitimate, first

class results were obtained by Van Kysselberghe on a 1000-mile circuit

in America (2000 miles of wnre), using copper-covered steel wire. Here
the resisUiuce was very low, on account of the copper, and the induct-

ance considerable, on account of the dielectric alone ; so that there is no
certain evidence that the iron did any good except by lowering the

resistance. But about the advantage of increasing the inductance of
the dielectric there can, I think, be no questioiL It imparts momentum
to the waves, and that carries them on.

In Note B to the first part of this paper [p. 393 ante], I gave four sets

of numerical results showing the influence of increasing the inductance,

selecting a cable of large permittance (constant) in order to render the
illustrati<m8 more forcible. The formula used was equation (82), Part II.

of my paper "On the Self-Induction of Wires" [p. 196 ante], which is

a= 2^0— ^^"^ —,(^« +€-««- 2 cos 2^/) *

;

whew P or Q^HSn)^{{Bf*+L'H*^:fI/n]K
Here is the amplitude of current &t z = l due to impressed force

Ff^m nt at -= 0, witn terminal short-circuits. When the circuit is long

enough to make t~" small, we obtiiin

2/;/(5w)*

as the expression for the ratio p of the steady current to the amplitude
of the sinusoidal current.

The following table is constmcted to show the fluctuating manner of

variation of the amplitude with the freouency. Drop the accents, and
let B/Ia be smalL Then, approximately,

where yt^RljLv,

undw no restriction as regards the length of the circuit. Now >;ivc y a
succession of values, and calculate p with the cosine taken as -1,0, and
+ 1. Call the results the maximum, mean, and minimum values of ft.

y. Min. p. Mean p. Max. p. y. y- p-

1
•>

•505 xrm 2 06

3

6 1-678 12 16^81

1 •521 •878 11 28 I 7 2-36.1 14 393
2 •587 •686 8 3378 16 93 2

2065 •594 •685 •766 9 5-000 18 225
3 •710 •748 •784 10 7-420 20 550
4 •907 •924 •940

1

« 1*210 1-218 1-226
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It will be seen that when the resistance of the circuit varies horn a
small fraction to about the same magnitude as Lv (which may be
from 300 to 600 ohms in the case of a suspended copper wirej, tbe
variation in the value of p as the frequency changes throu2;h a

sufficiently wide range, is great, merely by reason of the reflexions

causing reinforcement or reduction of the strength of the received

current Tbe theoretical least value of /> is ^, when BjLn is vanishingly

small, indicating a doubling of the amplitude of current. But^ as y
increases, the range of p ^ts smaller and smaller. After y»6 it is

negli;<ible.

It is, however, the mean p that is of most imi>ortance, because the

influence of terminal resisUmces is to lower the range in />, and to a

variable extent. The value y = 2'065, or, practically, I{l = 2lAf, makes
the mean p a minimum. As I pointed out m the pai>er before referred

to^ these fluctuations can only be prejudicial to telephony. In the

present Note I have descril>(!il how to almost entirely destroy them.

The principle may be understood thus. Let the circuit be infinitely long

first. Then its impedance to an intermediate impressed force alternatr

ing with sufficient frequencv to make B/Ln small will be 2LVf viz., Lv
each way. The current and transverse voltage produced will be in the

same phase, and in moving away from the source of energy they will be

similarly attenuated according to the time-factor ( In order that

the circuit, when of finite leiiLrth, shall still behave as if of infinite

length, the constancy of the ini[)edance suggests to us that we should

make the terminal apparatus a mere resistance, of amount Lv, by which
the waves will be absorbed without reflexion.

That this is correct we may prove by my formula for the amplitude
of received curroiit wlion there is terminal apparatus, equation (196),

Part V. On the iSelf-lnduction of Wires " (FhU. Mag., Jan. 1887). It

is

Here is the amplitude of received current &t Z'=l due to Fq sin iU

impressed fbree atz^O^Bf and £/ the effective resistance and induct-

ance per unit length of circuit ; JTand 8 the leakage^nductance and
permittance per unit length,

or = )* + L'hi')\K'' + iSV)*± {KR' - U&n^)^ *
J

(r,„ are terminal functions depending upon the apparatus at r = 0;
Crp //j, upon th;it at : = / ; the apparatus being of any kind, specified by
resistance operators, making /i!^ L'^ the etl'ective resistance and induct-

ance of apparatus at ^ = 0, and Z«{, at «s; = 0^^ is given by

-H %P{RfB^ -hUiy)+ - BfUi^ ,

from which is derived by changing the signs of P and Q ; whilst

^ lyui^L,^ 1 y Google



ON ELBCTBOMAONBnC WAVES. PART TL 401

and ifj aie the eame fimetiona €i El, U hm 0^ and m a{

Now drop the accents, since we have only copper wires of low resist-

ance (but not very thick) in question, and the terminal apparatus are
to be of the sin^est character. K/Sn will be yaniBhinglv small prac-
tically, so take a«>0. Next let R/Ln be small, and let the apparatus
at ? = ; be a mere coil, ^ of negligible inductance first. We shall

now have
P=RI2Lv, Q=f<!v,

and these make G^,* = ( 1 + RJLv), i/i*« ( 1 - BJLv),

Thus Ji^ = Lv makes yanish, whatever the length of lines^ and the
terms due to reflexions disappear.

We now have

Co= (ro/Lf;).c-*"'^x

where O^i expresses the effect of the apparatus at ~ = 0 in reducing the

potential-difference there, being the impressed force, and the value
of Oq being unity when there is a short-circuit.

Now, to show that R^^ = Lv makes the mamietic force of the receiver

the greatest, go back to the general formnhi, let be smaU, and let

the size of the wire vary, whiut the sise of the receiving-coil is fixed.

It will be easily found, from the expression for 0^ that the magnetie
force of the coil is a maximum when

where we keep in L^, the indnctanoe of the reeeiyer. Or, when R/Ln
and K/Sn are ooth small,

or, as described, R, = Lv when the receiver has a suffieiently small time-

eonstant. The rule is, equality of impedances.

We may operate in a similar man tier upon the terminal function at

the sending end. Suppose the apparatus to be representable as a

resistance containing an electromotive force, and that by varying the

resistance we canse the electromotiye force to yary as its square root.

Then, aoeording to a well-known law, the arrangement producing the

maximum external current is giyen by B^'^Lo, equality of impedances
again. This brings us to

as if the circuit were infinitely long boih WEys» with maximum effideney

swured at both ends.

Lastly, the choice of L such that Ml = 2Lo makes the circuity of given

resist'ince, most efficient.

In long-ilistance telephony using wires of low resistance, the waves

are sent along the circuit m a manner closely resembling the trans-

mission of waves alone a stretched elastic cord, subject to a small

amount of friction. In order to similarly imitate th» electrostatic

H.B.F.—VOL. II. So
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theory, we must so reduce the mass of the cord, or else so exaggerate

the Criction, th«t there cannot be free vibraltons. We may suppoee
that the displaoement of the cord represents the tranBTerse voltage in

both cases. But the current will be in the same phase as the transverse

voltage in one case, and proportional to its variation along the circuit

in the other.

We may conveniently divide circuits, so far aa their signalling

peculiarities are concerned, into five dasses. (1). Circuits of muln.

short length, or so operated upon, that anv effects due to eleetrie

displacement are insensibla The theory is then entirely magnetic, at

least so far as numerical results are ooncerned. (2). Circuits of such

great length that they t<iii only 1)0 worked so slowly as to render

electromagnetic inertia numerically insignificant in its ctlects. Also
some telephonic circuits in which JijLji is large. Then, at least so hr
as the reception of signals is concerned, we may apply the electrostatie

theory. (3). The exceedingly large intermediate class in which bodi
the electrostatic and maj^ctic sides have to be considered, not separ-

ately, but conjointly. (4). The simplified form of the last to which wo
are led when the signals are very rapid and the wires of low resistance.

(5). The distortionless circuit, in which, by a proper amount of uniform
leakage, distortion of signals is abolished, whether fiwt or slow.

Regarded from the point of view of practical application, this class lies

on one side. But from the theoretical jxjint of view, the distortionless

circuit lies in the very focus of the general theory, reducing it to sim})lG

algebra. I was led to it by an examination of the etlect of telephones

bridged across a common circuit (the proper place fur intermediate

apparatus, removing their impedance) on waves transmitted along the
circuit. Tilt; current is reflected positiyely, the chaige negatiYely, at a
bridge. This is opposite to what occurs when a resistance is put in

the main circuit, which raiisos positive retleYion of the charge, and
negative of the current. I'nite the two etlects and the reflexion of the

wave is destroyed, approximately when the resistance in the main
circuit and the bridge-conductance are finite, perfectly when they are

infinitely small, as in a uniform distortionless cucuit.

Part IIL

Sphjsirical £l£ctromaon£tic Wavks.

15. Leaving the subject of plane waves, those next in order of
simplicity are the .spherical. Here, at the very be^innin*:, the question

|)reseitt8 itself whether there can be anything resembling condensational

waves ?

Sir W. Thomson ("Baltimore Lectures", as reported by Forbes in

Nature, 1884) suggested that a conductor charged rapidly alternately +
and - would cause condensational waves in the ether. But there is no
other way of charging it than by a current from somewhere else, so he

suggested two conducting spheres to be connected with the poles of an
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alternating dynamo. The idea seems to be here that electricity woiiki

be forced out of one sphere and into the other to and fro vnih great

rapidity, and that between the spheres there might be condensational

waves.

But in this case, according to the Faraday law of induction, the

result would be the scttini^ up of alternating electromagnetic disturb-

ances in the dielectric, exposing the bounding surfaces of the two
spheres to rapidly alternating magnetizing and electrizing force, causing

waves, approximately spherical at least, to be transmitted into the

spheres, in the diffusion manner, greatly attenuating as they progressed

inward.

Perliiips, however, there can be condensational waves if wc admit
that a certain quite hy])othetical something called electricity is com-

pressible, instead of being incompressible, as it must be if we in

Maxwell's scheme make the unnecessary assumption that an electric

current is the motion through space of the something. In.fiiet^ Pto£
J. J. Thomson has calculated* the speed of condensational waves
supposed to arise by allowing the electric current to have convergence.

But a careful examination of his equations will show that the con-

densational waves there investigated do not exist, i.e., the function

detei-mining them has the value zero.t

10. To construct a perfectly general spherical wave we may proceed

thus, 'nie characteristic equation of H, the magnetic force, in a homo-
geneous medium free from impressed force is, by (2) and (3),

V«H-(4irfd^+/«|>«)H. (93)

Now, let r be the vector distance from the origin, and Q any scalar

fimction satisfying this equation. Let

H-curl(rQ) (94)

Then this derived vector will satisfy (93), and have no convergence,

and have no radial component, or will be anm^^ in spherical ueets.
From it derive the other electromagnetic quantities. Ghuige H to S
to obtain spherical sheets of electric force.

This method leads to the spherical sheets depending upon any kind

of spherical harmonic. They are, however, too general to be really

useful except as mathematical exercises. For the examination of the

manner off origin and propagation of waves, sonal harmonies are more
usefid, besides leading to the solution of more practical problems. It

is then not difficult to geneialise results to suit any kina of spherical

harmonics.

17. Let the lines of H be circles, centred upon the axis from which B
is measured, and let r be the distance from the origin. We have no
concern with ^ (longitude) as regards H, so that the simple specification

*fi.A. Report CO El0otriealTh«oriM.

1 1 oaght to qualify tins hy adding that t!ic investigation seems Vflcy obsoore^
•o thatt although I cannot make the system work, yet others may.
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of its intensity H fully defines it Under these drcomBtances the

equation (93) becomes

(rMr+^{yrHr^(^irf^^+t^^yU,
) (95)

«j%ir, tay, j

wliere the acute accent denotes differentiation to r, and the grave aoeent

to 00s ^ or /I, whilst v stands for sin 6. The indnctiTity will he now f»fg,

to avoid confusing with the /x of Jtonal harmonics. Equation (95) also

defines q in the three forms it can assume in a conductor} dielectric, and
conducting dielectric.

Now try to make vB. be an undistort^d spherical wave, i.e. H varying

inversely as the distance, and travelling inward or outward at speed v.

Let

rH^JJlr-vt), (96)

where A ia indenendent of r and I Of ooone we miiat have £»0,
making q ^ji/v. mw (96) makes

f^rH)" = rp'^R', (97)

which, substituted in (U5), gives

k(vJ?)^>=0; « (98)

theiefore Av^A^+B^ (99)

From theae we find the required sdationa to be

E^EliJ^v^'^Jt±iiIl{r-vt), (100)

P=N^^Ur-vt); (101)

where is any function, A^ and constants, E and F the two com-
ponents of the electric force, F being the radial component out, and E
the other component coinciding vf'iiXx a line of longitude, the positive

direction being that of increasing 0, or from the pole. Similarly, if the

lines of E be circular about the axis, we have the solutions

E^-^t»^vH.'^-f>^viLl^F(lif-vt), (102)
TV

H^'^F^r-pi), (103)

where and are the radial and tangential components of H.
Bat*hoth these systems involve infinite values at the axis; We must

therefore exdude the axis somehow to make use of them. Here is one
way. Describe a conical surface of any angle ^j, and outside it another

of angle 6^ and let the dielectric lie between them. Make the tan-

gential component of E at the conical sui laces vanish, requiring infinite

conductivity there, and we make F vanish in (101), and produce the

solution

E^lu,vH^^Ar-vt), (104)
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ezaetlj teiembUng plane wmves as regaids rvE, Here J? is the same as

f^QvE^, and / the same as in equation (100).*

18. Now bring in zonal hannoDica Split equation (96) into the two

(r^y'-|22+E(^)|rif, (105)

lj^^xx..m(^^
(106)

The equation (106) has for solution

where A is independent of ^, and is to be found from (105).

The most practical way of getting the r functions is that followed by
Professor Rowland in his paper t wherein he treats of the waves
emitted when the state is sinusoidal with respect to the time. We shall

come aerosa the same wme in some problems.

Let H^Fj^vQi, (107)

Then the equation of is, by insertion of (107) in (105),

p// + 22P'=^<^+i)i>; (108)

*Iii order to render this arrangement (104) intelligible in terms of more every-
clay quantitiea, let the angles 6^ and 6^ be small, for simplicity of rei}re8entation ;

then we have two infinitely conductmg tubes of gradually increasing diameter
enclosing between them a non-conducting dielectric. Now change the variables.

Let V be the line-integral of B across the dielectric, following the direction of the
force ; it is the transverse voltage of the conductors. I^et 4irC' be the line-inteffral

ofH round the inner tube ; it is the same fur a given value of r, independent ox d ;

C is thtrefon what is commoiily called tha eaiveiit in tlw ooodvefeor. We hall
have

V=LvC, C=8vV, LS1^=1;
where Xr is the indnotaDoe and 8 the petmlttence, per natt length of the drenit
The valae of L is

L = 2mo log [(tan i^,) -^ (tan ^^,)]

;

BO that the oircoit has uniform inductance and permittance. The value of C in

teniisol(104)ia

When the tubes have constant radii and a,, the value of L reduces to the well

L = 2fjLo log (aja^),

of concentric cylinders. The wave may go either wa^, though only the positive

wave is mentioned.

fPhil. Mag.^JxxxM 1884, " On the Propagation of an Arbitrary Electromagnetic
Distarbance, SphericalWa^ of Light, and the Dynamical Theory of Refraction."
Prof. J. J. Thonisfin lins also considered sphcric.nl waves in a dielectric in lii.s paper
" On Electrical Oscillations and Effects produced by the Motion of an Electrified

Sphave,** Proe, Londm MaA, 8ae. vol zv., April 3, 1884. [See also 8toke*e
MaiKemafiraJ and Pkgakttl Papen, and Rayleigh's Somd on the anlijeot of

these functions.]
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and the solution, for practical purposes with complete harmonics, is

2.4vV 2.4.62375

We shAli iind the first few useful, thus :

—

P, = l-3(^)-i+
3((r)-^ 1- (110)

i*,- 1 - 6(3r)-» + 16(5r)-» - 15(jr)-

Now let U=€^Pt 80 that 27 is the r function in Hr. If we change
the sir^n of 9 in U, producing, aay, IT, it k tbe required aeoond flolntion

of (105). Thus

(Ill)

in the very important case of ^j, when m = l.

The conjugate property of U and is

UJF'- U'fF= -2(/, (112)

which is continually useful

We htkYB next to oomfaine U aod^ aou to pvoduoe fimetioiiB saitaible

for use innde spheres, right up to the oentre, end finite there. Let

u^i(U+in w^iiU-fF), (113)

It will be found that when m is even, wjr is zero and u/r infinite at the

origin ; but that when m is odd, it is ujr that is zero at the origin and
10 infinite.

The ooiqug^te property of « and w k
w'-tt'to-j, (114)

ooReeponding to (112).

CondruUion 0/ iite Differmfml Equaiirms cannedtd with a Spherical Sheet 0/
VorticUy of Imprmed Force.

1 9. Now let there be two media—one extending from r = 0 to r = a, in

which we must therefore use tlie «-function or ?' -function, acconling as

m is odd or even, and an outer medium, or at least one in which q has a

different form in general. Then, within the sphere of radius a, we have

H=Ar-^u, (116)

-Ai£=^r-V, (116)

where ki » ^vk+ and we snppoee m odd. It follows that

TT"r,u ^^^'^

In the outer medium use Jf, if the medium exteiuls to infinity, or both

U and ir if there l)e harriers or change of medium. JE'irst, let it be an
infinitely extended medium. Then, in it,

H'^Br-^u-w), (118)

-ifcj£ = i^r- (119)
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where l^»4Tifc-i-q> in the outer mediwin. Fromtheee

(120)

(117) and (120) show the forms of the resistance-operators on the two
•idea.*

Now, at the sarface of separation, fma^E is continuous (unless we
choose to make it a sheet of electric current, which we do not) ; so that

the H in (117) and (120) are the same. We only require a relation

between the j&'s to completf* the diiVerential equation.

Let there be vorticity of impressed force on the surface r = a, and
nowhere else (the hitter being already assumed). Then

curl e = curl E (121)

is the surface-condition which follows ; or, if / be the measure of the

curl of e,

(122)

£^ meaning the outer and the inner E. Therefore

/-^•(l-t)
<*^>

if. denoting the surface H. So, by (1 17) and (120), used in (123),

the required differential equation. Ohaerve that only differs from
and from in the different yalues of q inside and outside (when

different), and that r^a in all.

* Some rather important considerations are presented here. On what principles

should we settle which functions to use internally and externally, seeing that these
fonctiona U and W are not quantities, but diflferential operators ? First, as regards
the space outside the surface of origin of disturbances. The operator turns

J[l) into Jit + r/v), and can therefore only be possible with a negative wave, coming
to the origin. But there cannot be such a wave without ft t»arrier or change of

medium to produce it. Hence the operator < alone can be involved in the exter-

nal solution when the medium is unbounded, and we must use W. Next, go inside

the sphere r = a. It is clear that both U and W are now needed, because disturb-

ances come to any point from the further as well as from the nearer side of the
surface, thus coming from and going to the centre. Two questions remain : Why
take U and W in equal ratio ; and why their sum or their difference, according as

HI is odd or even ? The iinst is answered by stating the facts that, although it ia

convenient to assume the origin to bo a place of reflection, yet it is really only a
place where disturbances cross, and that the // produced at any point of the sur-

lacc is (initiftUy) equal on both sides of it. The second question is answered by
stating the property of the Q\ function, that it is an even function of n when m is

odd, and conversely ; so that when m is odd the H disturbances arrivingat any
point on a diamefesr from its two finds are of the same sign, reqalring U+W ; sad
when m is even, of opponite sign, requiring U - W.
Similar rcasumng applies to the operators concerned in other than spherical

wnTw. CuMt ef •imple diflhrinn ate brought under the same rules by generalizing

the problem so as to produce wave-propagation with finite speed. On the other

hana, when there are barriers, or changes of media, there is no difficulty, because

Ihe boundary oonditiona tell as in wfau ratio U aad Wmvat be talien.
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Equation (124) applies to any odd m. When m is even, exchange u
and to, also vf and ir. In the in^ qrstem we may write

f,.^<t>A 025)

the form of
<f)

being given in (124). The vorticity of the impressed

force is of course restricted to be of the proper kind to suit the m^^ zonal

hannoiiie. Thus, any distrihution ctf vortidtj whoie fines are the lines

of latitude on the spherical surface may be expanded in the form

^U'Ql (126)

and it is the of these distributions which is involved in the preceding.

20. Both media being supposed to be identical,
<f>

reduces to

A=^ _i , (127)

by using (114) in (124). This is with m odd ; if even, we shall get

Hi^j
In a non-dielectric conductor, ki'^iurk, and j*»4rfti^; so that,

keeping to m odd,

J
, (129)

In a non-conducting dielectric, and q^p/v ; so

"--ij^ <^^>

In thk eue the complete differential eqnation ii

^•-^^•^(•(.-•'J^- (wi)

when there is any distribution of impressed force in space whose vor-

ticity is represented by ( 1 - 0).

Outside the sphere^ consequently,

(out)

understanding that when no letter is affixed to 11 or w, the value at

distance r is meant We see at once that fi«aO makes the external

field vanish, the field of the particular /concerned. This happens
when / is a Rinusoidal function of the time, at definite frequencies.

Also, inside the sphere,

(in)

("*)

(185)
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As for the radial component it is not often wanted. It is got thus

from if:

—

-^cpF=r-\vH)\ (136)

where for cp write iirk + cp in the general case. Thus, the internal F
corresponding to (135) is

(in) g>^=S^^^^p-(«*.-«J/-<L (18T)

Jhneiieal Probim. Viiifim Ing^rmed Fme m ihe Sj^m.

31. Iff (lieie bo a uniform field of impressed force in the spherei

parallel to the axis, of intensity its vorticity is represented b} sin $
on the surface of the sphere. It is therefore the case w = 1 in the above.

Let this impressed force be suddenly started. Find the effect produced.

We have, by (132),*

(out) if-n»(i*-ip)^; (138)

or, in full, referring to the forms of u and tr, equations (110) to (113),

££fect the integrations indicated by the inverse powers of ^ or jp/t) \

thus

^-A^-f' ("0)

if be seiro before and eonitant after <sO. As for the ezponentiab,
use Tayloi's theorem, as only differentiations are involved. We get,

after the process (140) has been applied to (139), and then TayWs
theorem carried out,

jr=/.i:i/(i-'<.+??i_^) + (i+??»+l»+^/l)]. (ui)
I \ ^ 2ar/ \ a r 2ar/ J ^

'

where «f|»W-r+(ii ^^—lA-x^fL

* It willbe obserrad tliat the opentor connecting/, and ^ ib of such a nature th*t
the process of cxpanoion of }l in a series of normal functions fails. I have examined
several cases of tlii8 kind. The invariable rule seems to be that when there is a
aarlsoe of vortidl^ of e, leading to an equatioil of the form /s^iT, and there is a
change of medium somewhere, or else Imrriors, causing reflected waves, the form of

^ IS such that we can, when J is constant, starting at t = 0, solve thus [p. 373, voL ii.j

extending over all the (algebraical) />-roots of 0 = 0, whi< li is the determinantal
equation. But should there be no change of medium, the coujusate property of
the fanetioat eonoemed comes into play. It eanaai a great simplification in the
form of 0, and makes the last method fail completely, all trace of the ront.s having
disappeared. But if we pass continuously from one case to the other, then the last

fonnnla becomes a defixnte integral. On the other hand, we can immediately
integrate /=0// in it.s Hiinplitu(l form, and obtain an interpretable equivalent for

the definite integral, the latter being more ornamental than nsefuL In the simpli-

fied form, 0 nuiy be either rational or irrationaL The intsgration of the irrational

forms will be given in some later profalr

—
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It ifi particularly to be noticed that the /j part of (141) only comes into

opention vheii <| mdieB lero, and similarly as regarda the
XAIU, the first part erpnum the primary wave out m>m the sornee

;

the aeoond, arriving at an^f point later than the fit8t» ia the reflected

wave from the Gentre» ariamg from the primary wave inward &om the
surface.

The primary wave outward may be written

where vt>{r-a), and the second wave by its exact negative, with

vt>(r + a). Now, by comparing (132) with (134), we see that tiie

internal ioltt^n ia got from the external by e»Bhanging a and r in the

. in (139) and (141), including also in and The result is that

(142) represents the internal TI in the primary inward wave, rt having

to be >{a-r); whilst its negative represenU the rejected wave,
provided it>{a + r).

The whole may be summed up thus. First, vtis <a. Then (142)
represents ff eveiywhera between r-a+tif and r>-a- cf. But when tt

is >«, E is given by the same formula between the limits fi-ot-a and
tt-i-n. In both cases If is zero outside the limits nnmcd.
The reflected wave, snperiniposed on the j)iinuuy, annuls the //

disturbance, which is therefore, after the reflexion, confined to a

spherical shell of depth 2a containing the uncancelled part of the

primary wave outward.
The amplitude oiS a,t the front of the two primary waves, in and

outk before the foimer reaches the centre, is

- (2/*oW)-

After the inward wave has reached the centre, however, the amplitude

ofH on the front of the reflected wave is the negative of that of the

primary wave at the same distance, which is itself negative.

The process of reflexion is a very remarkable one, and diflicult to

fully understand. At the moment t^a/v that the disturbance reaches

the centre, we have H =
{ f^v"^ -i- (4/i(jr), constant, all the wav from r = 0

to 2a» which is just half the mitial value ofH on leaving the surface of

the sphere. But just before reaching the centre. If nins up infinitely

for an infinitely short time, infinitely near the centre ; and just after

the centre is r^hed we have H= - oo infinit«l^ near the centre, where
the if-disturbance is always aero, except in this singular ease when it

is seemingly finite for an infinitely short time, thou^, of course, v is

indeterminate.

"With respect to this nmning-up of the value of H in the inward

primary wave, it is to be ol>served that whilst // is increasing so fast at

and near its front, it is falling elsewhere, viz., between near the front

and the surface of the sphere ; so that just before the centre is reached

B has only half the initial value, ezoepi dose to the centre^ where it is

enormously great.

After reflexion has commenced, the //-disturbance is negative in the

hinder part of the shell of depth '2a which goes out to infinity, positive
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of ooone stffl in die forward part. At a mat distanoo tlteae jportumi

beoome of equal depth a ; at the fnmtd uie ahell H= {fiva)(2p^y'\
at its hack 77 = - ditto

;
using of coiu^e a different value ot r.

22. Afl regards the electric field, we have, by (133),

(oat) S..l.^\liir-u/}f,; ^143)

which, expanded, is

comparing which with (139), we see that

We haye^ therofoie, only to develop the second part^ whieh ii not in

the same phase with if. It is, in the same manner as beloro,

only operating when vtj = vl-r+ a, and f^,—d -r-aare positive. Or,

1 and 2 referring to the two waves. So, when vi> (r+ a), and the two
are coincident, we have the sum

3

<M7)

which is the taugential component of the steady electric field left

behind.

The radial component ^ is, by (137),

(cat, ..,14«)

where the unwritten term ... may be obtained from the preceding by
changing the sign of a. Or

where vt^^vt + a-r. Or,

,.i5-f{|+|+« 4(.,_.)».^l^(.,..)3,...};
(150)

80 that, when both waves coincide, we have theur sum,

^._2/.aW^
(151,

ich is the radial component of the steady field left behind by the
t of the primary wave whose magnetic field is whoUy cancelled.

which
part
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To verify ; the uniform field of impressed force of int<?nsity /j, by
elementary principles, produces the external electric potential

whofie derivatiTes, radial and tangential, taken negatively, are (151)
and (147). The oorrespooding intenial potential is

0«J/jrco8ft

But its slope docs not give the force E left behind within the sphere,

becauBe tms S is the force of the flux. Any other distribution of

imprened force, with the same vortidty,wiU lead to the same B. Oar
equation (135) and its companion for derived fiom (134) by Using

(136)^ lead to the steady field (residual)

^--]/iSin0, F^y^M0, (162)

the components of the true force of the flux. Add o to the slope ofO
to produce B.*
F is always zero at the front of the primary wave outward, and

E = jJ^^vU. At the front of the primary wave inward F is also zero,

and E= - n^/H. After reflection, -Fat the front of the reflected wave
is still zero, but now E = i^^vH.

The electrie ener^ set up is the yolume-integrel of the scalar

product 1«D. That is,

u^-y^-it*^'^ <iw)

But the total work done by e is 2Uy, by the general law that the
whole work done by impressed forces suddenly started exceeds the

amount representing the waste by Joule-heating at the final rate (when
there is any), supposed to stiirt at onco, by twice the excess of the

electric over the magnetic energy of the steady field set up. It is

dear, then, that when the travelkng shell has gone a good way out, and
it has become nearly e(|uivalent to a plane wave, its electric and mag-
netic energies are nearly equal, and each nearly \ in value. I did

not, however, anticipate that the magnetic energy in the travelling

shell would turn out to be constant, viz., \ U-^ during the whole journey,

from t ^a/v to l = co , so that it is the electric energy in the shell which
gradually decreases to h Uy Integrate the square of H according to

(142) to verify.

23. The most convenient way of reckoning; the work done, and also

the most appropriate in this class of problems, is by the integral of the

* SometimM the flax is apparently wrongly direotad. For example, a uniform
field of impressed force from left to right in all space except a ppherical portion

produces a flux from right to left in that portion. This is made intelligible by
the above. Let the iinpre8«e<l force act in the space between r—a and r—h^ a
being sni ill .ind h great. In the inner sphere the first effects are tliose due to the

r=o vorticity, and the flux left behind is against the force. But after a time
oomea the wave from the r=h vorticity, which sets matters right. The same
applies in the case of conductors, when, m fact, a long time might have to eUpM

' belore the second and real jiemianent state conqucreil the tirst one.
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scalar produot of the curl of the impresaed force and the magnetic force.

Thua, in our problem

2 U^^^dl 2 er = jti/ H curl ejiTT = ^^L^^HJt, (154)

where dS is an element of the sur&ce r = a. So we have to calculate

the time-integral of the magnetic force at the place of vorticity of e, the

limits being 0 and 2a/p. This can bo easily done without solving the

full problem, not only in the case of m 1, but m - any integer. The
reeuit ie, if IT., be the electric energy of the steady fiela due to

and, therefore, by surface-integration according to (154),

2l7.»aVi;'^'^i (166)* (2m+l)* ^ '

^U^iBthe magnetic energy in the tiavelMng shell I have entered
mto detail in the case of m a 1, because of its relative importance^ and
to avoid repetition. In every case the magnetic field of the primary
wave outward is cancelled by that of the reflection of the primary
wave inward, producing a travelling shell of depth '2a, within which is

the tinal steady field. There, are, however, some ditlerences in other

respects^ accoroing as m is eyen or odd.
Thus» in the case m » 2, we have, by (110) to (118),

Making this operate upon zero before and constant after / = 0, we
obtain, by (132), (140), and TayWs theorem,

In the wave represented, ri>{r-a), it being the primary wave out
The unrepresented part, to be obtained by changing the sign oi a
within the { ), LB the reflected wave^ in which «!> (r+ a).

To obtain the internal E exchange a and r within the {} in (158).

The result is that

^=4^{-*+slr»c«'-''-M
expresses the £f-solution always, provided that when vt<a the limits

for r are fz - rt and a + vt; but when vi>a, they are ttf-a and vi+a.

At the 8ur£ace of the sphere,

i©'-s©>
from / = 0 to 2a/y. It vanishes twice, instead of only once, inter-

mediately, hnishin^ at the same value that it commenced at, instead of

at the opposite, as in the iii«> 1 case.
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The nulkl component F ofEia always sero at the front of either of

the primary waves or of the reflected wave, and E= ±/*f>rH, according

as the wave is going out or in. In the trdvelling shell ^changes sign

m times, thus making m + 1 smaller shells of oppositely directed

magoetic finoe. At iti onter boundary

E^fjijH^y^'Qlia/r) (161)

and at the inner boundary the same formula holds, with ± [urefixed

aooording as m is even or odd.

In ease m«> 3, the magnetic force at the spherical sniftoe ia

from / = 0 to 2alv ; after which, zero.

Spheriml Sheet of UtdUd I/iij'ir.<-'!"I Forre.

24. If the surface r = a be a sheet of radial impressed force, it is clear

that the vorticity is wholly on the surface. Let the intensity be inde-

pendent of^ ao that

a«3>
The steady potential prodnced is

(out) r,=
+2:'-«-^i(^"*'.

(>M)

because, at r^a, these make

K.-Tj-s, and dFJdr^dFJdr} (1«6)

ift, potential-diflerence e, and contintuty of displsiGement The nonnal
component of displacement is

therefore, integrating over the sphere, the total work done by e is

which agrees with the estimate (156), because

-71,10' alH (169)

finds the vorticity,/, from the radial im| tressed force e
; or, tjthiw^g

« = f -.^m> ^myQ^ii~^ = vorticity,

so that the old /«, « e^ja.

Single Circular Vortex Line.

25. There are some advantages connected with transferring the
impressed force to the suifica of the sphere, as it makes the force of the
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flux and the force of the field identical 1>oth outside and inside. At
the boundary F is continuous, E discontinuous.

Let the iinprened force be a simple eircolar sbell of radius and
strength s. Let it be the equatorial plane, so that the equator is the

one line of vorticity. Substitute for this shell a spherical shell of
strength h' on the positive hemisphere, - \e on the negative, the

impressed force acting radially. Expand this distribution in zonal

harmonics. The result is

so that we are only concerned with the odd m'a. This equation settling

the value of the vorticity is

^^eji-^vQ^^y^vQl, (171)

We know therefore, by the preceding, the complete solution due to

sudden starting of the single vortex-line. That is, we know the

individual waves in detail produced by e,, etc. The resultant

travelling disturbance- is therefore oonfinea between two ' spherical

surfaces of radii itf>a and ftf+o, after the centre has been reached,

or of radii a — vt and a-\-vt before the centre is reached. But it

cannot occupy the whole of either of the regions mentioned.

The actual shape of the boundaries, however, may be easily found.

It is suthcient to consider a plane section through the axis of the

sphere. Lot A and B be the points on this plane eiit by the vortex-

line. Describe circles of radius vt with A and B as centres. livKa^
the circles do not intersect; the disturbance is therefore wholly within

them. But when rt is > a, the intersecting part contains no H, and
only the £ of the steady held due to the vortex-line, which we know
by % 24.

^lat within the part common to both dides there is no H we may
prore thus. The vortez-line in question may be imagined to be a line

of latitude on any spherical surface passing through A and B, and
centred upon the axis. Let «, be the radius of any sphere of this kind.

Then, at a time making vt>a, the disturbance must lie between the

surfaces of spheres of radii vt - and vt + u^, whose centre is that of

the sphere Oj. Now tiiis ezelndes a portion m the space between the
fit- a and si+a circles, referring to the |dane section; and by yarying
the radius we can find the whole space excluded. Thus, find the
locus oi intersections of circles of radius

with centre at distance s from the origin, upon the axis. The equation
of the circle is

or a^+y«-3a*«iV+a*-2f«(a^+s^*. (172)

Differentiate with respect to Zj giving

z(i^P^-a^^) ^ax, (173)
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uiddinuiiato^ between (173) and (172). After redaetioii% theveeolt is

7^ + (y±ay = v^fi, (174)

indicating two circles, l)Oth of radius rt, whose centres arc at A and B.

Within the commou spa^e, therefore, the steady electric licid has been
establiahed.

If this case be taken literally, then, since it involvee an infinite

concentration in a geometrical line of a finite amount of vorticity of e,

the result for the steady field is infinite close up to that line, and the

energy is infinite. IJut imagine, instead, the vorticity to be spread

over a /one at the ei^uator of the sphere r = a, half on each side of

it, and its rarfooe^eneity to be f-^v, where is finite. Gonnder the
eflfect produced at a point in the equatorial plane. From time < b 0 to

/j = (r-a)/r (if the i)oint he external) there is no diKtiirhance. But
from time /j to - l>;/\ whore b is the distance from the point to the

edges of the zone, the disturbance must be identically the same as if the
harmonic distribution were complete, viz, by (H2),

After this moment the formida of course fails. Now narrow the

band to width adO at the equator and simultaneously increase so as

to make fyid$^e, the strength of the shell of impressed force when
there is but one. The formula (175) will now be true only for a very
short time, and in the limit it will be true only momentarily, at the
front of the wave, viz.,

f,al2fji,rr = H^el2fj^vrd9, (176)

going up infinitely as dO is reduced. To avoid infinities in the electric

and magnetic forces we must seemingly keep either to finite volume
or finite surface-density of vorticity of e, just as in electrost<itics with

respect to electrification.

Instead of a simple shell of impressed electric force, it may be one of
magnetic force, with similar results. As a verification, calculate the
displacement through circle v on the sphere r = a due to a vortex-circle

at ^1 on the same surface, the latter being of unit strength. It is

2^+1'2

due to 2s«^ through the circle v. Take then

2i»(in+l) » ^^^®>

which represents due to vortex line of unit strength at v^. Use this

in the preceding equation (177), and we obtain

as the displacement through v due to unit vortez-line at v,. Applying
this result to a drcular electric cnzrent^ B-f^ takes the place of
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D = (<t/4*')B, as the flux concerned, whilst if // be the strength of the shell

of impressed ma^ietic force, h/iir is the equivalent bounding electric

eurrent The inaaction through the drcle v due to unit electric current

in the circle v, is therefore obtainable firom (179) by turning r to /i,^ .ind

multiplying by (47r)2. The result agrees with Mnxwell's formula for

the coefficient of mutual induction of two circles (vol. ii., art. 697).

It must l)e noted that in the magnetic-shell application there must be
no conducLivity, if the wave-formula* arc to apply.

An EUdtwmtim Impulse. m = l.

•-'6. Hctnniinu; to the case of impressed electric force, let in a spherical

I>ortion of an infinite dielectric a uniform field of impressed force act

momentarily. We know the result of the continued application of the

force. We have, then, to imagine it cancelled by an oppositely directed

force, starting a little later. Let ^ be the time of application of the
real force, and let it be a small fraction of 2a/ the time the travelling

shell takes to traverse any ])oint. The result is evidently a shell of

depth y/j at r rf + f , in which the electromagnetic field is the same as in

the case of continued ap{)lication of the force, and a similar shell situated

at r= vi - /I, in which H is negative. Within this inner shell there is

no B or H. But between the two thin shells just mentioned there is a
diffused disturbance, of weak intensity, which is due to the sphericity of
the waves, and would be non-existent were they plane waves. In fact,

at time / = /j, when the initial disturbance //

=

f^v/^ftj' has extended itself

a small distance r/j on each side of the surface of the sphere, there is a
radial component F &t the surface itself, since, by (150),

^-^«»<!-;!'>
;

<»«»

so that the sudden removal of leaves two waves which do not satisfy

the condition fi^vll at their common surface of contact On separa-

tion, therefore, there must be a residual disturbance between tnem.

The discontinuity in £ at the moment of removing /j is abolished by
instantaneous assumption of the mean value, but it is impossible to

destroy the radial displacement which joins the two shells at the

moment they separate. Put on /j when / = 0, then - at time /j later.

The if at time i due to both is, by (142),

^=^t^(<.'-2«i); im
which, when ^ is infinitely small, becomes

H^-lp^ (183)

ilrst of aU, at a noint distant r from the centre, comes the primary
disturbance or head,

H^I^, (183)

when vt = r~a, lasting for the time It is followed by the ditTused

negative disturbance, or tail, represented by^(lS2), lasting for the time
U.K. p.—VOL. u. 2d
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2a/». At its end comes the companion to (183), its negative, when
r/ = r + fl, lasting for time /j, after which it is all over. This description

applies when r > a. If r < a, the interval between the bej^inning and
end of the if-disturbance is only 2r/v. From the above iullows the

integral folution ezpreaeiiig the effect of/j vai^ung in any manner with
the time.

AlUfnoMnrj Imjmsted F&rut,

27. If the impreiised force in the sphere, or wherever it may be, l>e a

umuoidal fimetion of the time, making p- = - n\ if Sr x nrequency,

the complete solutions arise from (132) to (136) so immediately thatwe
can almost call them the complete solutions. Of course in any case in

which we have developed the connection between the impressed force

and the flux, say e.-ZC, or C = Z~^e^ where Z h the resistance-oj)emtor,

we may call this equation the solution in the sinusoidal case, if we state

that is to mean -n*. But there ie unially a lot of work needed to
hring the solution to a pmctical form. In the preaent instance, how-
ever, there is scarcely any required, because u and w are simple functions

of qr, and is real. The substitution ]r^= -n^ in u residts in a real

function of nr/r, and in w in a real function x ( - l)i Thus:

—

^^nr r . nr
«i = C0B Sin -

,

V nr V
(184)

./ • nr V nr\
w.—t(8m-- + — cos—

)

;

V V nr vj

« /i 3r2\ nr Zv . nr \

--O-iv^hT-i^-V
\

In the caie fii« 1, if (/Jcosn/ is the form of /j, so that (/j) represents

the amplitude^ we find, writing this case faSfy because it is toe most
important :

—

(out) if=^(cos - ^8in)!^ . ^co8 - ^8in)(H - nt^
^

(in) if=i/i)^^fcos--^sin^?^l\(^cos-lsiny^

(out) i"- .^^)':«^fco8--%in^«^.fsin + iicosY!^*-nA.
nr^ \ nu J v \ nr J\v )

(in) F~ - M>pi(co» - IsinV^-'. fsin + -^co.)('!^ - «A,
nr» V nr ) V \ wa l\v )

(out) bJJ^(^^.1^Y^.\^. -^)o.-l.in)(^-^).

I
(m) it — -li^i

—

Ji 1 -—- )8in + —cos}- . ( 8in+—cos ni).

(lS5a)

(1866)

(185e)
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It 18 very remarkaUe, on first acquamtance, tliat the impressed force

produces no external effect at all when

tt.«.0, or tan^=^.

For the impressed force may be most simply taken to be a uniform field

of intensity {/,)cosn/ in the sphere of radius a acting parallel to the
axis, and it looks as if external displacement must be produced. Of
course, on acquaintance with the reason, the fact that the solution is

made up of two sets of waves, those outward from the lines of vorticity

and those going inward, and then reflected eat, the mystery disappears.

To show the positive and negative waves expIiciUy, we may write
the first of <185a) in the form

the second line showing the primary wave out, the first the reflected

wave.* Exchange a and r within the
[ ] to obtain the internal ff. The

disturbance, at the sur&ce, of the pnmary wave going both ways U|
from <»0 to 2a/v,

^/i^(coaii<+ f (coeii<-l)\ (I8fi«)

The amplitude due to both waves is

The time-rate of outward transfer of energy per unit area at any
distance r is EEfiw, In the system this is

EH (/JV{vQi)2 . , . , . y , f w • \ •
I . /iQfix^_ v^m/

\ ^/ ,_iL,^^u^sin-{-iu/)coB}tU.{ucw+{-%w)BiTi}nt, (186)
4flr 4iV\ft^V]rT OAT

where m is supposed odd, whilst u and - fi9 are the real ftinctions of

* In reference to this formula (185ri), and the corresponding ones for other

values of m, it is not without importance to know that a very slight change
•nffioM to make (ISSd) represent the tolution from the first moment of stwking
the impressed force. Thus, K t it start when f = 0, and lot tho/| in oqnatloa (130)
be {/i)coBnt. Efiect the two integrationn thus,

vanishing when ( = 0, and then operate with the exnonestialii and WO oball obtain

that modified:—To the first line must be added

and to the second line Ita negative. Thus modified, (185d) is true from <=0,
uii<l»'rst,ni<ling that the second line begins when t = {r - a)/t\ and the first when
l = {r + a)jv. The first of (185a) ts therefore true up to distance r = vt~a, when
this ia poiitiTo. In the ahell of depth 2a boyond, it faila.
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If

nrjv obtained in the same way as (184). The mean value of the /

function is, by the conjugate property of u and ir, equation (114),

Using this, and integrating (186) over the complete surfiwe of imdins r,

giving

'\^QlYdS^^^!^^^, (187)

we find the mean transfer of energy outward per second through any
surface enclosing the sphere to be

if (/«}>'QmC08ii< is the vorticity of the impressed force. [When m is

even substitute -w-.]

In the case m= 1, the waste of energy per second is

(fl^ (189)

due to the uniform alternating field of impressed force of intensity

(/«) cos nt within the sphere.

In reality, the impressed force must have been an infinitely long time

in operation to make the above solutions true to an infinite distance,

and have therefore already wasted an inhnitc amount of energy. If

the impressed force has Men in operation any finite time t, however
greats the disturbance has only reached the distance r^vi+a. Of
course the solutions are tme, provided we do not sp further than
r^ti-a. We see, therefore, that the real fuTietion of the never-ceasing

waste of energy is to set up the sinusoidal state of E and H in the

boundless regions of space which the disturbances have not yet

reached. The above outward waves are the same as in RowUuid's
solutions.* Here, however, they are explicitly expressed in terms of

the impressed forces causing them.

1/, =^0 makes the external field vanish when ??? is odd: and = 0
when 111 is even ; that is, when the sinusoidal state has been assumed.

It takes only the time 2a/ r to do this, as regards the sphere r = a ; the

initial external disturbance goes out to infinity and is lost. This

vanishing of the external fiela happens whatever may be the nature of

the external medium away from the sphere, except that the initial

external disturhance will behave difTerently, being variously reflected

or absorbed according to circumstances.

CondueHng Medium, m » I

.

28. Now consider the same problem in an infinitoiy extended con-

ductor of conductivity L We may remark at once that» unless the

conductivity is low, the solution is but little different horn what it

would be were the conductor not greatly lai^ than the spherical

*In paper referred to in 1 18.
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portion witliin it on whose surface lie the vortex-lines of the impressed
force, owing to the great attenuation sufFered hy the distiirbancea as

they progress from the surface. In a similar manner, if the sphere be

large, or the periodic frequency gieat, or both, we may remove the

greater part ofthe interior of the sphere without xnoch altering matters.

We have now

g = (47r/x^y)4 = (H-t>, if «=(27r/z»* (190)

The realization is a little troublesome on account of this p^. The result

is that the uniform alternating field of impressed force of intensity

(fj)emiU, gives rise to the internal solution

j^jlJIih^ 0^y„^. . Bee (129), § 20
;

J

(in) B^=(~-yi^{(^+J)coe«<+(^-J)8inirf^^ (191)

where A and B are the functions of r expressed by

£^^r.a>r( l^l^ 2^ \ _
f 1 _ 1 +-L Vin~lx(a - r)

L\23T 2xa '2xr.2mJ \ 2xr 2m/ '

L\2aT 2m 2xr.2mJ \ 2xr 2xa) J ^ f \ f

Equation (191 )
showing the internal iif, the external is got by exchang-

ing a and /• in the functions A and B.

Now m is easily made large, in a good conductor; then, anywhere
near the boundary, {r ^ a), we have

^ cos a;(a-r), - B^€-'^-'^tmx(a-r), (194)

and (191) becomes •

(in) H= co8|ii< - x{a - r) - (196)

The wave-length k is

Thus, in copper, a frequency of ICOO to 1700 makes Xsl oentim.

Both X and the attenuation-rate depend inversely on the square roots

of the inductivity, conductivity, and frequency, whereas the amplitude

varies directly as the square root of the conductivity, and inversely as

the square roots of the others.

[The attenuation in distance X is c~^» t**' ; therefore we may say

it is nearly insensible further on. If we introduce an auaoliary
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impressed force to keep the current straight, we shall, when xa is

large, just double the external JI and the activity.!

To verify that very great frequency ultinuitely limits the distnrfaaiice

to the Yortex-line of e when there is hut one^ we may use Uie last sdu-
tion to coDstroet that due to a sheet of impressed force

acting radially on the surface of the sphere. Thus,

(in) H= ^=^^<-'^-'*C08|n/ - x{a - r) - (197)

when xa is very great When the vorticity is confined to one line of

latitude, // in (197) vanishes everywhere except at the vortex-line.

But a further approximation is required, or a different form of solution,

to show the disturbance round the vortex-line explicitly, i.e., when n is

great, though not infinitely great

A Condveiing Dideckie, msl.

29. Here, if ife is the conductiyity, c the permittivity, and ^ the

inductivity, let

ff=(4r/i^+IV3^)*-nj+iV, (198)

when P'^nL Then fij and will be given by

-"^-^[(-©T^O ^"^>

Using this j in the general external ^-solution, but ignoring the explicit

connexion with the impressed force, we shall arrive at

(out) J?-%:i-vr(l +_-;LW sin1(n/-f.iX (200)
r L\ r{n{ + n^}J r{ji{ + jl;) J

where C^^ is an undeterniined constant, depending upon the magnitude
of the disturbance at r ^ a. JSo far as the external solution goes, how-
ever, the internal connexions are quite arbitFary save in the pOTiodicity

and confinement to producing magnetic force proportional in intensity

to the cosine of the latitude. The solution (200) may be continued

unchanged as near to the centre as we please. Stopping it anywhere,

there are various ways of constnicting complementary distributions in

the rest of space, from which (200) is excluded.

is zero when k^O. We then have the dielectric solution, with
n^stn/v. On the other hand, e^O makes

nj = «2 = (27r^)*»a^

as in § 28. The value of + n.J is

^•^37=3'^^)? <^««

Enormouf^ly great frequency brings us to the formula} of the non-

conducting dielectric, with a difference, thus : and become

fij»2irJfc/*^», »,«n/», (202)
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when Airk/cn is a small fraction. The attentifttion duo to conduetiyity
stiU exists, but is independent of the freqneacy. We have nov

(out) if-^*-.'^co8-^8ia)^^-«/^. (203)

differing from the case of no eondaedvity only in the presence of the
exponential factor.

It is, however, easily seen by the form of in (202) that in a good
conductor the attenuation in a short distance is very great, so that th«

disturbances are practically confined to the vortex-lines of the impressed
force, where the iZ-disturbance is nearly the same as if the conductivity
were sero^ as before concluded. It follows that the initial effect of the
sadden introduction of a steady impressed force in the conducting
dielectric is the emission from the seat of its vorticity of waves in the
same manner as if there were no conductivity, but attenuated at their

front to an extent represented by the factor €"">', with the (202) value
of in addition to the attenuation b^ spreading which would occur
ware the medium nonconducting. This estimate of the attenuation
applies at the inmt only.

CkmiU m Sphere amdrakud io be unborn,

30. Let 08 complete the solution (200) of § 29 by means of a current
of uniform density parallel to the axis within the sphere of radius a,

beyond which (200) is to be the solution. This will require a special

distribution of impressed force, which we shall find. Equation (200)
gives us the normal component of electric current at r = a, by differenti-

ation. Let this be r cos 0. Then F is the density of the internal

current The corresponding magnetic field must have the boundary-
value according to (200), and vary in intensity as the distance from the
axis, its lines bcins^ circles centred upon it, and in planes perpendicular

to it. Thus the internal H is also known. The internal £ is fully

known too, being k'^V in intensity and parallel to the axis. It only

remains to find e to satisfy

curl(e-E) = /iH, (3) bis

within the sphere, and at its boundary (with the suitable surface inter-

pretation), as it is already satisfied outside tiie sphere. The simplest

way appears to be to first introduce a uniform field of 6 parallel to the
axis, of such intensity e. as to neutralize the difference between the
tingential components or the internal and external E at the boundary,
and so make continuity there in the force of the field; and next, to

find an auxiliary distribution e,, such that

curl 63 = fiH,

and having no tangential component on the boundary. This may he
done by having parallel to the axis, of intensity proportional to

(a2- 1-2) sin d.

The result is that the internal H is got from the external by putting

r-ia in (200) and then multiplying by r/a ; P from the Internal H by
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multiplying by (2irrsin^)~* ; e, from tho difierence of the tangential -

components E outside and iiuride is given by

Finally, the auxiliary force has ittf intensity given by

^^li^^^€"^Ul +-^^)nn+ . ^ -,coA{n^-tu) (206)

A remarkable property of this auxiliary force, which (or an equivalent)

is absolutely required to keep the current straight, is that it does no
work on the eurrent» on the average ; the mean activity and waste of

energy being therefore settled by e|.

Not. 27, 1887.

Part IV.

Sph0n€d Waoea (wWi D^fitnm) in a Candudmg DideeMe.

31. In an infinitely extended homogeneous isotropic oonductinff

didectric, let the sumce r^a be a sheet of vorticity of impressed

electric force; for simplicity, let it be of tho first order, so that the

surface-density is roprescnted by fv. By (127), § 20, the ditlcrentinl

equation of //, the inLtnsity of magnetic force is, at distance r from tho

origin, outside the surface of /, (v meaning sin 6),

where / may be any function of the time. Here, in the general case,

iucludiiig the unreal "magnetic conductivity " g* we have

ff-[(4,rA+cp)(iiri7 + /xi>)]*=.«-»[(ii+/»)^-a^]*,\
.^OT)

»-(/««)*.} (208)

a, for subsequent convenience,

The s|jeed is and are the coeificients of attenuation of the part6

transmitted elementary distorbanoes due to ^e real eleetrio con-

ductivity h and the unreal g', that is, i-** is the factor of attenuation

due to conductivity. On the other hand, the distortion jvoduccd by
conductivity depends on (r, and vanishes with it. There is some utility

* Owing to the lapse of time, I should mention that tho physical and other
meanings of the cocfhci>'nt ij are explained in Part I. of this paper. Also it = electric

couductivity ; M = magaetic inductivity ; aud c/4r =eiectric permittivity. All the
problems in ^is poper, except in § 43, relate to Bphericnl w«vee; tho geometrical
coordinates are r and d. UnleM otlierwiM mentionod, p always signifies the
operator <i/c^> t being the time.
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in kcr'])ing in p, because it somorijiics happens that the vanishing of

making />= - o-, leads to a solvable case. We can then produce a real

problem by changing the meaning of the symbols, turning the magnetic

into an electrie field, with other changes to correspond.

The SUadif Magnetic Fidd due to { Constant,

32. Let/ he sere hefore, and constant after ^-0, the whole medium
having been previously free from electric and magnetic force. All

subsequent disturbances are entirely due to/. The steady field which
finally results is expressed by (206), by taking /> = 0; that is, has to

mean ivk, and 2 = 4jr(%)*, by (207). To obtain the corresponding

internal field, exchange a and r in (-'OG), except in the first ajr. The
same values of and q used in the corresponding equations ofE and F
Sive the final electric field. The steady magnetic field here considered

epends upon g, and vanishes with it.

Fariahle Stute wIkii /Jj = p„. Flrsf Case. Sub>ndin(f f.

33. There are cases in which we already know how the final state

is reached, viz., the already given case of a nonconducting dielectric

(§§ 21, 22), and the case o- = 0 in (208), which is an example of the

theory of § 4. In the latter case the impressed force must suhdde at

the same rate as do the disturbances it sends out from the surface of /.

Thus, given starting when / = 0, ^^^th /, constant, the restdting

electric and magnetic fields ;irc represented by those in the correspond-

ing case in a nonconducting dielectric, when multiplied by The
final state is zero because / subsides to zero ; the travelling shell also

loses all its energy. Bat there are, in a sense, two final states; the

first commencing at any place as soon as the rear of the teavelling shell

T enches it, and which is entirely an electric field ; the second is zero,

produced by the subsidence of this electric field. There is no magnetic

force to correspond, and therefore no "true" electric current, in Max-
well's sense of the term, except in the shell.

Second Caee. f ConskmL

34. But let the impressed / be constant. Then, by effecting the

integrations in ^206), we are immediately led to the full solution

+same fimction of -a^ ...(209)

where the fully-represented part expresses the primanr wave out from
the surface of /, reaching r at time {r-ayv; whilst the rest expresses

the second wave, reaching r when /- (r

+

a)/v. After that, the actualH
is their sum, vis.,

£r*A^-.wYl +-T«H*--8i«l^1-» (210)
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agreeing with (206), when we give ^ therein the special value />/v at

present eoaeerned, and • iwk
At the front of the first wave we have

F-e->*'>fl/2firr, (211)

so that the energy in the travelling shell still subsides to zero.

Equation (211) also expresses ff at uie front of the inward wave,
both before and after reaching the centre <^the sphere. The exchange of

a and r in the [] in (209) prrauces the conesponding internal aolation.

Vnegml atid Chneral Case,

35. If we put dfdr—V, we may write (206) thus,

It is, therefore, sulhcieut to find

c-^'^-y-y, (213)

to obtain the complete solution of (212) ;
namely, by performing upon

the solution of (213) the diti'erentiations V and the operation ky This
refers to the first half of (212); the second half only requires the
changed sign of a in the

[ j to be attended to.

Now (213) is the same as

1^-^-V^'^-'^^ .^-(^'^ (214)

Expand the two fiinctions of|» in descending powers of thus,

(^-^)-i=r'[l^|J+|^^+^'^+...]. ...(216)

(S16)

where the //'s are functions of r, but not of j^. Multiplying these

together, we convert (213) or (214) to

where the /'s are functions of r, but not of p. The integrations can

now be effected. Let/ be constant^ first. Then,/ starting when ^ = 0,

we have

P'HM')=fp-'{^^-l'Pi-'ip'n-p-Vi^% say; (218)

etc., etc. Next, operating with the exix)nential containing p in (217)
turns ttot- {r~a)fVf and gives the required solution in the form

+ same function of -a , (219)
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wbere t-^^t-{r- a)jv ; the represented part beginning when reaches

zero, and the rest when / - (r + a)lv reaches zero.

Ftdler Dewlopmeni in a Special Case. Theorem involving Irrational

Operators.

36. As this process is very complex, and (210) does not admit of

being brought to a readily intcrpretublc form, we should seek for

sj)ecial cases which are, when fully developed, of a comparatively

simple nature. Write the first half of (212) thus,

Now the part in the square brBcketo can be finitely integrated when
/c^ subeidea in a certain way. We can show that

^^y.-'^V-.')'(..«)_y,|^(,_„). _

J
(221)

in which, observe, the sign of o- may be changed, making no difference

on the right side (the result), but a great deal on the left side.

The simplest proof of (2 2 1 ) is perhaps this. First let r a. Then

(|±^y(.-..,-.-.(._^)-'a,. (222)

by getting the exponential to the left side, so as to operate on unity.

Next, by the binomial theorem,

"-D*^M4f;y--}^> <^=''>

Now integrate, and we have (/ commencing when 0),

SO that, finally,

It is also worth notice that, integrating in a similar manner,

(l -|)-'(l).l +
4|:'+',|^J*

+ ...=/.(^«> (226)

These theorems present themselves naturally in problems relating to a
telegraph-circuit, when treated by the method ol resistance-operators.

A special case of (225) is

i>Hl) = ('rO'* (227)
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which presents itself in the electrostatic theory of a submarine
cable.*

We have now to generalize (225) to meet the case (221). The left

member of (221) satisfies the partial differential equation

t;2y2^^2_o^^ (228)

so we have to find the solution of (228) which becomes JQ{(rii) when
r = a. Physical considerations show that it must be an even function

of (r - a), so that it is suggested that the / in JQia-ti) has to become, not

t - (r - a)lv or / + (r - a)/r, but that i- has to become their product. In

any case, the right member of (221) does satisfy (228) and the further

prescribed condition, so that (221) is correct.

If a direct proof be required, expand the exponential operator in

(221) containing r in the way indicated in (216), and let the result

0{>erate upon Jfjip-ti). The integrated result can be simplified down to

(221).

37. Now use (221) in (220). Let /€^'=/o«"'', where /<, is constant;

and the square bracket in (220) becomes known, being in fact the right

member of (221) multiplied by Jq. So, making use also of (228), we
bring (220) to

to which must be added the other i)art, beginning 2a/v later, got by
negativing a, except the first one. The operation {p^-(r^)~^ may be

replaced by two integrations with respect to r.

Let r and a be infinitely great, thus abolishing the curvature. Let

r - a = 2, and /Qvajr^ which is now constant, be called e^. Then we have

simply

^f=2^,'-'"-^o{^(-' (230)

showing the II produced in an infinite homogeneous conducting

dielectric medium at time / after the introduction of a plane sheet (at

2 = 0), of vorticity of impressed electric force, the surface-density of

• Thus, let an infinitely long circuit, with constants R, S, K, L, be operated
upon by impressed force at the place z= 0, producing the potential-difference

there, which may be any function of the time. Let C be the current and V the
potential-ditfercucc at time I at distance Then

where 7= (i?-»-Z7))»(^r-t-<S»». Take K=Q, and L=^Q \ then, if To be zero before

and constant after t = 0, the current at z=0 is given by

Co=r„(.s//?)i7,»{i).

and (227) gives the solution. Prove thus : let h be any constant, to be finally

made infinite ; then

p*( 1 ) = 6»( 1 + 6/)-i)-»= 6»/o(i6<»>-»'^,

by the investigation in the text. Now put 6= oo, and (227) results.

In the similar treatment of cylindrical waves in a conductor, p^, pi, etc., occur.

We may express the results in terms of Gamma-functions.
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vorticity being ef^f~^'\'. This corroboratos the Bobition in <^ S, equation

(51) [Part I., p. 383j, whilst somewhat exLendin|j its meaning.

The condition to whidi/ is subject may be wntten, by (208),

f-U-'"^' (231)

where /q is oonstant. If, then, we desire / to be constant, must
yanish, which, by (208), requires k—0, whilst g may be finite.

But we can make the problem real thus. In (229) chan'^'e H to E
and }iv to cv, we have now the solution of the problem of tinding the

electric field produced by suddenly magnetizing uniformly a splierical

portion of a conducting dielectric
;

Le.^ the vorticity of the impressed

magnetic force is to be on the sur&ce of the sphere r»a, paidlel to its

lines of httitude, and of sur&ce-density/v, such that is constant

This makes / constant when and h finite^ representing a real

oondueting dielectric

The Elednc Force at the Origin due in fv at r = a.

38. Returning to the case of impressed electric force, the differontiril

equation of/', the radial component of electric force inside ilie sphere

on whose surface r = a the vorticity of e is situated, is, by § 20,

equations (136), (137),

F.h^.-^{l.L){^,r-^y (.32)

At the centre, therefore, the intensity of the full foroe, which call

whose diroction is parallel to the ajos, is

^•-{(l + 2«K"/=i(l-«^)^-"/. (233)

Unless otherwise specified, I may repeat that the forces referred to are

always those of the fluxes, thus doing away with any consideration of

the distribution of the impressed force, and of scalar potential, of vary-

ing form, which it involves. (233) is equivalent to

J^o-f + <»"*0>' - ^^y-^'^^'^U^y (234)

Let/ be constant, and /> = <r, or ^= 0. Then (234) becomes

^o =IA-''[>+ cr)(|^)* + l]c-(«/-X^-'»)V), (235)

of which the complete solution is, by (221),

^o = (!/)(«''*««''(l^ + «'W»'^*(«* +-3^.), (230)

where, subject to ^-0, c-«*(l)«Jr,; (236o)

or, solved,
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in wbicb f«(-l)^, and all the J*9 operate upon <r/t. This eolation

(236) begins when t^ajv. The value of <r ie irk/2c
Tn n froo<l conductor cr is immense. Then assume r = 0. or do awav

with the clastic displacement^ and reduce (236) to the pure-diffusion

formula, which is

^,.(|/,[(|y^-..., (238)

where y ^ (4TrfJ:a-l2t)K The relation of X„ in (236) to the preceding

terms is explained by equations (233) or (235).

Effect of tm/omUy magnetizing a Conducting Sphere surrounded by a
Ntmeandudinff DielteMc.

39. Here, of course, it is the lines of E that are circles centred upon
the axis, both inside and outside. Let h be the impressed magnetic

loToe^ and hv the (mrfitee-deneity of its Tortidty, at r*a» outside vhich
the medium is nonconducting, and inside f\ conducting dielectric The
differential equation of E^ uie suifaee-vaiue of the teoBOr of Xatrso,
is (compare (124), § 19)

in which r = a, and /i and ^ are (o have the proper values on the two
sides of the surface.

Now, by (111),

^//;>^«-j|l+(^)-i(l+jr)-i} (240)

in the case of m = 1, (first order), here considered. This refers to the

external dielectric, in which q—pjv. Let v» oo
, making

miW^-a-K (241)

This assumption is justifiable when the sphere has sensible conductivity,

on account of the slowness of action it creates in comparison with the

lapidity of propag^on in the dielectric outside. Then (239) becomes

.^^JL. g^asinhya
(242)

E^ fj^pa coshj,o-(?,o) ismhjja paK/i^ ix^J
'

if /i^is the external and fi^ the internal inductivity, and the internal

o. When the inductivities are equal, there is a material simplification,

leading to

£.= - ^pa<!S^MzM}'P«E^Mh,, (243)
qittsiTihq^a

where q^- {(ivkj^ + c, *• First let 6| » 0, in the conductor, making

qf- ^i^Jtjp- - say. Then

„ 1 cos sa - (m)"^ sin sOt
J^m= ~ 7-r~ • " y cii" •

—— (^^*)
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From this we see that sinM* 0 is the determinantal equation of normal
aystems. The slowest is

art sir, or - = ijx.^k^a-lTr (245)

This time-constant is about (r2r)0)"^ second if the .s|)hero ])c of copper

of 1 ceiiLim. radius j about 6 seconds if of 1 metre radius, and about iU

million yean if of the dse of the earth.

At distance r from the centre of the sphere^ within it, at time t after

starting h, we have

hv ^ cos sr - (.<?/) sin

subject to the determinantal equation, over whoso roots tho summation
extends, p hmng now algebnuc. Effecting the differentiation indicated,

we obtain

^« - _2Av^ coBsr- (g/ )"^sin sr^
/247)

The corresponding solution for the ndial component of the magnetic

force, say H,, is

B,^(Vi«mfft-aeo,e:^^^^f:-^i^""'-^. (348)^* ^ s-/-cossa

At the centre of the sphere, let be the intensity of the actual

magnetic force. It is, by ('248),

+2S(coe«»)-V*). (249)

Thus the magnetic force airiyee at the centre of the sphere in identi-

cally the same manner as current arrives at the distant end of an
Atlantic cable according to the electrostatic theory, when a steady

impressed force is applied at the beginning, with terminal short-circuits.

In the case of the cable the first time-constant is

-J)-i = i/6Y-77r2,

where Bl is the total resistance and SI the total permittance. It is not

greatly different from 1 second, so that, by (2 {5), the sphere should be

about a foot in radius to imitate, at its centre, the arrival-curve of the

cable.

To be precise we shoald not speak of magnetizine the sphere, because
(ignoring the minute diamagnetism) it does not oecome magnetized.

The princii)le, however, is the same. We set up the flux magnetic
induction. But the magnetic terminology is defective. Perhaps it

would be not objected to if we say we inductize* the sjihere, whether

we magnetize it or noL This is, at any rate, better than extending the

meaning of the word magnetize^ which is abready precise in the mathe-
matical theorjr, though of uncertain application in practice, from the

Tariable behaviour of iron.

* Accent the first qrU*hlflk like msgnetiM. Practical men aometiaiei speak of
energizing a c ore, etc. But eneigiae it too general ; by aeiiig induotise weepedfy
what Uttx i» act up.
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40. The following is the altcniative form of solution shownng the

waves, when
^

is finite. With the same assumption as before that

v = <x> outside the sphere, the equation of the radial component of

H, is

„ 2 cos 0 cosh or - (7r)~^sinh or , /okav
"= r , - , 1

^ A, (250)

which, at r = 0, becomes

7/o=57a(sinh^a)"iA (251)

Exjwmd the circular function, giving

i/g = ^qu 1 + e + + ...)h', (252)

or, since here q = v~^{{p + ar)'^ -<r')\ where (r = 4rrkl2Cf

^.=|«.-"(i'+^)(f^)'[.-^'^-''
+ c-?<>'-'^' + ...](Ac'.). (253,

BO, using (221), we get finally

The Jq functions commence when vt-a, 3«, 6a, 'Jtc., in succession,

and the successive terms express the arrival of the fi 't wave and of the

reflejdoDs from the surface which follow. In the cas of pure dififiudoD,

this reduces to

ffo- (|A)2fl{4irJlvii/»0*[«-»*^"^'+ + . . .] (266)

which is the altemative form of (249X involving instantaneous action

at a distance. The theorem (in diffusion)

e-V.^*(l) = (7r/)-»«-a«V« (256)

becomes generalized to

€"'q{l)-^V'U-''\p + <r)jQ{<rv-\x^ -V^fi) }, (257)

if q^v'^{f+2<rp)K

On the right side of (257), the p means, as usual, differentiation to t.

The two quantities cr and f may have any positive values ; to reduce to

(256), make « infinite whilst keeping a-jir^ finite.

Diffiuim if Waves from a Centre of Impressed Force in a
CondueUng Medium,

41. In equation (206) let a be infinitely small It then becomes

Jf= ?,/f3.r-2(47r^' + rp)(l +r/r)c-''/, (258)

the equation of H at distance ?• from an olement of impressed electric

force at the origin. Comparing with (233), we see that the solution of

(258) may be derived, when / is constant, starting when / ^ 0. Take
g^Ot making p^a-^ Wk/^e. Then
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wheps is what the X. of (237) becomes on changing a to r j and

EQ = vh-- X vol integral of /, (260)

supposing the impressed force to be confined to the infinitely small
sphere, so that its volume-integral is the "electric moment," by analogy
with magnetism. The solution (259) begins at r as soon as t = rlv. It

is true from infinitelv near the origin to infinitely near the front ; but
no account is given of the state of uiiiigB at the front itielf. M^uthib
final value of if. We may also write A, thus,

^^X,= 1 +j^f(°-+i^yo{^('"'^ - ^'^')^] i (261)

and (259) may alao be written

^=i<*^+*>(i--»)-^ "
;

When c= 0, (259) or (262) reduce to

ir-^.[g)W.I-(?y{,-^^.-^-...}} (263)

where pm{2w/iki^/(^.

Conduciim Sphere in a Nonconducting Dieledric. Circular VorticUy

cf e. Cimif^ Bt^Uxitm, ^fecial very 8mpU Ckm,

42. At distance r from the origin, outside the sphere of radius a,

which IS the seat of Torticity of e, represented by fv^ we have

ff^4>-^Jf^/fF,)fvafr. (264)

The operator <^ will vary according to the nature of things on both

sides of ; = a. When it is a uniform conducting medium inside, and
nonconducting outside, to infinity, we shall hare

when 4^ depending upon the inner medium, is given by

^ qi {1 +(gia)-^}Binh q,a - (q^aykothq^a
.ges)^ hrki-k-CiP cosh q^a - (g^a) "^sinh ' '

and depending upon the outer medium, is jgiTen by

^.^it^jg^
The solution arising firom the sudden starting of/constant is therefore

w,-^' <««^>

dp

where p is now algebraical, and the summation ranges over the roots of

^aO. There is no finalH in this case^ if we assume y =^ 0 all over.

HAP.—VOL. IL 9s
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But the defcerminantal equation is Tery complex, so that this (267)
solution is not capable of easy interpretation. The wave-method is

also impracticable, for a similar reason.

In accordance, however, with Maxwell's theory of the impermeability

of a perfect" conductor to magnetic induction firom oztemal causes,

the assumption L = co mskes the solution depend only upon the
dielectric, modified by the action of the boundary, and an extraordinary

simplification results. (/>^ vanishes, and the detenninantal equation

becomes ^s«0, which has just two roots,

qa=pa!v^ ~ h±i(l)^', (268)

and these, used in (267), give us the solution

(fimlZfm)€-(z cos - S*(l - 2a/r)tin^ (389)

where z= {vt- (r - n)] l'2a.

Correspondingly, the tangential and radial components of S are

1?-/i»ir+/wiV-»(l - cos+ S» sin)«73), (270)

^Vcos - 1 ^-'\^;: cos . J2(2 - ';)sin|z,/3]. (271)

This remarkably simple solution, considering that there is reflexion,

corroborates Prof. J. J. Thomson's investigation * of the oscillatory

discharge of an infinitely conducting spheiical shell initially charged

to sur&ee-density proportional to Uie sine of the ktitude, for, of
course, it does not matter how thin or thick the shell may be when
infinitely conducting:, so that it may be a solid sphere. (2G9) to ('271)

show the establishment of the permanent stiite. Take otl' the im-

pressed force, and the oseilkitory discharge follows. But the impressed

ibrce keeping up the charge on the sphere need not be an external

cause, as supposed in the paper referred to. There seems no other
way of doing it than by having impressed force with vorticitjr fv on
the surface, but in other respects it is inunateiial whether it is mtemal
or external, or superfi( i;il.

It may perhaps be questioned whether the sphere does reflect,

seeing that its surface is the seat of /. But we have only to shift

the seat of/ to an outer spherical sakace in the dielectric, to see at

once that the surface of the conductor is the place of continuous

reflexion of the wave incident upon it coming from tlio surface of /.
The reflexion is not, however, of the same simple character that occurs

when a plane wuvc strikes a plane boundary (/.-x) flush, which
consists merely in sending back again every element of H unchanged,

but with its E reversed ; the curvature makes it much more complez.
When we bring the surface of/ right up to the conducting sphere, we
make the reflexion instantaneous. At the front of the wave we have
s-Oand ir=/va//iw«^/^,

* " On Electrical Oscillations and the Effect* produced by the Motioa of an
EteekrifiMl Sphwa," Proe* M^tk, Soe,, voL xv., p. 21<li
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bv (269) and (270). This is exactly double what it would be were
tne eonatictor replaced by dielectric of the same kind as outside, the

doubling being due to the instaataneoue reflexion of the inward-going
wave by the conductor.

The other method of flolation may also be applied, but is rather more
difficult. We have

Expand the last factor in descending powers of {gaft and integrate.

The result may bo written

where zma'\9t~r-ha). Conversion to circular functions reproduces

(269).

Same Gate wUh Finiie CemdveHvily. Smutmdal SoluHm.

42a. It is to be expected that with finite conductivity) even with the

greatest at oommandi or ifc»(1600)~\ the solution will oe considerably

altered, being controUed 1^ what now happens in the conducting sphere.

To examine this point, consider only the value of H at the boundary.
We have, by (264),

Ha = rVy-(i>i+ ^2)-V^ (274)

Let / vary sinusoidally with the time, and observe the behaM'our of <f)^

and <f>2 as the frequency changes. The full dcvclojimcnt which I have
worked out is very complex. But it is sufficient to consider the case

in which k is hie enough, in concert with the radius a and frequency

fi/2r, to make the disturbances in the sphere be practically confined to

a spherical shell whose depth is a small part of the radius. Let

s»(2ir/H^i^na*)^; then our assumption requires <-'to be smalL This
makes

A, « _ _^ A - os^'^^^:^^ \ (276)

and, if further, s itself be a large number, this reduces to

^-(l+f)(^n/ehr*j)» (276)

Adding on the other part of^ similarly transformed by -n*, we
obtain

where the terms containing show the difference made by its not being

infinite. The real part is very materially affected. Thus, copper, let

k^ = {ieOO)-\ /tj = l, 2im-1600, a- 10, .•. «-10.

These make s large enough. Now na/r is very small, but, on the

other hand,
(/x,n/8;rifci)*=«i30.
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80 that the real part of <f>
depends almost entirely on the sphere, whilst

the other part is little affected.

Now make ft extremely great, say najv * 1 ; else the lame. Then

<^ = (I X 10"+ 44 X 10*) - 1(} X 10"- 44 X 10*),

from which we see that the diadpation in space has hecome udolMy
important The ultimate form, at infinite freqoency, is

<^-/xr + (/x,n/87r^)*(l+i); (278)

so that we come to a third state, in which the conductor puts a stop to

all disturbancsb This is, however, heeause it has been anumed not to

be a dielectric also^ so that inertia ultimately controls matters. But if,

as is infinitely more probable, it is a cUelectnc, Uie case is quite changed.

We shall ha?e i

<^ = {i^g, + i^,v)H^^h + ^xP)
" (279)

when the frequency is great enough, and this tends to /Xjr^ /x^ being the

iuductivity and i\ the speed in the conductor, whatever g and k may be,

provided they are finite. Thus, finally,

«/» = /Xjt'j4-/xt; (280)

represents the impedance, or ratio of /v to ^« which are now in the

same phase.^

At any distance oatside wo know the result by the dielectric-solution

for an outward wave. But there is only superficial disturbance in the

conducting sphere.

JietUtanee at ih$frwU of a IFaw seni along a Wire,

43. In its entirety this question is one of considcrablo difhculty, for

two reasons, if not three. Firsts although we may, for practical pur-

poses, when we send a wave along a telegraph-circuit, regard it as a
plane wave, in the dielectric, on account of the great length of even the

short waves of telephony, and the great speed, causing the lateral

distribution (out from the circuit) of the electric and magnetic fields

to be, to a great distance, almost rigidly connected with the current in

the wires and the charges upon them
;
yet this method of representation

must to some extent fail at the very front of the wave. Secondly, we
have the fact that the penetration of Uie electromagnetic field into the

wires is not instant an oou<^ : tliis Ivecomes of importance at the front of

the wave, even in the case of a thin wire, on account of the great speed

with which it travels over the wire.^ The resistance per unit length

must vary rapidly at the fronts b«ng much greater there than in the

bod of the wave ; thus causing a tlm>wing rack, equivalent to electro-

static or *' jar " retardation.

* The dbtance within which, reekooed from front of the wave b&ckwwd,
there is materially increased resistance, we may get a rough idea of by the distance

travelled by the wave in the time reckoned to bring the current-density at the

axis of the wire to, my, mne>teiithi of the Anal value. It ha* all sorts of valaes.

It may be 1 or 1000 kilometres, Accordiog to the size of wire and material. At the
front, on the assumption of constant resistance, the attenuation is according to
t-mu^ being the raristaneo, andL the indnotuioe of the oircnit per unit length.

Henoe the importuoo of tiio inoraMed nsiitanoe in tiie preeent qoeetlon.
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Now, accordinir to the magnetic theory, the resistance must be
infinitely great at the front Thus, alternate the current suihcientl^

alowly, and the mutance is praetieaUy tlie steady resistance. Do it

more rapidly, and produce appreciable departure from uniformity of
distribution of current in the wire, and we increase the resistanee to an
amount calculable by a rather complex formula. But do it very rapidly,

and cause the current to be practically confined to near the boundary,
and we have a simplified state of things in which the resistance varies

inversely as the area oi the boundary, which may, in hitt, be regarded as
plane. The resistance now inereases as the square root of the frequency,
and must therefore, as said^ be infinitely great at the front of a wave,
which is also clear from the fact that penetration is only just
commencing.

But for many reasons, some already mentioned, it is far more probable

that the wire is a dielectric. If, as all physicists believe, the ether

permeates aU solids, it is certain that it is a dielectric. Now this

becomes of importance in the very case now in question, though of
scarcely any moment othervvnse. Instead f)f running up infinitely, the

resistance j>cr unit area of surface of a uire tends to the finite value

^jr//jrj. This is great, but far from infinity, so that the attenuation and
change of shape of wave at its front produced by the throwing back
cannot be so great as might otherwise be expected.

Thus, in general, at such a great frequency that conduction is nearly

superficial, we have, if /i, and g belong to the wire,

J?/J5r-{4irjr + /»p)*(4irife+g?)"* (281)

if .ff is the tangential electric force and Jff the magnetic force, also

tangential, at the boundary of a wire. Now let and // be the
resistance and inductance of the wire per imit of its length. We must
divide // by 1- to get the corresponding current in the wire, as ordi-

narily reckoned. So irrA'^ times the right member of (281) is the

resistance-operator of unit length, if A is the surface per unit length

;

so, expanding (281), we get

where p^, p., are ixa before, in (208). Here n/2ira» frequency.

Disregariling g, and therefore we ha^ e

Jt' or L'n=^{i)^iTiwA-'{B±B^^, (283)

where

B = n{ip{ + n-V* = nc{{47rk)- + /rV-}"*

A\Tien c is zero, R' and //?? tend to equality, as shown by Lord Raylcigh.

But when r is finite, //// tends to zero, ana li' to iirfivA'^, as indeed wo
can see from (-61) at once, by the relative evanescence of k and ^,

when finite.

But the frequency needed to bring about an approximut ion towards

the constant resistance is excessive ; in copper we require trillions per

second. This brings us to the third reason mentioned ; we have no
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knowledge of the properties of matter under such circumstance^ or of

eiher duier. Tlie net ranilt is that although it is infinitely mm
probable that the resistance should tend to constancy than to infinity,

yet the real value is quite speculative.* Similar remarks apply to

sudden discharges, as of lightning along a conductor. The above R'y it

should be remarked, is real resistance, in spite of its ultimate form,

suggestive of impedance without resistance, t The present results are

corroborative of those in Part I., and, in fact, only amount to a special

applieatioa of the same.

He/iecling Satrim.

44. Let the medium be homogeneous between /• = «q and r^ a^ where
there is a change of some kind, yet unstated. Let oetween them the

surface / - (i be a sheet of vorticity of e of the first order. We already

know what will happen when fv is started, for a certain time, until in

fact the inward wave reaches the inner boundary, and, on the other

side^ until the outward wave reaches the outward boundary ; though,

when the sui&ce of/ is not midway between the boundaries, the reflected

wave from the nearest barrier mny reach into a portion of the ro^i'on

beyond/, by the time the further barrier is reached by the primary
wave. The subsequent history depends upon the constitution of the

media beyond the boundaries, which can be summarized in two boundary
conditions. The expression for E/H is, in general,

|--(4irA+ qp)-^ii-J^, (284)

by (120), extended, the extension being the introduction of y, which is

a diJOTerential operator of unstated fonn, depending upon the bonndaiy

* The above was written before the {rabUeation of Profeuor Lodge's highly
interesting lectures before the Society of Arts. Some of the experiments
described in his second lecture are aeeminglv quite at variance with the maKoetio
theory. I refer to the smaller impedance of a short circnit of fine iron wire than
of thick copper, as reckoned by the jioteutial-difTerence at its beginning iieedetl to

spark across the circuit between knobs. Should this be thoroughly verified, it hae
occurred to me as a possible explanation that things may be sometimes so nicely

balanced that the occurrence ot a discharge may be determined by the state of the
skin of the wire. A wire cannot be homogeneous right up to its boundary, with
then a perfectly abrupt transition to air ; and the electrical properties of the
transition-layer are unknown. In particular, the skin of an iron wire may be
nearly unmagnetiMable, fL varying from 1 to its full value, in the transition-layer.

Consequently, in the above formula, resistance \fry.v per unit surface, we may
have to take ^ = 1 in the extreme, in the case of an iron w n e. But even then, the
explanation of Professor Lodge's results is capable of considerable elucidation.

Perliaps resonance will do it. [Professor Lodge has since examined the theory of

the apparently anomalous bsbavioar ; and oonclades that it was due to the great

effective resistance of iron producing very rapid attenuation of the oscillations.]

t There is a tendency at present amongst some writers to greatly extend the
meaning of resiatsooe in eleotromagnetism ; to make it signify canse/efTeot. This
SLeui3 a pity, owing to the meaning of resistant p li iving been thoroughly specialized

in electromagnetism already, in strict relationship to "frictional" dissipation oi

energy. What the popular meaning of ** resistance " may be is beside toe poinL
I would suggest th;vt what is now calleil the magnetic resistance he called thtt

magnetic reinctance ; and per unit volume, the reluctancy [or reluctivity].
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oonditioim. Let and be tbe ift on the inner and outer side at the
Bur£use of/. The differential equation of ff^ the magnetic force there,

is then

fv= {{EIH)^oui)-{E/H\in)}H^ (285)

as in § 19. Appljnng (284) and the conjugate property (114) of the
functions u and w (since there is no change of meoium at tho surface of
f)f this becomes

^ ifrk+cp («,-yotO(».- j^^i^J . .ggg.

ftx)m which the differential equation of ^at any point between a^, and
a is obtained by chani^ing i/„ - ij^w,, to (fl/r)(t/ - y^u-) ; and at any point

between a and by changing - i/^w„ to (a/r)(w - i/iic).

Unless, therefore, there are singnUuitiee causing £ulnre, the deter-

minantal equation is

(287)

and the complete solution between and due to / constant may be
written down at once. Thus, at a point outside the surface of/ we have

(out) ff^i^^ .^^''^-99'^'>('''tfl'^kv^rV: (288)
q r yj-y,

and therefore, if/ starts when /«0,

if= / y ~ .V'*«)(«r.y"') ^+JP^ (289)

p being now algebraic, given by (287) ; 4>o
the steady ^, from (288)

;

and y the common value of the (now) equal y'a ; which identity makes
(289) applicable on both sides of the sumce of/.

Contiructim 0/ the Operaiors and

45. In order that and y,, should be detenninaljle in such a way as

to render (286) true, the media beyond the boundaries must be made
up of any number of concentric shells, each being honioL^eneons, and
bavin special values of

fj^,
and (/. For the spherical iiuu iions

would not bo suitable otherwise, except during the passage of the

primary waves to the boundaries, or until they reached places where
the departure from the assumed constitution commenced. Assuming
the constitution in homogeneous spherical layers, there is no difficulty

in building up tho forms of v,, and in a very simple and systematic

manner, wholly free from obscurities and redundancies. In any layer

the form of A'/ii is as in (284), containing one y. jS'ow at t he boundary

of two layers E is continuous, and also S (provided the physical con-

stants are not infinite), so E/H is^eontinuous. Equating, therefore, the

expressions for E/H in two contiguous media expresses the y of one in

terms of the y of the other. Carrying out this process from the oi igin

u[) to the medium between a,, and a, expresses y^^ in terms of the y of

the medium containing the origin ; tbis is zero, so that yr. is found as

an explicit fimction St the vidues of v, u\ at all the boundaries
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between the origin and a^. In a similar manner, lince the y of the

outermost region, extending to infinity, is 1, we express y^, belongiiuK

to the region between a andctj, in terms of the values of «, etc., at all

the boundaries between a and oo . Each of these four functions will

occur twice for each boundary, having ditlerent values of the physical

constants with the same valae of r. I mention this method of equation

of E/H operators because it is a far simpler process than what we are

led to if we use the vector and scalar potentiids ; for then the force of

the flux has three component vectors

—

the impressed force, the slope of

the scalar potential, and the time-rate of decrease of the vector potential.

The work is then so complex that a most accomplished mathematician

may easily go wrong over the boundary oondiooiis. These remarks
are not confined in application to spherical waves.

If an infinite value be given to a physical constant^ special forms of

boundary condition arise, usually greatly simplified
;

e.g., infinite con-

ductivity in one of the layers prevents electromagnetic disturbances

from penetrating into it from without; so that they are reflected with-

out loss of energy.

Knowing y. and in (288), we virtually possess the sinusoidal solu-

tion for forcea vibrations, though the initial effects, which may or may
not subside or be dissipated, will require further investigation for their

determination ; also the solution in the torni of an infinite series showing

the effect of suddenly starting/ constant ; also the solution arising from

any initial distribution of E and H of the kind appropriate to the

fhnetions, viz., such as may be produced by vorticity of e in spherical

layers, proportional to v (or vQl, in general). But it is scarcely neces-

sary to say that these solutions in infinite series, of so very general a

character, are more ornamental than useful. On the other hand, the

immediate integration of the difi*erential equations to show the develop-

ment of waves becomes excessively difficult, from the great complexity,

when there is a change ofmedium to produce reflexion.

Thm Mehl Saremu,

46. This case is sufficiently simple to be usefiiL Lot there be at

f a thin metal sheet interposed between the inner and outer non-

conducting dielectrics, the latter extending to infinity. If made in-

finitely thin, E is continuous, and // discontinuous to an amount equal

to iir times the conduction-current (tangential) in the sheet. Let

bo the conductance of the sheet (tangential) per unit area ; then

(H/E),^ - (H/EU = ^^K, at r = a,.

Therefore by (284), when the dielectric is the same on both sides,

where the functions if|, etc, have the r*a| values. From this,
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expresses for an outer thin conducting metal screen, to be used in

(286). If of no conductivity, it has no efl'ect at all, passing disturbances

freely, and = 1. At the other extreme we have infinite conductivity,

iBiaklDg yi^uiju-i, with complete stoppage of outward-goin^ waves,

and reflexioii without aha^rptioii, destroying the tangential electric

dieturhance.

When the screen, on the other hand, is within the sui£M}e of eay
at r^Oi,, of conductance per unit area, we shall find

where u^, etc., have the r = (i^^ values. The ditVerence of form from y^
arises from the diflcrent nature of the r functions in the region includ-

ing the origin. As before, no conductivity gives transparency (^0 = 0),

and infinite oonductivitv total reflexion {
i/q =K wo)- When the inner

screen is shifted up to the origin, we make » 0, and so remove it

SoUtUon with Outer Screen; K| « ao ; f etmstant,

47. Let there be no inner screen, and let the outer be perfectly con-

ducting. As J. J. Thomson has considered these screens,* I will be
very brief, regarding them here only in relation to the sheet of/ and
to former solutions. The determinantal equation is

tt,' = 0, or tsLnx = z{\ - (292)

if x = ipaJv. Roots nearly rr, 27r, .Itt, etc.
;
except the first, which is

considerably less. The solution due to starting/ constant, by (289), is

therefore

uJjUy^^^y^^i
^

which, developed by pairing terms, leads to

S^-L N 2 sm— { cos - -J sin ( cos - ^ sin (294)
fivr^ 2^{x^ - 2) aj\ xr Ja^\ m ^ '

which of course includes the effects of the infinite series of reflexions at

the barrier. ?>)• making aj x
,
however, the result should be the same

as if the screen were non-existent, because an infinite time must elapse

before the first reliexiou can begin, and we are concerned only with

finite intervals. The result is

if . ^frfar,^^" -'V.Ycos - — sin Virfcos - -1 sinViO, (295)

which must be the equivalent of the simple solution (142) of §21^
showing the origin and progress of the wave.

Now reduce it to a plane wave. We must make a infinite, and
T^a^z finite. Also takeA» constant. We then have

jar«. /29e)

* Id th« p*por before referred to.
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showinetbc i/ at ^ due to a plane sheet of vorticity of e situated at

This U the equivalent of the solution (12) of ^ 2, indicating the
continuous uniform emission of M^€/2fi» both ways from the plane
2= 0. [But the sign of e is changed from that of § 2.]

Returning to (294), it is clear that from / = 0 to f = (a^ - a)lv, the

solution is the same as if there were no screen. Also if a is a very
small fraction of a^, the electromagnetic wave of depth 2a will, when it

strikes the screen, be reflected nearly as from a plane boundaiy. It

would therefore seem that this wwe would run to-and-fro between
the origin and boundary unceaain^y. This is to a great extent true

;

and therefore there is no truly permanent state (the electric flux,

namely, alone) ; but examination shows that the reflexion is not clean,

on account of the electrification of the boundary, so that there is a
spreading of the magnetic field all over the region within the screen.

Alternating f wWi Reficdimj Bairiers. Forad Vihraiioiis.

48. Let the medium be nonconducting between the boundaries Oq

and Oy Equation (288) then becomes

^ ("»-yo^O(" -yi"^)/ (297)

giving H outside the surface of /. We see that = 0 and w« = 0 make
^a-O. That ia^ the forced idbrations are confined to the inside of the
sur&oe of/ only, at the frequencies given by u« » 0, provided there is no
internal screen to disturb^ but independently of the structure of the

external medium (since j/^ is undetermined so far), with possible

exceptions due to the vanishing of simultaneously. But (297),

sinusoidally realized by p-= does not represent the full final

solution, unless the nature of yg and is such as to allow the initial

departure from this solution to be aissipated in space or killed by
resistanea Ignoring the free vibrations, let yq-»0, and tfi^nilvi,
meaning no internal, and an infinitely conductmg external screen.

Then
(out) H={ialfj.vr)u^{uw{/u{-w}f,

\
(in) H={va/fivr)u [ujoilv^-w^]/.}

li wi = Of or in full,

(r/»Mrj)tan(;ia^/i?)= 1 - (vjnaj',

we obtain a simplification, viz.

H(\n or out)=- {va/fttr){uw^ or u„iv)f ; (299)

and the corresponding t;uigenti;il components of electric force are

Aonorout)- (i'';>'"'')("''^« Or U,y){cjj)-\f. (300)

But if 1^ = 0, the result is infinite. This condition indicates that the

firequency coincides with that ofone of the firee vibrations possible within

the sphere r = without impressed force. But» considering thatwe may
confine our impressed force to as small a space as we please round the

origin, the infinite result is not easily understood, as regards its

development



OK BLBCtfiOMAGNBTtC WAVBS. fABft V. 443

But the development of infinitely great magnetic force by a plane
sheet of/ is very easily followed in full detail, not merely with sinu-

soidal ^, but with/ constant. Considering the latter case, the emission

of E IB contmuous, u before dmoribed, from the surface of /. Now
place a plane infinitely-conducting barrier parallel to /, say on tbe left

side. We at once atop the disturbances going to the1^ and send them
back aimin, unchanged as regards H, reversed as regards E. The
H-disturbaiu c on the left side of / therefore commences to be doubled
after the time ajv has ekpsed, a being the distance of the reflecting

harrier from the plane of/, and on the right side after the interval 2afv.

Next, put a second infiniieiy-conducting harrier on the right side of /.

It also doubles the H-disturbances as they arrive ; so that, by the
inclusion of the plane of/ between impermeable barriers, combined with
the continuous emission of H, the magnetic disturl):ince mounts up
infinitely, in a manner which may be graphically followed with ease.

Similarly with / alternating, at partictusr frequencies depending upon
the distances of the two harriers from /.

Betuming to the snherical ease, an infinitely-oondncting internal

screen, with no extemaJ, produces

We cannot produce infinite ff in this case, because the absence of an
external barrier will not let it accumulate. Shifting the surface of/
right up to the screen, or conyersely, simplifies matters greatly, reducing
to the case of § 42.

M*y8,1888.

PartV. •

Ctundbioal Elbctromaonetig Waves.

49. In concluding this paper I propose to give some cases of

cylindrical waves. They are selected with a view to the avoidance
of mere mathematical developments and unintelligible solutions, which
may be multiplied to any extent; and for the illustration of peculiarities

of a strikiriLT rhararter. The case of vibratory impressed KM.F. in a
thin tube is very rich in this resj>ect, as will be seen later. At present

I may remark that the results of this paper have little application in

telegraphy or telephony, when we are only concerned with long waves.

Short waves are, or may be, now in question, demanding a somewhat
different treatment* We do, however, have very short waves in the

* The waves here to be eonndered are ewentially of the same nature u those
considered by J. J.Thomson, "On Electricfil Oscillations in a rylindrical Con-
ductor," i^ruc. Math. Soc, vuL xvii., and in Parts 1. and II^of my paper, " On the
Self-Indnetion of Wires," PHU. Mwj. , August and September. 1886 ; viz. a mixture
of the plane and cylindrical. But the pctulKirities of the telt-graphic problem
make it practically a case of plaue waves as regards the dielectric, and cylindrical

in the wires. The ** reioi»aes ** sffeoti deseriDed in my jiist>iiMDtioned paper arise

from the teHind*£ro reflexum of the plane waves in the dieleefcrie, moving psnllel
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disohaige of condenMni and in TBcuimi'tobe ezperime&te, ao that we
are not so wholly removed from practice as at first appears. But
independently of considerations of practical realization, I am strongly

of opinion that the study of very unrealizable problems may be of use

in forwarding the supply of one of the pressing wants of the present

time or near future, a practicable ether—meclumically, electromagneti-

cally, and perhaps also gravitfttlonally comprehenaiTe.

MaihmaiiciU PfSlmi'nary,

50. On account of some peculiarities in Bessel's functions, which

require us to change the form of our equations to suit circumstances, it

is desirable to ezmbit separately the purely mathematical part Thie

will also considerably shorten and clarify what follows it

Let the axis of z be the axis of symmetry, and let r be the distance of

any point from it Either the lines nf E, electric force, or of H, magnetic

force, may be circular, centred on the axis. For definiteness, choose H
here. Then the lines of £ are either longitudinal, or i>arallel to the

axis ; or there is, in addition, a radial component of E, parallel to r.

Thus the tensor JST of H, and the two components of E, say B longi-

tudinal and F radial, fully specify the field. Their connexions are these

special forma of equations (2) and (3) :

—

^^yH^{i7rk + <^)B, J-^^{i^k + <^)F, (302)

where (and always later)p stands for djdt. This is in space where neithei'

the impressed electric nor the impressed magnetic force has curl, it being

understood that E and H are the forces of the flttZeSi BO as to include

impressed. From (302) we obtain

\ d dE d^-E
J ^ . p\

.(303)

the characteristics of E and H, Let now

5«--^«(4rife+g»)/^-<i«/d2S; (304)

then the first of (303) becomes the equation of Jq^si) and its companion,
whilst the second becomes that of «/|(<r) and its companion. Thus B
is associated with and S with J^^ when H is circular ; conversely

when B is circular.

to the win. Thi» is also praotieaUy tnie fai Prof. XjoA^n recent experiments,
dischargiDg a Leyden jar into a miniature telegraph circuit. On the other hand,
moat of such effects in the preeent paper depend upon the cylindrical waves in the
dielectric ; and in order to aUow the dielectrio fair play for their development, the
(M)ntamiuating influence of difTu^ion is done away with by using tabes only, when
there are conductors. In Hertz's recent experimenta the wavee are of a vwy
mixed character indeed.
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Wa have fint Fourier's cylindAr lunotiim

= + (305)

and its eompamon,* which call Q^, is

Got •= = i^Ml^c (log 5r - y3) + XJ,
|

wh« i,J-^(i+i)^:^a+i+j)^,-...| w
The coefficient 2/ir is introdiucd to simplify the solutions. The func-

tion Jiisr) or is the negative of the first derivative of ./or '^^th respect

to fr. Let G^ifn-) or 6?,^ be the function similarly derived £i'om Gq^ The
conjugate property, to be repeatedly used, is

(J,G,-J,G,l=-2/7rsr. (307)

We have also Stokes's fonnula for usefiil when jr is real and not
too small, via.

/^-^^y^^(cos+sin)«f+5i(8in-oos)«r^ (808)

where 7? and Si are functions of sr to be presently given. The corre-

sponding formula for Gq, is obtained by changing cob to sin and sin

to - cos in (308),

Besides these two sets of solutions, we sometimes require to use a
third set. A pair ai sdlutiions of the equation is

whm« ^
a.

^'3' * IW . [ (309)
Where

^^^'^^8^-^^(^Sqr)^±^^Sgrf'^"" I

The last also defines the ^ and iSli in (308). is real whether be

+

* fin investigations where we are concerned with the complementary fnnctioii
to /oC«r) hetween honndartM, the oonttant p (whieh I now introdiioe) nay be
omitted ah iniiio, being superfluous. If retained, it will go out later, by the /3's of
one boundary cancelling those of the other. This is true in the resultant differ-

ential equations as well as in solutions. For this reason has been omitted in the
previous investigations in this work. I^ut in the following investigations we are
often concerned with the Cr« function when the outer boundary is removed to
infinity, that is, when there it bo outer boundary. We should then staudaidize
•0M to vanish at infinity. TliiB requirement is eatiifled by tiie form

OJitr) = {wtr)-*(B(9m -«m)tr- ai{oo»+tita)tr)t (a08tt)

derived from (308) in the maaaer described above. But the fom (306) requires
to bo lotsined, tm oranescence at infinity. Its value is

/9 = log 2 - Y = log2 - -6772 = 11593, (3066)

where y is Euler's constant

7=l + i + i + ... + --logaoa*5772. (308c)
OS

An evaluation of this p will be found in Lord Rayleigh's Sound, vol. ir. The
process is not free from difficulty^ and a different estimate has been given, but I

nave eorroborated the above esttmato by two other IndefMndeiit neuods. Note
that (806) with fi and (308a) aro equivalent.]
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or -
, whilst S is unreal when 9- is - , or Si iB then real, being +

.

[Take q = si in (309), then we have

1232 12325272 I 123252 1232527292

to be used in (308).]

When qr is a + numeric, the solution U is meaningless, as its value

is infinity But in our investigations is a differential operator, so

thai the objection to U on that score is groundless. We shall use it to

calculate the skape of an inward progressing wave, whilst IF goes to

And an outward wave. The results are fully convergent within certain

limits of r and t. From this alone we see that a comprehensive theory

of ordinary linear differential equations [by themselves] is sometimes

impossible. They must be generalized into partial difl'erential ec^uations

before they can be understood.*

The conjugate property of U and IF is

VW^UfW^-2qlr (310)

If tbe ' B djdr. An important tvansfonnation sometiinee lequiied is

J^-iG^=2iir{2rcq)-^; (311)

or, which means the same,

fr- - (log «r- J8) + (312)

• [We may, however, use U to calculate the numerical value of Joi^ri) or Io(qr)

when qr is uot too small, numely, by wholly rejecting the infinite divergent part

oldMMfiM. Thus

.(300a)

expresses the equivalence, the convergent series being suitable for small, and the

divergent for large values of the argnment. But the convergent aeries aidmiti of
exact calculation, whilst tlu; diveri:»*nt scries does not, thoujjh by stopping at the

smallest term we obtain the nearest approach to the true value of i«(gr). This
contrasts with the behaviour of (7 as a complex differentiator, when the whole
series is operative.

It is difficult to imagine a direct transformation from the convergent to the

divergent series by ordinary mathematics, for, owing to the terms in the latter

being all positive, it makes nons- nse. The following transformation is the only
one I have been able to make up. Let I be the variable, andp the differentiate

dfdt» Then, q being a constant,

S?2^--='^J I^S '^'>

by applying p~^ = t''f'n, understanding here and later that when no operand is

expressed, the operand is 1, that is, zero before and 1 after < = 0. Therefore, by
the binomial theorem,

(309c,

Now we also hava «f = , or p»{p~q}^* (MM)
p-q

Snbstitatiiig this lor the munerator in the last form we get
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When we have obtained the differential equation in any problem, the

assumption s- = a constant* converts it into the solution due to impressed

force BinuBoidal with respect to t and z ; this requires tP/tifis - and
d^/dfi » 11*1 where m and » are poeitiye oonstantai being 2w times the

ware shorineas along z and 2ir timee the frequency of vibration reepeo-

tively.

After (309) we became less exclusively mathematical. To go further

in this direction, and come to electromagnetic waves, observe that we
need nob concern ourselves at all with F the radial component, in seek'

ing for the proper differential equation connected with a surface of curl

of impreesed force ; it is J? and H only that we need consider, as the

bounckry conditions concern them. The second of (302) deriyes F
from H.
When H is circular, the operator E/H is given by

whore y is undetermined. When 1 is circular, the operator EIH is

given by
^ '^ir^/(^ir

(314)

The use of these operators greatly facilitates and systematizes investi-

gation. The meaniii:^' is that (313) or (314) is the characteristic equa-

tion connecting £ and //.

LmffUudiml Impressed E.M.F, m a Thin CondneHng Tube,

51. Let an infinitely long thin conducting tube of radius a have con-

ductance K per unit of its surface to longitudinal current, and be
bounded by a dielectric on both sides. Strictly speaking, the tube
should be infinitely thin, in order to obtain instantaneous magnetic
penetration, and yet be of finite conductance without possessing infinite

Noir shift the new operand to the left (or make 1 the operand again) and we
objuige p to p+q, giving

W*)'"!^)'-
So far is eqaivalent to the work un p. 4S7, voL ii. Bat now use the result
p'l - (7^0~^ icake it the operand, and expand the radical denominator in riaing
powers oi p. Then (309/) gives

Lsetly, perform the diffenntiations, and we get

«*>=,2:;,.{'^4'^gil?^-)
whieh is the required remit.]

*[Whett ifcsO, then p^^ni and dPId^s-m^ makes constant, either or
In a oondnetiiif dieleoino is oomplex. We have psni, gats, in the net.]
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conductivity, because that would produce opacity. In tliii tube let

impmaed eleetrie force, of inteiudty e per unit length, aet longitadlnall^

e being any function of t and z. We have to oonneet « wiui S andM
internally and externally.

The magnetic force being circular, (313) is tho resistance-operator

required. Within the tube take y = 0 if the axis is to be included ; else

find y by some internal boundary-condition. Outside the tube take

y t£f when the medium is homogeneous and boundless, because that is

the only "way to prevent waves from coming from infinity ; else find y
by some outer boundary condition. There is no difficulty in forming

the y to suit any number of coaxial cylinders possessing different

electrical constants, by the continuity of E and // at each boimdary,

which equalizes the £/H's of its two sides, and so expresses the v on one

side in terms of that on the other ; but this is useless for our purpose.

For the present take ysO inside, and leave it unstated outside.

At r = a, has the same value on both sides of the tube, on account

of its thinness. In the substance of the tube e + E^ia the force of the

flux. On the other hand H is discontinuous at the tube, thus

4wjr(s+^«Hcc^-Jli»,- (^(out)-|(in))i:. (316)

In this use (313), and the conjugate property (307), and we at once

obtain

from which all the rest follows. Merely remarking concerning k tliat

iJie realisation of (316) when k is finite requires the splitting up of the

Bessel functions into real and imaginary parts, that the results are com-
plex, and that there are no striking peculiarities readily deduicible ; let

us take k = 0 at once, and keep to nonconducting dielectrics. Then,
from (316), follow the equations of £ and H, in and out ; thus

i^cu., or ,^,).
'MA.-yg>) or ^(/>-»gJ^ (3^,

which we can now examine in detail

rSmtsAsii^ of External Fidd, Jte«0.

63. The very first thing to be observed is that Jp^^O makes B andJ7
and therefore also F vaniiSh outside the tube, and that this property is

independent of y, or of the nature of the external medium. We require

the impressed force to be sinusoidal or simply periodic with respect to

z and /, thus
« = «o8in(mr4-a)8in(7ii + yS), (319)

so that^ ultimately, .s- = n-yt- - m- ; (320)
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(821)

and any ono of the values of s given by Jq„ = 0 causes the eyanescence
of the external field. The solutions just given reduce to

H = - '^TrKiJjJJe,

(in) • £^ (sltn)47rK{JJJJk,

which are fully realized, because / signifies pfiiy or UlTolTeB merely a
time-dillerentiation performed on the f of (319).

The electrilicatioQ is solely upon the inner surface of the tube. In

its substance ff falls from - 4vK$ inside to mo outdde, and being
zero, the current in the tube is Ke per unit surface.

The independence of y raises suspicion at first that (321) may not

represent the state which is tended to after e is started. But since the

resistance of the tube itself is sufficient to cause initial irregularities to

subside to zero, even were there a perfectly reflecting barrier outside the

tube to pra^ent dJaaipation of these irregularities in space, there seems
no reason to dodbt that (321) do represent the state asymptotically

tended to. Changing the form of y will only change the manner of the
settling down. We may commence to change the nature of the medium
immediately at the outer boundary of the tube. We cannot, however,

have those abrupt assumptions of the steady or simply periodic state

which characterize spherical waves, owing to the geometrical conditions

of a cylinder.

(hue of Two Coaadai Tvbes.

53. If there be a conducting tube anywhere outside the first tube,

there is no cnirent in it| except initially. BVom this we may conchide

that if we transfer the impressed force to the onter tube^ there will be no
current in the inner. Thus, let there be an outer tube akr^x, of con-

ductance Ki per unit area, containing the impressed force e^. We have

E = ^^^i^j (822)

where F3 and are the H/E 0])erators just outside and inside the

tube, whilst £, is the £ at on either side of the tube, resulting

from We have

where is settled by some external and y by some internal condition.

In the present case the inner tube at r so, if it contains no impressed

force, produces the condition

r,-ri-4rf at r-a, (324)

where F| is the internal HjB operstor. Or

giving y^—±EIk (325)

irsa s

B.B.r.—Toi.. II. 8 r
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Now, using (333) In (323) brings it to

in which y is given by (325), and from (326) the whole state due to ^
follows, as modified by the inner tube.

Now J«»«0 makes y«0 ; this reduces (326) to

E,- Yr,-./:u.K,__.

and, by comparison with (317), we see that it is now the same as if the
inner tube were non-existent. That is, when it is situated at a nodal

surface of E due to impressed force in the outer tube, and there is

therefore no current in it (except transversely, to which the dissipation

of energy is infinitely small), itfi presence dues nothing, or it is perfectly

transparent.

It 18 dearly unneeessanr that the external impiessed force should be
in a tube. Let it only oe in tubular layers, without specification of
actual di8tril)ution or of the nature of the medium, except that it is

in hiycrs so that r, k; and /x are functions of r only ; then if the axial

portion ])G nonconducting; dielectric, the function specifies E and
allows there to be nodal surfaces, for instance Jf^ = 0, where a con-

ducting tube may be pkoed without disturbing the field. Admitting
this property ab initio, we can conversely conclude that e in the

tube at r=a will, when Joa = 0, make every external cylindrical

surface a nodal surfatce, and therefore produce no external disturb-

ance at all.

54. Now ^0 back to §51, equations (317), (318). There are no
exhmal nodal surfaces of in genersl (exception kter). We cannot
therefore find a place to put a tube so as not to disturo the eodfting

field due to e in the tube at r = a. But we may now make use ct a
more general property. To illustrate simply, consider first the mag-
netic theory of induction between linear circuits. Let there be any
number of circuits, all containing impressed forces, producing a deter-

minate varying electromagnetic field. In this field put an additional

orcuit of infinite resistance. The kilp. in it^ due to the other circuits,

will cause no current in it of course, so that no change in the field

takes place. Now, lustly, dose the circuit or mtikc its resistjincc finite,

and simultaneously put in it impressed force which is at every moment
the negative of the e.m.f. due to the other circuits. Since no current

is prooueed there will still be no change, or everything will go on as

if tne additional drcuit were non-existent.

Applying this to our tubes, we may easily verify by the previous

equations that when there arc two coaxial tubes, both containing

impressed forces, we can reduce the resultant electromagnetic field

everywhere to that due to the impressed force in one tube, provided

we suitably choose the impressed force in the uccoud to be the negative
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of the electric force of field due to € in the first tabe when the second
k non-existent That ia, we virtually abolish the conduetance of the

second tube and make it perfectly transparent

Ferfedly BejUdmg Barrier, Us Effeett. VaMiing of Gmdnus^

55. To produce nodal surfiwes of S outside the tube oontsining tiie

vibrating impressed force, we require an external barrier, which shall

]Mnevent the passage of energy or its absorption, by wholly reflecting all

disturbances which reach it. Thus, let there be a perfect conductor at

r = x. This makes E~0 there. This requires that the y in (317),

(318) shall have the value J^O^^ whereas without any bound to the

dideistrie it would be i We can now choose m and n so as to msln
Ju^O, This reduces those equations to

(in and out) ** \j\
This solution is now the same inside and outside the tube containing

the impressed force, and there is no current in the tube, that is, no
longitudinal current.

To understand this case, take away the impressed force and the tube.

Then (32S) represents a conservative system in stationary vibration.

Nowj by the preceding, we may introduce the tube at a nodal sufm
of E without disturbing matters, provided there be no impressed force

in the tube. But if we introduce the tube anywhere elae^ where E is

not zero, we require, by the precedinj^, an impressed force which is at

every moment the negative of the uudistuibed force of the field, in

order that no change shall occur. Now this is precisely what the

solution (328) represents, e in the tube being cancelled by the force of
the field, so that there is no conduction-cunrent The remarkable
thing is that it is the impressed force in the tube itself that sets up the

vibrating field, and pradually ceases to work, so that in the end it and
the tube may be removed vvithout altering the field. That a perfect

conductor as reflector is required is a detail of no moment in its

theoretical aspect

Shifting the tube» with a finite impressed force in it^ towards a nodal

Bttifoce of Ef sends up the amplitude of the vibrations to any extent

56. If the tube have no conductance, e produces no efiect. This is

because the two suifoces of curl of e are infinitely dose together, and
therefore cancel, not having any conductance between them to produce
a discontinuity in the magnetic force.

But if the tube have infinite conductance, we produce complete

mutual iudepeudeuce of the internal and external fields, except in the
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qiiite unessential particular that the two surfaces of cnrl e are of
opposite kind and time together. Kquations (317), (318) reduce to

(i.) S.-'fj. F.^ljj^% ir.-i^g. ....(329)

(out) (330)

ObMrre tbat (329) is the same as (328). The external solution (330)

re'piircs y to be stated. When for a boundleas dielectric, the

realization is immediate.

8» 0. Vfimiaking of^ all ewn*, md ofF and H also internally.

67. This is a singularity of (^uite a different kind. When n = wir, we
make s^O. Of course tnere is just one solution with a given wave-
length along z; a great i^requeney with small waye4eDgth, and con-

versely.

E vanishes all over, that is, both inside and outside the tube contain-

ing e, provided s/y is zero. The internal H and Lherefore also /'vanish.

Thus within the tube is no disturbance, and outside, (317) (318)
reduce to

(out) if«"4irir«, F'^L'UirK^. (331)
r enr dz

Observe thatH and F do not fluetuate or alternate along r, but that

H has the same distribution (out from the tube) as if « were steady and
did not vary along s.

A special case is m — 0. Then also n = 0, or e is steady and indepen-

dent of F vanishes, and the first of (331) expresses the steady state.

Without this restriction, the current in the tube is Ke per unit

sur&ee, owing to the vanishing of the opposing longitudinal B of the
field. This ]»operty was, by inadvertence, attributed by me in a
former paper* to a wire instead of a tube. The wave-length must be

great in order to render it applicable to a wirei because instantaneous
penetration is assumed.

I mentioned that S(y must vanish. This occurs when y — i^ or the

external dielectric is boundless. But it also occurs when J?-iO at r-rz,

produced by a perfectly conductive screen. This is plainly allowable

because it does not interfere with the E = Q all-over property, \^'hat

the screen does is simply to terminate the field abrupUy. Of course it

is electriiied.

s«0 and H,»0.

58. But with other boundary conditions, we do not have the solutions

(33i>. Thus, let iT.^O, instead of £.»0. This makes jf^'Ju/Ou

* ' ' On ResisUnce and CondnoUaoe Opemton," Pkik Moff,, Deo. 1887» p. 482,
Ex. . £voL n., p. 366].
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(317), (318). There are at least two ways (theoretical) of producing
fttoB boundary condition. First, there may be at r = / a screen made of
a perfeet magnelie oondiietor (g = co). Or, secondly, the n^ole medium
beyond r = a; may be infinitely elaetiTe and leeiBtive <e«0, i;«iO) to an
infinite distance.

Now chooae ««0 in addition, and reduce (317), (318). The reeulte

are

^ . _ 1 dH
1 + ^x^cpl^TzKa * cp dz^

(in)ar(oat) iSf- (I

(332)

or -

2

which are at once realised by removing p firom the denominator to the
numerator.

Although E is not now sero, it is independent of r, only varying
with t and z.

When «• is negative, or n<mjv^ the solutions (317), (318) require

trantforming in part because some of the Bessel fonctions are unreal
Use (313), because q is now real There are no alternations in J& or IT
along r. They only commence when n>mv.

Separate Acturns of the Tux) Surfaces of curl e.

59. Since all the fluxes depend solely upon the curl of e, and not
upon its distribution, and there are two surfaces of curl e in the tube
problem, their actions, which are independent, may be separately

calculated. The inner surface may arise from e in the - direction in

the inner dielectric, or by the same in the + direction in the tube and
beyond it. The outer may be due to e in the - direction beyond the
tube, or in the + direction in the tube and inner dielectric.

We shall easily find that the inner surface of curl of e, say of surface-

density /j, produces

(in) Et^J ^'^^ " "^'"^ ~ " .y/'o«)4" A'>v'7y

from which H may be got by the E/H operator.

The external sheet, say ff, produces

(in)

(out) E^{J^-yQ^)ii^9^E^f,,

.(333)

(384)

where the unwritten denominators arc as in the first of (333). Observe
that when Jj^ = 0, produces no external field (in tube or beyond it)»

It is then only /g that operates in the tube and beyond.
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Now take /- = e and /i=-« in (333) and (334) and add the

results. We then obtain (317), (318); and it is now Jg,^ = 0 that

makes the external field vanish, instead of Jui = 0 when J\ alone is

op6ntiT6»

Having treated this problem of a tube in some detail, Uie other

ezampleB may be Tory briefly considered, although they too admit of
nwnerouB singnlaritaeB.

Okeular Imprested Foru tii CMttcttn^ilu^

60. The tube being as before, let the. impreeied fince e (per unit
length) act circularly in it instead of longitudinally, and let e be a

function of / only, so that we have an inner and an outer cylindrical

surface of longitudinally directed curl of e. H is evidently longitudinal

and E circular, so that we now require to use the (314) operator.

At the tube is continuous, this being the tensor of the force of the

flux on either aide, and jETis diBcontinnous thua,

Sulwtiluling Ibe (314) operator, with y ~(> inside, aud tj undetermined

oiilaid«, and ndng the conjugate property (307), we olitaiii

gwor^.,-
"'• J^SK-^O^)^

„....(S36)

same aenominator

When e is aimply periodic^ «/u » 0 makes the external E andH vanish
independent of the nature of y. The complete solution is then

if<toj=4»rA'^, E^m -iirK/AV^ (338)

The oonduction-current in the tube is Ke per unit area of surface.

To make the conduction-current vanish by balancing the impressed
force against the electric force of the field that it sets up, put an
infinitely-conducting screen at r = a; outside the tube, and. choose the
frequency to make = 0, since wo now have y=^JyJGi^ We shall

then have the same solution inside and outside, viz.

fl". -l^*:te, -tj?^^; (339)

so that at the tube itself, E - ~e. This case may be interpreted aa in

§ 55, the tube being at a nodal surface of E.

A special case of (338) is when n ^ 0, or e is steady. Then there iB

xoerely longitudinal H inside the tube, given by H-irKe^
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Cfplfnder of LongUiidmai cwi <f e in a DUUeOrie,

61. In a nonconductive dielectric let the impressed electric force be

such that its curl is confined to a cylinder of radius a, in which it ifi

anifonnly dutributed, and is longitudinal. Let/be the tensor of earl e,

and let it be a function of i only. Since E is circular and H longi-

tudinal, we have (314) as operator, in which k is to be zero. This is

outside the cylinder. Inside, on the other hand, on account of the

existence of curie, the equation corresponding to (314) ia

= 1 (>r. (840)

At the boundary r = a both E and // are continuous ;
so, by tiiking

r = a in (340) and in the corresponding (314) with k = 0, and eliminating

or iZ. between them, we obtain the equation of the other. We
obtain

(out) / *-W-Vw(/»-JfflU/. \ mi)

in which y, as usual, is to be fixed by an external boundary condition,

or, if tho medinm be boundless, y ^^i
We see at once that = 0, with / simply^periodic, makes the exter-

nal fluxes vanish. We should not now say that it makes the external

field vanish, though the statement is true as regards //, because the

electric force of the field does not vanish ; it cancels the impressed

force, so that there is no flux. This property is apparently independent

of y. But) since there is no resistance concerned, except such as may
be expressed in y, it is clear that (341), sinusoidally realised, eannot
represent the sti^ which is tended to after starting/, unless there be
either no barrier, so that initial disturbances can escape, or else there

be resistance somewhere, to be embodied in //, f50 that they can bo
absorbed, though only through an infinite series of passages between
the boundary and the axis of the initial wave and its consequences.

Thus, wiw a conservative barrier producing E^tO at r^x^ and

f^JiJOi^ there is no escape for the initial efibcto, which remain in the
form of fjtee vibrations, whilst only the foreed vibrations are got by
taking .s-= + constant in (341). The other part of the solution must
be separately calculated. If J^^ = 0, and H run up infinitely. If

Jit^O also, the result is ambiguous.

With no barrier at all, or //
-~- i, we have

which are fully realized. Here fo^f'Ta^, which may be called the

strength of the filament. We may most simply take the impressed

force to be circular, its intensity varying as r within, and inversely as r

outside the cylinder. Then /=2ejay if <„ is the intensity at r = a.

MHien nrlvh large, (342) becomes, by (308), writing sin for /o,

(out) E^iJ^vHJf( ^)^mn(nt-!^ + l) (343)
^ ' iv\inirj V » 4/
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approximately. 2irr should be a Iftige mnltiple, and 2iwa a small frac-

tion of the wave-length along r.

FUamerU of curl e. Calculation q/' IFave,

62. In the last, let /q be constant, whilst a is made infinitely small

It is then a mere filament of curl of e at the axis that is in operation.

Wo now have, by the second of (342), with J^^ = ^iw/v^

'^j^-io^lft-Bm -(<rl*mw+o^if, (»**)

which mav be regarded as the simply-periodic solution or as the

differsntiai equation d in the latter ease, put In terms dWhy
(311), then

H^{^l»ioY\qM^Wf,- (346)

or, expanding by (309),

in which /, may bo any function of the time. Let it be lero before, and
constant aifter ^» 0. Then, iirst,

(347)

Next effect the integrations of this function indicated by the inyerse

powen of g or j^/v, thus

(i-^....)(«o-=(i-<a.-(0-...)(«o-*

-(1 + rf/2r)-*(7ruO-* = {2rl7rf-[ii{rt + 2r)]-* (348)

Lastly, operating on this by c~'' turns vt to - r, and brings (346) to

H={fol2wtiv){v't:'-r^)-^, (349)

which is ridiculously simple. Let Z be the time-integral of H, then

^•t°<^L>c^-'y^ <»~>

from which we may derive E ; thus

curl2=6E, or J&«-^^^ - ^. (351)
c dr -liTiivH^ - r2)i

The other vector-potential A, such that E = -^A, is obviously

^--^e^--'^
•

All these formulae of course only ewnmence when vt reaches r. The
infinite values of E and H at the wnvo-front arise from the infinite con*

centration of the curl of e at the axis.

Notice that ^^^^^^ ^353^
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everywhere. It follows from thia coimexion between E and H (or from
their full expreamons) that

<;£a-f*ff««6c«-«(/o/2irr)8; (364)

where e denotes the intensity of inipressed force at distance r, when it

is of the simplest type, above described. That is, the excess of the

electric over the magnetic energy at any point is independent of the

time. Both decrease at an equal rate ; the magnetic energy to zero,

the electric energy to that of the linal steady displacement ce/iir.

62a. The above E and H solutions are liindamental, because all

eLectromagnetie disturbances due to improssed force depend solely upon,

and come from, the lines of curl of the impressed force. From them,
integration, we can find the disturbances due to any collection of recti-

linear filament5? of f. Thus, to find the JI (hie to a plane sheet of parallel

uniformly distributed filaments, of surface-density J, we have, by (349),
at distance a from the plane, on either side,

-^^^ = -Lf^-y^y.
J2ir/ii)(i»8/»a~2-ya^* 2ir/*t>L (»»<»-»»

where the limits are ± (v^l* - a*)K Therefore

af^er the time t^ajv ; before then, H is zero. [Compare with § 2,

equation (12).]

62 b. Similarly, a cylindrical sheet of longitudinal f produces

where b is the distance of the point where ff is reckoned from the

element adS of the circular section of the sheet, a being its ratlins. The
limits have to be so chosen as to include all elements of / which have
had time to produce any effect at the point in question. When the

point is extenial and vi eameeds a-f r the limits are complete, viz. to

include the whole drde. The result is then, at distance r from the axis

of the cylinder,

JT_ fi 1-3 .r 1.3.5.7 .r3 4.3^1.3.5.7.9.11 6.5.4 H

where X- (2ar) - «^ - **)"*•

This formula begins to operate when 2« 1, or » a-fr. As time goes

on, X fidls to lero^ leaying only the first term.

Pabt VI.

Cylindriail Surface of Circular curl e in a Dielecirk.

63. Let the curl of the impressed electric force lie wholly situated on
the surface of a cylinder, of radius a, in a nonconducting dielectric. The
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impressed force e to correspond may then be most conveniently imagined

to be either longitudinal, within or without the cylinder, uniformly dis-

tril)nted in either case (though oppositely directed), and the density of

curi e will be e ;
or, the impressed force may be transferred to^ the^sur-

face of the cylinder, by making e radial, but confined to an infinitely

thin layer. The measure of the em&ce-deaBity of cnrl 6 wiU now be

%^^E^-E^^ (366)

where c is the total impressed force (its line-integral through the layer).

The second form of this equation shows the eftect produced on the

electric force £ of the flux, outside and inside the surface. This X is,

as it happens, also the force of the field j but in the other caae^ when e

18 uniformly dietribnted within the cylinder, produdng /« ^ we have

the same discontinuity produced by /.

H being dieolar, we use the operator (313). Applying it to (356),

we obtain

(367)

from which, by the conjugate property (307), and the operator (313),

we derive

SmOt^-'^(jJJu'-f&u) or /,.(/•. -Sf0c.))/, (868)

Ii,n,or,^^^= '^{j,,{J^-yG^) or MAr-IfO^r))/. (359)

in which / is a fonetion of ^ and it may be also of «. If flo, then we
have the radial component F of electric force given by

(360)

From theso, by the use of Fourier's theon-ni, we can build up the

complete solutions lor any distribution of / with respect to a; for

instance, the case of a single circular line of cui l e.

J,« »0. Fanidmff of Esetemd FiM

64. Let/ be simply-periodic with respect to t and z ; tlien - 0, or

J^{aJn^f^^^^O, (361)

produces evaneBcence of E and H outside the cylinder. The indepen-

dence of this property of >/ really requires an unbounded external

medium, or else boundary-resistance, to Ici the initial effects escape or

be dissipated, because no resistance appears in our equations except in

V. The case 5 = 0 or mt> is to be excepted from (Sol) ; it is treated

later.
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y»i Unbtmnded Medmn,

66. When »/« > « is ml, and onr equations give at once the fiiUy

realimd sohitions in the case ofno boundary, by tiudng y»t,

-tf(to»or|^-J«ic»(/,^/i.-ifl'iJ or JJJi,-iGu)j/t

FwOii^= i^a(j^{Gu, + iJi») or JJG^-^iJ,r)^{dJldz),
^

in which imBBxap/n,
The instantaneous outward transfer of energy per nnit length of

cylinder is (by Poynting's formula)

and the mean value with respeet to the time comes to

(cn/87r)(/y7ra cos rm J-^^)'\ (363)

if is the maximum vahie of /, [thus, /=/oCos7n5 8in»iJ. This may of

course be again averaged to get nd of the cosine.

8 = 0. Vanishing of Extermil E.

66. When n = mv, we make ^ = 0, and then (362) reduce to the singular

solution

- J«3P/. =/, » ~}f^ 1

^^^^

^iort|-l'^'<sR^> Etmn'^0, i'^-s -J. ^.^.j

Observe that the internal longitudinal displacement is })roduced entirely

by the impressed force {ij it be internal), though there is radial displace-

ment also, on aceount^ the diyergeoee of e (if Intenial). Ontsioe ^e
cylinder, the displacement is entiruy perpendicular to it.

H and F do not alternate along r. This is also tnnd when ^ is nega-
tive^ or fi lies between 0 and nw. Then, ^ being positive^ we have

^««-«=i«¥(^i.)('^or(logjr-/S) + A.,y, (366)

as the rationd form of the equation of the external £ when the fre-

quency is too low to produce fluctuations along r.

The system (364) may be obtained direetiy from (358) to (360) on
the assumption tli;it .'/y is zero when s is zero. But (364) appears to

require an unbounded medium. Even in the case of the boundary
condition E - 0 at r-Xj which harmonizes witli tlie vanishing of E
externally in (3G4), there will be the undibsipated initial etl'ects con-

tinuing.

If, on the other hand, H^ = 0, making i/ = JiJOi^ we shall not only
have the nndissipated initial effects, but a di£ferent fonn of solution for
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the forced vibrations. Thus, using this expression for y, and also s = 0,

in (358) to (360), we obtain

representing the forced vibntionfl.

Effect of suddenly Starting a Filameni of e.

67. The vibratory eftects due to a vibratiug tilament we find by takine

a infinitely small in (362), that is J^^ = ^sa. To find the wave produced

bjr suddenly starting sudi a filament) transform equations (358), (359)

by means <n (311). We get [e being intensity of longitudinal e]

where }F is given by (309) ; the accent means differentiation to r, and
the soffix a means the value at r=a.

In these, let = Tra\ which we n\i\\ call the strength of the filament^

and let a be infinitely small. We then obtain

(out) iT- - (9/2ir)*(2fw)-iff%, E= - J(5»/2r)*r^ (368)

Now if Cq is a function of t only, it is clear that there Is no scalar electric

potential invdved. We may tiierefore advantageously employ (and for

a reason to be presently seen) the veetor-potentud A, such that

dJ
E^-pA, or A^-i^-^E; and ftif= -^T. (SGU)

of

The equation of utf is obviously, by the first of (369) applied to second

of (368X
A^\{plM^^fFe^ (370)

Comparing this equation with that ofJ7in (345) (problem of a filament

of curl of e), we see that there becomes here, and fiH there becomes

A here. The solution of (370) may thercdfore be got at once from the

solution of (^45), viz. (349). Thus

^9 : (371)

from which, by (369),

if- if=- ^ (373)
2ir(«»<«-f«)* ar/*r(»*/«-f3)*

the complete solution. It will be seen that

A Et -i- fiiM, (373)
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whilst the curious reltttion (353) in the problem of a filament of curie

is now replaced by ^.r^//, (374)

where 2^ la the ttme-integral of the magnetic foree ; so that

H=pZ, and curlZ = cE, (375)

Z being merely the vectorised Z. It is the vector-potential of the

magnetic current.

The following reciprocal relation is easily seen by comparing the

differential equations of an infinitely fine filament and a finite fila-

ment. The uectric current-density at the axis due to a longitudinal

cylinder of e (uniform) of radius a is numerically identical with the

total current through the circle of radius a due to the same total

impressed force (that is, ira^e) concentrated in a filament at the axis, at

corresponding moments.
68. Having got the solutions (372) for a filament e^y it might appear

that we oonld employ them to build up the solutions m the case of, for

instance, a cylinder of longitudinal impressed force of finite radius a.

But, according to (372), E would be positive and // nei^ative every-

where and at every moment, in the case of the cylinder, because the

elementary parts are all positive or all negative. This is clearly a

wrong result For it is certain that, at the first moment of starting

the longitudinal impressed force of intensity e in the cylinder, E just

outside It is negatave ; thus

E^±\e, inorout, at rso, <»0;
and thatS is positiye ; tis.

H^el2fiv at r=a, /«0.

We know further that, as E starts negatively just outside the cylinder,

£ will be always negative at the firont of the outward wave, and H
positive; thus „ „ , ^— js = f»,vl£= X (o/r) , (376)

the variation in intensity inversely as the square root of the distance

from the axis being necessitated in order to keep the energy constant

at the wave-front. The same fonnula with + E instead of - E will

express the state at the front of the wave running in to the axis.

There is thus a momentary infinity of i7 at the axis, viz., when t^a/v.

So ihr we can eertsinly go. Less securely, we may conclude tiiat

during the recoil, E will be settling down to its steady value e within
the cylinder, and therefore the force of tlie field there will be positive,

and, by continuity, also positive outside the cylinder. Similarly, H
must be negative at any distance within which E is decreasing. We
conclude, therefore, that the filament-solutions (372) only express the

settling down to the final state, and are not comprehensiTe enoug|i to

be employed as Amdamental solutions.

Sudden SUiriing of e longitvdinal in a Cylinder.

69. In order to fully clear up what is left doubtful in the last ymir
graph, I have investigated the case of a cylinder of e compxehensively.
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The following contains the leading points. We have to make four inde

pendent investigations: viz., to find ^1), the initial inward wave; (2),

the initial oatimd wave; (d^the inside aolntion after the recoil
; (4),

the outside solution ditto. We may indeed express the whole by a
definite intfr,Ta], but there docs not seem to be much use in doinix so.

as there will be all the labour of finding out its solutionSi and they are

what we now obtain from the diflFerential equations.

Let i»\ and ^ ^ ® inward and outward waves. Their

equations are

E^"(am)WiUe, (377)

E^^-{al%i)WUi€; (378)

where U and IV are ^iven by (309), the accent means differentiation to

r, and the suffix indicates the value at r«a. To prove these, it is

sufficient to observe that U and W involve ^ and c~*^ respectively, so

that (877) expresses an inward and (ZIB) an outward wave; and
fiirther that^ by (310), we have

E^-E^-e at r = a, always ; (379)

wliicb is the sole boundary condition at the surface of curl of a
Expanding (377), wo get

£.H(:)W+5)[l + f,-|5 +^'-^,|^+...> (380)

where R-\-S\b given by (309), and y-^^qa. Now, e being zero before

and constant after t = 0, effect the in te<j;rations indicated by the inverse

powers of J?,
and then turn / to /j, where <

The result is

K a./'*Vri4.3^ 3.5^,^ K3-.5.7 ,, 12.3252.7.9,

P32a^,/1 3_3.5^ R3'-'.5.7.^ \ T

the structure of which is sufficiently clear. Here gi.^9tJBa.
This formula, when vKa, holds between r = a and r = a-frf. But

when vi>a though < '2a, it holds between ? =a and rt-a. Except
within the limits named, it is only a partial solution.

70. As regards £^ it may be obtained from (381) by the following

changes. Change ^to - J^, on the left, and on the right change

to -s^ where

It is therefore unnecessary to write out E^. This E^ formula will

hold from r = a to r «= r/ + a, when rt < 2a ; but aft<^r that, when the
front of the return wave has passed r^a, it will only hold between
fBrZ-u and vi + a.

^ i;jKi. „^ i.y Google
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71. Next to find E^, the E in the cylinder when vt > a and the solu-

tion is made up of two oppositely going waves, and E^ the external E
after vt = 2a, when it is made up of two outward going waves. 1 have

utterly failed to obtain intelligible results by uniting the primary waves
with a Tefleeted wave. But there ia anotlier method which is easier,

and free from the ohaourity which attends the aimultaneoua nae of U
and fF. Thus, the eqnaUona of and are

E^^ - {^/2qfaJJfZe, (382;

iP,--(ir^/2)*K(i-^..)^-<i (383)

by (367) ; and a necessity of their validity is the presence of two waves
inside the cylinder, because of the use of J„ and Jj ; it is quite inad-

missible to use Jq when only one wave is in (question, because = 1

when r»0, and being a differential operator in rising powers of;;, the

meaning of (382) is that we find Ej^ at r by differentiations from E^ at

r=0 ; thus (382) only begins to be valid when vi = a.

To integrate (382), (^^.i), it saves a little trouble to calculate the

time-integnds of E^ and E^^ say

^3=-l>-iJ?„ A^^'triE^, (384)

The results are - A^=J^.^^vH^ -a')\ (385)

^^-{i^^J^^^'^y'' <^^^)

From these derive E^ and E^ by time-differentiation, and by
space-differentiation, according to

curl A-^H, or ^ (3^^)

We see that the value of ^3 at the axis, say E^^ is

E^^eviiv^l^-d')-^ ; (388)

and by performing the operation in (385) we produce, if« ~ (i^l> - a')*,

from which we derive

^iiS^^^'^* 20*W+8rt^) +
...J

(390)

These formulss commenoe to operate when i;^»a at the axis, and when
. a+ r at any pdnt r < a» ana continue in operation for ever after.
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72. Lastly, peifonn the openUaon (2/w)/,« in (386), and we obtain

V ^fl^^ri «:/ 1 3?^/2\ aU3 ZOt^r- 35v*t*\

'*"4.36.64ri?'*" 5?i-+-ir" r -J'
^

from which we derive

These begin to operate at r^a when tt»2a; and later, the range is

from r - a to r ^ t7 - a.

This conijtltres the mathematical work. As a check upon the
accuracy, wu may test satistaction of differential equations, and of
the initial condition, and that the four aolntions join together with
the proper discontinuities.

73. The following is a general description of the manner of establish-
ing the steady flux. We put on e in the c3'linder when ( = 0. The
first offect inside is ^ kr at the surface, and //, ^ EJftv. This
primary disturbance runs in to the axis at speed varying at it^:

front inversely as the square root of the distance from the axis, thus
prodncing a momentary infinity there. At this moment i » a/r, is

also veiy great near the axis. In the meantime, has been increasing
generally all over the cylinder, so that, from being ^ initially at the
boundary, it has risen to '77 «, whilst the simultaneous yalue at r» |a
is about '95

Now consider Eo within the cylinder, it being the natural con-

tinuation of Ey The large values of near the aads subside with
immense rapidity. But near the boundary A\ still goes on increasing.

The result is that when 2a^ and the front of the return-wave reaches
the boundary, E^ has fallen from co to 1154^ at the axis ; v^t r ^ ha

the value is l lSSc; at r = fa it is 1-237 ^; and at the boundary t£e

value has risen to 1'71 e, which is made up thus, 1-21 ^-f-Jc; the first

of these being the value just before the front of the return-wave arrives,

the second part the sudden increase due to the wave-fronts is now
a minimum at the axis and rises towards the wave-firont, the greater

part of the rise beinu nriar the wave-front.

Thirdly, go buck to t^O and consider the outward wave. First,

Jg'jss -\e at r = f/. Thi.s runs out at speed r, varying at the front

inversely as rl. As it does so, the E,^ that succeeds rises, that is, is

less negative. Thus when fi^a, and the front has got to T^2a^ the

values of E^ are - '232 e tktr-a and - -353e at r ^ 2a. Still later, as

this wave forms fully, its hinder part becomes positive. Thus, when
ftilly formed, with front at r = 3a, we have Eo = - -288^ at r=3a;
-•W)e at r-2a; and '2\e at r = a. This is at tlio moment when
the return-wave reaches the boundaiy, as already described.
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The subsequent history is that the wave moves out to infinity,

beine negative at its front anil positive at its back, where there ia

a auddeii me dne to the return-wave E.^ behiod which there is a rapid
fall in E., not a discontinuity, but toe continuation of the before-

mentioned rapid fall in E^ near its front The subsidence to the
steady state in the cylinder and ontsitlc is very rapid when the front

of has moved well out. Thus, when vt = 5a, we have A'g = 1 022 «

at r = a, and of course, just outside, we have E^ = '022e; and when
vi« lOo, we have E^ = 1 005 tf, E^ = -005 at r = a.

Ab regards J7, starting when t-0 with the yalue at r only,

at the front of the inward or outward wave it is ±fi9H, as usual.

It is positive in the cyh'ndor at first, and then changea to negative.

Outside, it ia firat positive for a ahort time^ and then negative for ever
after.

74. We can now see fully why the solution for a filament of e can
w4 be employed to build up more complex solutions in general, whilst

that for a filament of curl e owi be so employed. For, in the latter

case, the diatorhanoea come, ab initio, from the axis, becaoae the linea

of curl e are the sources of disturbance, and they become a single line

at the axis. But in the former case it is not the body of the filament,

but its surface only, that is the real source, however small the filament

may be, producing first E negative (or against e) just outside the

filament, and, immediately after, E positive. Now when the diameter
of the filament ia indefinitely reduced, we loae sight altogether of the
preliminary negative electric and positive magnetic force, because their

duration becomes infinitely small, and our solutions (372) show onlj
the subsequent state of positive electric and negative magnetic force

during the settling down to the final state, but not its real commence-
ment, viz., at the front of the wave.

75. The occurrence of momentary infinite valuea of 1 or of H, in

rt^blema concerning spherical and i^lindrical electromagnetic wavea,

pbyaicallj suggestive. By means of a proper convergence to a point

or an axis, we should be able to disrupt the strongest dielectric, starting

with a weak field, and then discharging it Although it is impossible

to realize the particular arrangements of our solutions, yet it might be
practicable to obtain similar results in other ways.*

It may be remarked that the solution worked out for an infinitely

If wc wish the solution for an infinitely long cylinder to be (juite unaltered,

when of finite length /, let at z-O ami : = / infinitely conducting barriera be
plaoed. Owing to the displacement terminating ufmn them perpcncueolerly, and
the magnetic force being tangential, no alteration is required. Then, on taking
off the impressed force, wo obtain the result of the discharge of a condenser
ootttiiting of two parallel plates of no lesbtanoe, ohniged in a certain portkm
<mly ; or, by intct^'ratinn, charged in any manner.
To abolish the momentary infinity at the axis, in the text, substitute for the

•nrfaoe distribatloii of cnrl of a » distribation in a thin layer. Hie infinity will
be replace*! I>y a large finite value, without other material change. Of course the

theoiy above assumes that the dielectric does not break down. If it does, we
ehange the problem, and have a condnoting (or rMistiiig) path, possibly with
oscillations of great frequency if the resistance bo not too greet, atPlrof. Lodge
believes to be the case in a lightmng discharge.

H.S.P.~V0L. II. 2q
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loDg cylinder of longitudinal e is also, to a certain extent, the solution

for a cylinder of finite lengUt If, for inetanee, the length it 31, ad
the radiua a, distorhanees from the extreme teiminal lines oif f (or cnil«)

only reach tlie centre of the axis after the time {a^ + /*)*/r, whilst from
the equatorial line of f the time taken is a/v, which may be only a little

less, or very greatly less, according as Ifa is small or large. If large, it

is clear that the solutions for E and H in the centm parts of the

cylinder are not only identical with those for an infinitely long cylind»
nntil disturbances arrive from its ends, but are not much dlfferaxit

afterwafda.

Cylindrical Surface 0/ Longitvdinal f, a Function of 6 and t.

76. When there is no variation vith 0, the only Bessel functions con-
cerned are Jq and The extension of the vibratory solutions to

include variation of the impressed force or its curl as cos 6, cos 20, etc.,

is so easily made that it would he inexcusable to overlook it. Two
leading cases will be very hricHy considered. Let the curl of the
impressed force be wholly upon the surface of a eyllnder of radius a,

longitudinally directed, and be a function of / and 6, its tensor being/
the measure of the surface-density. H is also longitudinal, of course,

whilst £ has two components, circular E and radial i*. The connections
are

dr ^ ' rdS ^ ' rdr r d$ ^ ' ^ '

from which the characteristic of H is

^'^^^=-3^="
if i*a -^/i^ end « - (P/^^* Conseqnently

J7«- {J^ -> cosmB X function of < . .(395)

when is constant, and the ElU operator is

if J^^ or JJy^) is the m*^ Bessel-functioni and its companion,
whilst the ' means d-dr.

The boundary condition is

Ex^E^'S at r-a, (397)

being the inside, E^ the outside value of the force of the flnz.

Therefore^ using (396) with y- 0 inside, we obtain

where « is a constant, being 7r/2 when m-O, according to (307^ and
always ir/2 if has the proper numerical ftctor to fix its siae.

We see that / / «««,«/3„^.«#/ bs/qCOS rao cos fu,
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where is constant^ the bonndaiT if, and with it tho whole eztemal
field, etoetrie and magnetle, vanishes when

mxO, or there is no variation with 0^ the impressed force may be
cimdar, ontaide the eyllnder, and varying as fK

If m = 1, the impressed foroe may be transverae, within the cylinder,

and of onifom intensity.

ComheUng Tube, o Ckcidair, a ^mdien of B and t

77. This is merely chosen as the easiest extension of the last case.

In i^ let then be two <grlindrical sorfaees of t, iniinitely close together.

They will cancel one another if equal and oppodte, bat if we fill up the

space between them with a tube of conductance K per unit area, we get
the case of e circnl ir in the tube, e varying with 6 and t, and produce a

discontinuity in H (which is still longitudinal, of course). Let be

the common value of £ just outside and inside the tube ; e + £^ia then

the foice of the flux in the substance of the tube, and

H,-H, = 47rK\e + E,X (399)

the discontinuity equation, leads, by the use of (396) and the conjugate

property of and 0^ as standardized* in the last paragraph, through

to the equation of £^ viz.,

• JP,- (400)

WW
t

from which we see that it is JL^O that now makes the external field

vanish.

78. This concludes my treatment of electromagnetic waves in relation

to their sources, so far as a systematic arrangement and uniform method
is concerned. Some cases of a more mixed character must be reserved.

It is scarcely necessary to remark that all the dielectric solutions may
be turned into others, by employing impressed magnetic instead of
electric force. Tho hypothetical magnetic conductor is required to

obtain full analogues of problems in which electric conductors occur.

Avgost 10, 1888.

* [U we take Stok«t*s formula for /«, thus

•^-^^^ U) LI* gteP
"•/~'''\"W " "r'^jV - 4 - 2>

then the •ubstitntion of sin for co« and " cos for sin will give the fuDction

tandardized as in the text. Also note tliat the intiniteneM of when 0 it

omitttKi, referred to in footnote p. 445, arisen whon q- i» + ].
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XLIV. THE GENERAL SOLUTION OF MAXWELL'S ELECTRa
MAGNETIC EQUATIONS IN A HOMOGENEOUS ISO-
TROPIC MEDIUM, ESPEOIAIiLT IN REGARD TO THE
DERIVATION OF SPECIAL SOLUTIONS^ AND THE
FORMULi£ FOB PLANE WAVES.

iPkU, Mag., Ju. 1889, p. 30.]

Equations of the Field.

1. Although, from the difficulty of applying them to practical problems,

feneral solutions frequently possess little practical value, yet they may
e of sufficient importance to render their investigation desirable, and

to let their applications be examined as far as may be practicable. The
first question here to he tnswered is this. Given the state of the whole
electromagnetic field at a certsin moment, in a homogeneous isotropic

conducting dielectric medium, to deduce the state at any later time,

arising from the initial state alone, >vithout impressed foreea

The equations of the field are, ifp stand for dldt,

curlH = (l7r;l' + cp)B, (1)

-curlE = (4jr</ + /*^)H; (2)

the first being Maxwell's well-known equation defining electric current

in terms of the magnetic force H, k being the electric conductivity and
e/4r the eleetric permittivity (or permittance of a unit-cnhe condenser),

and 1 the electric force ; whilst tne seeond is the equation introduced

by me* as the proper companion to the former to make a complete

system suitable for ])ractical working, ^ being the magnetic conductivity

and /X the magnetic inductivity. Tills second equation takes the place

of the two equations

B=-A-V^, curlA = /*H, (3)

of Maxwell, where A is the electromagnetic momentum at a jK)int, and
the scalar electric jpotential. Thus ^ and A are murdered, so to

Speak, with a great gam in definitenees and conciseness. As regards

however, stancung for a physicslly non*existent quality, such that the
medium cannot support magnetic force without a dissipation of energy

at the rate r/H* per unit volume, it is only retained for the sake of

mathematical completeness, and on account of the singular tclcfrrajihic

application in which electric couduciivity is made to perfurm the

fonetions of hoth the real k ahd the unreal g.

Let

Pi-m, t;=(/x.)-»A (4)

The speed of propagation of all disturbances is 9, and the attenuating

effects due to the two conductivities depend upoil />| and whilst <r

determines the distortion due to conductivity.

* " Electromagnetic Induction and Its Fn^agstloiii" The ^eOriekm, Jaavarj
3, 1885« and later £voL i., p. 449.]

^ lyui^L,^ 1 y Google



CUBNXRAL SOLimON OF BLBCfTROMAONSnO EQUATIONa 469

% Let ^ denote the operator

3»--(«cnri)«+fl*; (6)

or, in full, when operating upon E for example,

g2B= ^V2B-»2VdivE + <r»B. (6)

Now it may be easily found by ordinary "symbolical" work which
it is not necessary to ^ve, that, given E^, H^, the values of E and H
when ^—0, and satisfying (1) and (2), those at time t later are given by

A sufficient proof is the eatiafiietioii of the eqnatioiis (1), (2), and of

the two initial conditions.

An alternative form of (7) Is

E- €- /"^cosh qt

+

+p)y^,

H-f-''*(co8h qt +5^^(p +^)^Ho,

showing the derivation of E from Bo and jpEg in precisely the same way
as H from Ho end pEq. In this fona of solution the initial ralues of

and ;)H,-j occur. But they are not arbitrary, being connected by
equations (1), (2). The form (7) is much more convenient, involving

only E^, and as functions of position, although (7a) looks simpler.

The form (7) is also the more useful for interpretations and derivations.

Ify then, jSq end be given as eontinuoos functions admitting of
the performance of the differentiations involved in the functions of j*,

^7) will give the required solutions. The original field should theie-

fore be a real one, not involving discontinuities^ We shall now con-

sider special cases.

Persistence or Subsidence ofPciar Fields,

3. We see immediately by (7) that the E resulting from H^, depends
solely upon its curl, or on the initial electric current, and, similarly,

that the H due to Eq depends solely upon its cnrl, or on the magnetis
enrrent. Notice also that the displacement due to Ho is related to

in the same way as the induction + - 4v- duo to is related to Eg.

Or, if it be the electric and magnetic currents that are considered, the

displacement duo to electric current is reluted to it in the same way as

the induction -f 47r due to magnetic current is related to it.

Observe, also, that in passing from the E due to Eg ^ H due to

Hn the sign of cr is changed.

^By (7)» a distribution of Hg which has no curl, or a polar magnetic

field, does not^ in suhsidin^ geneiate electric force; and, stmilariy, a
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polar electric field does not, in suVisiding, generate magnetic force. Let
tkea and Hq be polar £elda, in the £at place. Then, bjr (5),

that iM, a eonstant; and, using this in (7), we rednee the gwenl
Bolutiona to

B-^jf-«^pi<, H-Ho«-«^. W
The subsidence of the electric field requires electric conductivity

that of the magnetic field requires magnetic conductivity ; but the two
phenomena are wholly independent. The first of (8) is equivalent to
Maxwell's solution.* The second is its magnetic analogue.

As, in the first case, there must be initial electrification, so in the
eecond, there ahoold be "magnetification,'' its volum^dennty to be
measured by the divergence of the indaetion -s- 4v. Now the'indnetion

can have no divergence. But it might have, if g existed.

There is no true electric current during the suhsidenre of B^,, and
there would be no true magnetic current during the subsidence of Hq.

In both cases the energy is frictionally dissipated on the spot, or there

is no transfer of energ^.f Tiie application of (6) will be extended
later.

Circuital Distrihiitinns.

4. By a circuital X distribution, I mean one which has no divergence
anywhere. Any field of force vanishing at infinity may be uniquely
divided into two fields, one of which is polar, the other circuital ; the
proof thereof resting upon Sir W. ThomsonV wdl-hnown theorem of
Determinancy. Now we know exactly what happens to the polar fielda.

Therefore diamtsa them, and let^ and be circuital. Then

5»-i^+<r«, (9)

where V is the usual Laplacean operator. Of course cosh qi and
tinh0 are rational flmctioni of ^, so tiiat if tiie diiferentiatioiia are

posaible we ehaU obtain the adationa oat of (7).

DitforlMnlesB Caut,

5. Let the snbaidenoeHratea of the polar electrie and magnetic fields

be equal We then have

(T-O, 9«--(«Curi)2, pm^M/ewmitrg/fji, (10)

in the solutions (7). The fields change in precisely the same manner
as if the medium were nonconducting as r^arda tiM relative values at

different places ; that is, there is no distortion due to the condactivities;

• Vol. I. chap. X., art. ^25, oquation (4).

t This is of course obvious without any reference to Povn ting's formula. The
only other simple case of no traoslsr of energy, whioh had been noticed before that
formula, is that of conduction-current kept up bj impressed fbroesodislaribttfeed as
to require no polar force to supplement it.

t [Lord KelTiB's word oiroaital " is here sabetitated for pomly eolonoidal."]

Digitized by Google



OENBfiAL SOLUTION OF £L£CTBOMAQN£nC EQUATIONa 471

bat there is a uniform subsidence all over brought in by them, * ex-

pressed by the factor This property I have explained by showing
the opposite nttiire of the tails left belund bj a trayelling plane-wave
according aa 0* is + or
The above appUes to a homogeneous medimn. Bat i£, in

enrl(H-h)-(4vA;+^)E, (la)

6url(6-l) -i(4sy-l-/ip)H, (2a)

differing from (1), (2) only in the introdaetion of impressed forces e and
h, we write

(H,h,B,e) = (fli,h„Bj.ei)€-^

we reduce them to

curl(Hj-hi) = c(or+p)Bi,
\

.^jv

cnrl(e|-Ei)-K-<r+p)H,J ^
'

and theseu if irsQ, are the equations of a noncondnotinff dielectrie.

That is,

p = iirk/c = iirglii« constant

is the required condition. Therefore c aii4 may vary anyhow, inde-

pendently, provided k and g vary similarly, f The impressed forces

should subside according to c~''', in order to preserve similarity to the

phenomena in a nonconducting dielectric.

Observe that there will be tailing now, on aooonnt of the variability

of (ft/c)^ or fiv. That is, there are reflexions and refractions doe to

change of medium. The peculiarity is that they aie of the same nature

with as without conductivity.

First Specud Case.

6. A special case of (11) is given by taking fi = 0 and ^ = 0; that is,

a real conducting dielectric possessing no magnetic inductivity, in which
k/c is constant. If the initial field be polar, then

E-Boc-'", H = 0. (12)

This extension of JVIaxwell's before-meutiuaeU solution I have given

before, and also tiie extension to any initial field, and the indosion of

impressed forces.| The theory of the result has considerable light now
thrown upon it.

If the initial field be arbitrary, the circuital part of the flux displace-

ment disappears instantly, therefore (12) is the solution, provided Eq
means the polar part of the initial field ; that is, B„ must have no curl,

and the flux cEJiv^ must have the same divergence as the arbitrarily

given displacement

Now an impressed force e produces a cvcuital flux only. Therefore

it produces its foil effect and sets up the appropriate steady flux in-

stantaneously; and ail variations of e in time and in space are kept

* **Ebetroiiisgii«tie Wavw," Put L, |7 [p. SBl, vol. D.].

t In § 4 of the article referred to in the last footnoto tlia pcopsrty was duoribad
only in reference to a homogeneous medium.

X ** EleotromAgnetic Induction " [vol. i., p. 534].
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time to without lag by the conduetioii-eiineDt in spite of the eleetne

displacement
This property is seemingly completely at variance with ideas founded

upon the retardation asuafly associated with combinations of resistances

and condensers. But, being a special case of the distortionless theory,

we can now understand it. For suppose we start with a nouQOQducting

dielectric^ and pat on e uniform within a tpherical portion thereof, and
send out an eleetramagnetie wave to infinity and set up the steady flux.

On now removing e, we send out another wave to infinity, and the flux

vanishes. Now make the medium conducting, with both conductivities

balanced, as in (10). Starting with the same steady flux, its vanishing

will take place in the same manner precisely, but with au attenuation-

factor c-^. Now gradually reduce g and at the same time, in the

same ratio. The vanishing of the fluz wiU take place faster and fittter,

and in the limit, when both /a and g are zero, will take place instantly,

not by subsidence, but by instantaneous transference to an infinite

distance when the impressed force is removed, owing to t; being made
infinite.

Second Special Case.

7. There is clearly a similar property when k = 0 and c = 0 ; that is,

in a medium possessing magnetic inductivity and conductivity, but
deprived of the electric correspoiulcnccH. Thus, when ^//x is constant,

the solution duo to any polar field Hq is

fl = Ho€ (13)

wherein ps4ir^/fk But a drcnital state of /aH disappears at once, hy
instantaneous transference to infinity. Thus any varying impressed

force h is accompanied without delay by the corresponding steady fluz,

the magnetic induction.

When the inertia associated with ft is considered, the result is rather

striking and di£Bcult to understand. It appean^ however, to belong to

the same cUas of (theoreticBl) phenomena as the following. If a coil in
which there is an electric current be instantaneously shunted on to a

second coil in which there is no current, then, according to Maxwell,
the first coil instantly loses current and the second gains it, in such a

way as to keep the momentum unchanged. Now we cannot set up a

current in a coQ instantly, so that we have a contradiction. But the
disagreement admits of easy reconciliation. We cannot set up current

instantly with a finite impressed force, but if it be infinite we can. In

the case of the coils there is an electromotive impulse, or infinite electro-

motive force acting for an infinitely short time, when the coils are con-

nected, with corresponding instantaneous changes in their momenta.
A loss of energy is involved.

It IB scarcely necessary to remark that the true physical theory

involves other considerations, on account of the dielectric not being

infinitely elastive, and on account of diffusion in the wires ; so that

wo have sparking and very rapid vibrations in the dielectric. The
energy which is not wasted in the spark, and which would go out to
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lo = curi no - iirk^QA
jj^j

infinity were there no conducting obstacles, is probablj all wasted
practically in the heat of conduction-correnta in thenu

Impressed Forces.

8. Given initially Bq and H^.^, we know that the diverging parts

must either romaiu constant or subside, and are, in a manner, self-

contained; bnt the circuital parts, which wotdd dye rise to waves,
may be kept from changing by means of impressM forces Oq and h^.

Thus, let Eq and Hq be circuital. To keep them stesdy we have, in

eqoations (1), (2), to get rid of andpK Thus

curl(Ho-ho) = 4irAEo,|

curl(eo-Bo) =47r^H,J
are the equations of steady fields 1^ and Ho* these being the foroee of
the fluxes. Or

curl = curl Hq - iirkE^

curl = curl^+ ivgR^

^ivG the curls of the required impressed forces in terms of the given
tluxes, and any impressed forces having these curls will suffice.

Now, on the sudden removal of e^, h^j, the forces E^, H^^, which had
hitherto been the forces of the fluxes, become, instantaneously, the

forces of the field as weO. That is, the fluxes themselves do not change
suddenly, except in sneh a case as a tangential discontinuity in a flux

produced at a sni&ee of curl of impressed force, when, at we surface

itself, the mean value will lie irv mediately assumed on removal of

the iinprL'ssed force. We know, tiierefore, the effects due to certain

distributions of impressed force when we know the result of leaving

the corresponding fluxes to themselves without impressed force. It ia,

however, we eonverse of this that is practically useful, viz., to find the

result of leaving the fluxes without impressed force by solving the

problem of the establishment of the steady fluxes when the impressed

forces are suddenly started ; because this problem can often he attacked

in a comparatively simple manner, requiring only investigation of the

appropriate functions to suit the surfaces of curl of the im])ressed

forces. The remarks in this paiagraph are not limited to homogeneity
and isotiopy.

Primitive Sdulwn^ J or Plane IFaves.

9. If we take z normal to the plane of the waves, we may suppose
that both E and H have x and y components. This is, however, a
wholly unnecessary mathematical complication, and it is suflicient to

suppose that B is everywhere parallel to the OMixis, and H to the y-axis.

The specification of an initial state is therefore Eq, Hq, the tensors

of 1 and H, given as Amotions o(m; and the circuital equations (1), (3)

become
- drr:<h ^ (4-k + rp)E, - UEjdz = {ivg +iip)jb[, (15)

Now the operator in (5) becomes

^««8V2+<r*; (16)
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(17)

where by V we may now understand djdz simply. Therefore, by (7),

the solutions of ( 1 5) are

[(coA j«+ioiUi j«)ir, - fi^lL''

.

When the initial states are such as cw*', or acos&z, the realization is

immediate, re<^uiring only a special meaning to be given to g in (17).

But with more nsefol functions* as oc"*^, etc., etc., there it uueh work
to be performed in effecting the differentiations, whilst the method
fails altogether if the initial dUtribution is discontinuous.

But we may notice uaefully that when £^ and are eonstanti the

solutions are

(18)0»

which are quite independent of one another. Further, since disturb-

ances travel at speed v, (18) represents the solutions in any region in

whieh and are constant^ from up to the later tune when ft

distnrbftnee airivee from the neatest plane at whieh or Taries.

Faaneit'InkgraU,

10. Now transform (17) to Foorier-int^grals. We have Foorier^s

theorem,

/(«)=^|
I*

f(a)cMm(s-a)dmda,

and theieliare <f>{V^)/(z) ^
^| J

/(^}*^( ~ "^^) cos m{z - a) dmda

;

applying which to (17) we obtain

(19)

(20)

dm rfaj^^^jcos m{z - a)^co6h - ^sinh^^^

+^«8inm(s-a)?i5^^n.

ft,

O •> •) <>

q- = (r' - m- f,

sinh qf

(21)

(22)in which, by (16),

and Eq, IIq are to he expressed as functions of a, whilst i« and belong

to Discontinuities are now attackable.

The intexiations with respect to m may be effected. In fact, I have
done it in tiiree different ways. First by finding the e1!ect produced by
impressed force. Secondly, by an analogous metliod a]* plied to (17),

transforming the differentiations to integrations. Thirdly, by direct

integration of (21) ; this is the most difficult of all. The first method
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was given in a recent paper* ; a short statement of the other two
methods follows.

Transformation of the Primitive Solutions (17).

11. In (17) we naturally consider the functions of qt to be expanded
in rising powers of ^, and therefore of V^, leading to differentiations to

be per&rmed upon the initial states. But if we expand them in

dMoending powers of V, we snbetitute integratioiis, and can apply then
to a discontinaous initial distribution.

The following are the expansioDa xeqoired :

—

...(23)

where the U*i are functions of {vVi)~^ given by

U-Ml r{r+l) r{r^-V){r + 2) r{r^-V){r^-r-){r + 3) 1

being in fact identically the same functions of v^V as those of r which
occur in the investigation of spherical waves. [See p. 406, vol IL]

Arranged in powers of s = o-/yV, we have

4)

where

.(25)

"*2'*'2^.6'

* 2.4 "'2.4.6.8' ^ ^2:4:6"^ 2.4.6.8.10'

W TTTiTa;^ ^2.4.6,8 2.4...12'

^ 2^ *Tir 8«.8.6 *a«.6.6.7/

• "ElMtimugMtio W.VM," FurtlV. Cp> 428, voL II.].

•(««>

(27)
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The following properties of the ^8 and Vs are usefuL Understanding
that and are unity, we hare

and when r ii mn, -l.S.5...(r- IX - ^)^^^^^*
j

'^^^

except r«0, when -••/o((r(t). J

[Aho, A,+c^<A^,+^^'^H..+... -K- l)*'^-^"1.3.6.,.(r-2)'^^{29)

when f is odd, but is zero when r is even (except r-tO, which case is

not wanted), and = - iJ^{a-ti) when r = 1.] Now if

^(H-<r/y)-€-^(l+4^,+«y,+ ...), (30)

the/• * will be given by (25), vis.,

/o = 1. fi^-ffo +K f2 = 9i +K etc.; (31)

and the properties of the /"a corresponding to (28), (29) are

/r+<^(/*r+i +^/r+i+- ^^en r=0,
^j^^j

•0 when r ii even, except 0j
and «±I.3.5...(r-2):i£=ii^^|i^^ (33)

when r is odd, with the + sign for r=l, 5, 9, and the - sign for

the rest. The first case in (32), of r = 0, is very important. But in

r« 1, (he eoeffident in (33) is + 1 ; thus,

Special Initial States,

1 2. Now let there be an initial distribution of only, so that^ by (1 7),

q c
^

(34)

by (17). Let be zero on the right side and constant on the left

side of the origin, and let us findE and at a point on the right side.

The operator is inoperatiye^ so that, by (30),

E^i€-P^-^^l - if, + s% - + ...)fli,

j€-'Wc-«<»(l - sg^ + s% - s3^3+ ...)Ef^ x fiv,

These fa are the same as in my paper "On Elecferomagnetio Wavit," §8
[vol. II., p. 384J ; bat s there is a here.
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the immediate integration of which gives

£-i^a,.-'"{i - i) +
(|!,. (i - ...}.

^

To obtain the E due to Eq constant from z= - ca to 0, use the first

of (36); change H to E, Hq to Eq, and change the sign of cr, not

foigetting it in the fs. To obtain the ooireBpoxiaing H due to E^ use

the second of (36) ; change E to HfH^ to Bq, and ft toe. So

. ...(37)

if= +<rfj.(l -^) +<^j,,(l - i)V ...},

where the accent means that the sign of <r is changed in the /'s.

From these, without going any further, we can obtain a general idea

of the growth of the waves to the right and left of the origin, because

the series are suitable for small values of <rt But, reserving a descrip-

tion till later, notice that E in (36) and H in (37) must be true on
both sides of the origin ; on expanding them in powers of z we con-

sequently find that the coefficients of the odd powers of z vanish, by
the fii-st of (28), and what is left may be seen to be the expansion of

ir-j/«^,i-At/,[^(^-t^<«)*J, (38)

the complete sedation for E due to (Smllarly,

i«'i?««-'"^o[]^(^' - * (39)

is the complete solution for H due to Eq. In both cases the initial

distribution was on the left side of the origin; but, if its sign bo

reversed, it may be put on the right side, without altering these

solations.

Similarly, bjr expanding tiie first of (36) and first of (87) in powers

of f we get nd of the even powers of and prodnce the solutions

given by me in a previous paper,* which, however, it is needless to

write out here, owing to the complexity.

JHnimrif Initial Stales.

13. Knowing the solutions due to the above distribiitionB, we find

those due to initial J^gis at the origin, or by dtflbrentiation to z;

* ** Electromagnetic Waves," § 8 [vol. u., p. 383].
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and for this we do not need the firsts of (36) and (37), bat onlj the
seconds. The results bring the Fourier-integrals (21) to

where r-djdt, V-djdt, y--{(«-o)«-»'/»}*.

(40>

u = z-vt,\

Another interesting form is got by the changes of variables

U=\^\E-iivH),

These lead to

r„-r..-J-(»'4+-;'/.)y„g(.-.)»(«-a)»}*._

The oonnexions and partial characteristic of UotWm

(41)

...(42)

dw 2v
* dudw

^-{gu: (43)

and this ehancteristie has a solution

where m is any + integer, and in which the sign of the exponent may
be reversed. V\'e have utilized the case m » 0 only.

Emhiniion nf YownQV-IntegraJs.

14. The efTectuation of the inte;^ration (direct) of the original Fourier-

integrals will be found to ultimately depend upon

?£«.«5!|^*.-l/.[?(^.^,.)»]

provided iBt>z^ where, as hefore,

By equating coefficients of powers of «^ in (45) we get

8f!inM^.^^.^1.8.B^- 1) J^)
ttJ q ir*' {<rti)

'

.(45)

except with r» 0 ; then
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To prove (45), expand the {-function in powen of o^. Thu8»

symbolically written,

the operand being in the brackets, and meaning integration £rom 0
to / with respect to t. Thus, in full,

q wj^ [_ mv 2Jj mv

+??1?*£**^+ •••]*^ ....(48)

Now tbo vbIiia of the fint torm on the ri^^t is

or 0, when sis <, or >vt.

Thus, in (48), if 2 > vt^ since the first term vanishes, so do all the rest,

because their values are deduced from that of the first by integrations

to t, which during the integrations is always< z/v, Tberdtore the value

of the left member of (45) is zero when m>vL In another fontt,

disturbances cannot travel faster than at speed v.

But when z < vt in (48), it is clear that whilst goes from 0 to ^ or

from 0 to c/r, and then from z/v to t, the first integral is zero from 0 to

z/Vf so that the part zjv to / only counts. Therefore the second term is

2 0-2 f rrt sin m rt ,,1 j 2 (r^ f" sin mvtj
- — \cosmz\ I - ^ dt \dm = „ |

id(\ eoBm dm
V 2j LJ. J »• 2j, Jo me

The third is» similarly,

1 <r« o^VJ.. a 1

and so on, in a uniform manner, thus proving that the successive terms
of (48) are the successive terms of the expansion of (45) (right member)
in powers of ; and therefore proving (45).

The following fonnnl» occur when the front of the wave is. in

question, where caution is needed in evaluations :

—

cosh <r^ - J «= ^
I
??E^^co8h qtdm, (49)

''Jo

sinh <rt __ 2 psin mvt sinh qt ^^qv

<r ttJ, m q ^ '

InterpreUUion of JUsidis,

16. Having now given a condensation of the mathematical work, we
my consider, in conclusion, the meaningand application of the fonnulAi
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In cknng so, we shall be greatly asdited }n the elementary theoiy of »
telegraph circuit It is not merely a mathematically analogous theory,

but is, in all respects save one, essentially the same theory, physically,

and the one exce])tion is of a remarkable character. Let the circuit

consist of a pair of equal parallel wires, or of & wire with a coaxial tube

for the return, and let the medium between the wires be slightly

eondneting. Tlien, if tiie wires had no resistance, the problem Ot the
transmission of waves would be the above problem of plane waves in a

real dielectric, that is, with constants //, c, and k, but without the

magnetic conductivity ; i.e. g = 0 in the above.

The fact that the lines of magnetic and electric force are no longer

atnight is an unessential point. Bnt it is, for oonyenienoe, best to tute

as variables, not the forces, but their line-integrals. Thus, if F be the

line-integral of E across the dielectric between the wires, takes the

place of E. Then kK, the density of the conduction-current, is replaced

by KF, where K is the conductance of the dielectric per unit length of

circuit; and cEj^Vt the displacement, becomes SV^ where S is the per-

mittance per unit lenoth of eironit^ The densi^ of electric current

cpE/Ur U then replaced by SpF, Abo 8Fi» the charge per unit length

of circuit.

Next, take the line-integral of H/iir round either conductor for

magnetic variable. It is C, usually called the current in the wires.

Then /i.//, the induction, becomes LC ; where LC is the momentum
per unit length of circuit, L being the inductance, such that

A more convenient tranafonnation (to minimiae the trouble with
4ir's)is

EtoF, HtoC, titU>L, eU>8t WktoK.
Now, lastly, the wires have resistance, and this is without any repre-

sentation whatever in a real dielectric. But, as I have before shown,

the effect of the resistance of the wires in attenuating and distorting

waves is, to a first approximation (ignoring the effects of imperfect

penetration of the magnetic held into the wires), representable in the

same manner exactly aa the corresponding effeefea due to g, the
hypothetical magnetic conductivity of a dteleotric;* Thus, in addition

to the above,

ivg becomes

B being the resistance of the circuit per unit length.

16. In the circuit, if infinitely long and perfectly insulated, the total

charge is constant. This property is independent of the resistance of

the wires. If there be leakage, the chaige Q at time t is expressed in

terms of the initial charge Qq by

independently of the way the ch^irge redistributes itself.

In the general medium, the corresponding property is persistence of

• ** Sisotaomagiistio Wavss." § 6 [p. 379, vol n.].
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displacement, no matter bow it redistributes itself, provided k be zero,

WMteTer g may be. And, if there be eleetric condnetivity,

where I)q is the initial displacement, and D that at time /, functions of z.

In the circuit, if the wires have no resistance, the total momeiiium
remaiDe eonetant, however it nuiy redistribnte itself. This is en exten-

sion of Maxwell's well-known theory of a linear circuit of no resistanoe.

The conductivity of the dielectric makes no difference in this property,

though it causes a loss of energy. When the wires have resistance,

then

expresses the subsidence of total momentum ; and this is independent
of the manner of redistribution of the magnetic force, and of the leakage.

In the general medium, when real, the conesponding property is per*

sistenee of the induction (or momentum) ; end when g is finite^

In passing, I may remark that, in my interpretation of Maxwell's

views, it is not his veetoivpotentid X the so-called eleetrokinetic

momentum, that should huve tlio i)li3 sical idea of momentum associated

with it, but the magnetic induction B. To illustrate, consider Maxwell's

theory of a linear circuit of no resistance, the simplest case of persist-

ence of momentum. We may express the fact by saying that the

induction through tlio circuit remains constant, or that the line-integral

of A slong or in the circuit remains constant These are perfectly

equivalent. No\\ , if we pass to an infinitely small closed circuit, the

line-integral of A becomes B itself (per unit area). But if we consider

an element of length only, we u^et lost at once.

A<;ain, the magnetic energy being associated with B, (and H), so

shoiilil be the momentum.

Suppose also we take the property that tlu? line integral of - A is

the E.M.F. in a circuit, and then consider - A as the electric force of

induction at a point. Its time-integral is A. But this is an electro-

motive impulse, not momentum.
Lastly, whilst B (or H) defines a physical property at a point, A does

not, but depends upon the state of the whole field, to an infinite

distance. In fact, it sums up. in a certain way, the effect which would

arise at a point from disturbances coming to it from all parts of the

field. It is therefore, like the scalar eleetric potential, a mathematical

concept merelv, not indicative in any way of the actual state of the

medium anjrwhere.

The time-integral of H, whose curl is proportional to the displace-

ment, has equal claims to notice as a mathematical function which is of

occasional use for facilitating calculations, but which should not, in my
B.I.P.—VOIk IL
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opinion, he elevated to the rank of a fundamental quantity, as was done
by Maxwell with respect to A.

Independently of these considerations, the fact that A has often a
scalar potential parasite (and also the other faction), sometimes caoset

great mathematical complexity and indistinctness; and it is, for

practical reasons, best to murder tlie whole lot^ or, at any rat^ moely
employ them as subsidiary functions.

17. Returning to the telegraph-circuit, let the initial state be one of

nniform V on the whole of the left side of the origin, F»Q on the
right side, and 0«0 ererywhere. The diagram wfll serve to show
roughly what happens in the three principal cases.

First of all we have ABCl) to represent the curve of /'
, the origin

being at C. When the disturbance has reached Z, that is when / = CZ/r,

the curve is Alll IZ, if there be no leakage, when R and L are such

that At the origin, r=ir„: at the front, F-^iF^i and at

the hack, F^iF,.

Now introduce leakage to make lUL^KjS. Then 2 2 2 2 1 Z shows
the curve of provided €"*'•

J. We have F^^^Fq on the left, and
F-jr^intherest.

Thirdly, let the leakage be in excess. Then, when F^ has fallen, by
leakage only, to \ Fq on the left, the curve 3 3 3 3 1 Z shows V', it is

^^^0 the origin, - at the back, and VFq at the front

[The third case is numerically wrong. Thus, at the front we have
r/y<> = i€-'"'+'^",

at origin Jc-^"'', and behind Now take o, = 0.

Then, when c~^*= we have FIF^^ = \ at fronts \ at origin, 0 at back,

and \ behind. It is later on that F becomes negative at the back.

Thu'^, when = we have FjF^^ = \ at front, at origin, - at

back, and behind. And when € ''' = \, we have F/F^^"-^ at front,

TJF origin, - at back, and behind.]

Of course there has to be an adjustment of constants to make
^-MaftMwt be the same | in all eases, vie, the attenuation at the front

18. Precisely the same applies when it is Cq that is initially given

instead of F^, ])rovided we change the sign of a-. That is, we have the

curve 1 when the leakage is in excess, and the curve 3 when the leakage

is smaller than that required to produce distortionless transmission.

19. Now transferring attention to the general medium, if we make
the substitution of magnetic conductivity for the resistance of the wirai^

the curve 1 would apply when it is Ef. that is the initial state and g in

excess, and 3 when it is deficient; whilst if is the initial state, 1

Vf 1

o
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•{ipfies when g is deficient, and 3 when in excess. But g ia nally sero,

80 we have the curve 1 for that of // antl 3 for that of E.

This forcibly illustrates the fact that the diffusion of charge in a sub-

marine cable and the diffusion of magnetic disturbances in a good con-

ductor, though mathematically analogous, are physically quite different.

They are both extreme eases of the same theory ; but they arise by
going to opposite extremities ; with the peculiar result that^ whereas
the time-constant of retardation in a submarine cable is proportional to

the resistance of the wire, that in the wire itself is proportional to its

conductivity.

20. Going back to the diagram, if we shift the curves bodily through

unit distance to the left» and then take the difference between the new
and the old curves, we shall obtain the curves showing how an initial

distribution of V or C through unit-distance at the origin divides and
spreads. In the case of curve 2, we have clean splitting without a

trace of diffusion. In the other cases there is a diffused disturbance

left behind between the terminal waves, positive in case 1, negative in

case 3. But I have sufficiently described this matter in a former

paper.*

October 18. im
Postscript.

On the Meiaphpsiad Nature o/ the Uropagaium of the Fottmiiaii,

At the recent Bath Meeting of the British Association there was oon>

siderable discussionf in Section A on the question of the propagation of

electric potential. I venture therefore to think that the following

remarks upon this subject may be of interest.

According to the way of regarding the electromagnetic quantities I

have consistently carried out since January 1885, the question of the

propagation of, not merely the electric potential but the vector

potential A, does not present itself as one for discussion
; and, when

brought forward, proves to be one of a metaphysical nature.

We make acquaintance, experimentally, not with potentials, but with

forces, and we formulate observed facts with the least amount of

hvpothesis» in terms of the electric force E and magnetic force H. In
Maicwell's development of Faraday's views, B and H actually represent

the state of the medium anywhere. (It comes to the same thing if we
consider the fluxes, but less conveniently in general.) Granting this,

it is perfectly obvious that in any case of propagation, since it is a

physical state that is propagated, it is E and H that are propagated.

Now, in a limited class of cases, 1 is expressible as - Vy. Con
siderations of mathematical simplicity alone then direct the mathe-

matician's attention to and its investigation, rather than to that of

E directly. But when this is possilde the field is steady, and no
question of propagation presents it^iclf (except in the very artificial form

" Electromagnetic Wavea," §7 [vol. ii., p. 382],

tSee Prof. Lodge's "Sketch of the Electrical Papers read in Section A/' Tht
Electrician, September 21 and 28, 1888.
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of bakooed exebanges). When there h propagfttion, and H is liiTolYed,

Now this is not an electromagnetic law specially, but strictly a truism,

or mathematical identity. It becomes electromagnetic by the definition

curlA=/iH,

leaving A indeterminate as regards a diverging part, which, however,

we may merge in - V^. Supposing, then, A and ^ to become fixed in

this or some other way, the next question in connection with propaga-

tion is, Can we, instead of the propagation of E and H, substitute that

of Hf and A, and obtain the same knowledge, irrespective of the
artificiality of ^ and A ? Tlie answer is perfectly plain—we cannot do
80. We could only do it if A, given everywhere, found E and H.

But they cannot. A finds H, irrespective of but both together will

not find B. We require to know a third vector, A. Thus we have

A, an<l A, require(^, involving seven scalar specifications to find the six

in E and H. Of these three quantities, the utility of A is simply to

find H, so that we arc brought to a highly complex way of representing

the propagation of E in terms of ^ and A, giving no information about
H, which 18, it aeenu to me, as complex and artificial as it is useless and
indefinite.

Again, merely to emphasize the preceding, the variables chosen should
be capable of representing the energy stored. Now the magnetic
eiierijy may be expressed in terms of A, though with entirely erroneous

localization ; but the electric energy cannot be expressed in terms of

Maxwell (chap. xi. vol. II.) did it, but the application is strictly limited

to electrostatics; in faet^ Maxwell did not consider electric enei^
comprehensively. The ftill representation in terms of potentials

requires ^ and Z» the vector-potential of the magnetic current. (This
is developed in my work ''On Elnrfromagnetic Induction and its

Proiiagation " [vol. I., p. 507].) This inadequncy alone is sufficient to

murder "4' and A, considered as subjects of propagation.

Now take a concrete example, leaving the aV)stract mathematical
reasoning. Let there be first no S or H anywhere. To produce an}-,

impressed force is absolutely needed. Let it be impressed e, and of the
simplest type, viz , an infinitely extended plane sheet of e of uniform
intensity, acting normally to the plan<-. What happens? Nothing at

all. Yet the potential on one side of tiie plane is made greater by the

amount e (tensor of e) than on the other side. Say = Ic and - ^e.

Thus we have instarUaneous propagation of to infinity. I prefer,

however, to say that this is only a mathematical fiction, that nothing is

propagated at all, that the electromagnetic mechanism is of such a
nature that the applied forces are balanced <m the upot^ that is, in the
sheet, by the reactions.

To emphasize this again, let the slieet be not infinite, but have a
circular boundary. Let the medium be of uniform inductivity /x, and
permittivity e. Then, irrespective of its oondnctivity, diatnrbuioes aro
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propagated at speed t^^ificyi, and Uieir source is the Vdrtez-line of e,

on tlie edge of the disk. At any time / less than a/f, where a is the

radius of the disk, the disturbance is confined within a ring whose axis

is the vortex-line. Everywhere else, E = 0 and H = 0. On the surface

of the ring, K = fLvH, and E and H are perpendicular; there can be no
normal compuoent of either.

Now, we can naturally explain the abeenoe of any flux in the oentcal

portion of the disk, by the applied fonses being balanced by the
reactions on the spot, until the wave arrives from the vortex-line.

But how can we explain it in terms of ^I', seeing that ^ has now to

change by the amount e at the disk, and yet be continuous everywhere
else outside the ring ? We cannot do it, so the propagation of ^ fails

altogether. Yet the actions involved must be tne same whether the

disk be small or infinitely great. We mast therefore give up the idea

altogether of the propagation of a ^ to balance impressed force. In

the nng itself, however^ we may regard the propagation of^ (a different

one), A, and A
;

or, more simply, of E and H.

If there be no conductivity, the steady electric field is assumed any-

where the moment the two waves from opposite ends of a diameter of

the disk coexist; that is, as soon as the wave arrives from the more
distant end.* Bnt this simplicity is quite exceptional, and seems to be
confined to plane and sphencal waves. In general there is a subsidence
to thp stcatly state after the initial phenompna.

If it be remarked that incompressibility (or sometliing equivalent or

resembling it) is needed in order that the medium may behave as described

(t.e., no dux except at the vortex line initially), and that if the medium
be compressible we shall have other results (a pressnral wave, for

example, from the disk generally), the answer is that this is a wholly
independent matter, not involved in Maxwell s dielectric theory, though
perhaps needing consideration in some other theory. But the moment
we let the electric current have divergence (the absence of which makes
the vortex-lines of e to be the sources of disturbances), we at once (in

my expeiienoe) get lost in an almost impenetnble fog of potentials.

Maxwell's theory unamended, on the other hand, works penectly and
without a trace of indefinitcness, provided we regard E and H as the

variables, and discard his "equaUons of propagation " containing the

two potentials.

t

October 22, 1888.

• ••KlcctrojtMC'ULtic Waves," §25 fp. 415, vol. ll.].

i {March 20, iSbU.—Kcfcrring to the example given above of a circiUar disk, I

strangely overlooked the fftct that the abeenoe of flux initially can be expreoed by
intiuitely rapi<l propagation of both a 'I' and an A. In the ilisk itst lf we must have

-V4'-A= - impressed furee, bo that tliero is no flux thrrt, and outside \se must

have - V4' - A = 0. This makes it go. But as regards propagation, it only makes
matters worse. It is a rtductio ad ahHurdum to have an electrostatic lield pro*

pagated infinitely rapidly, and, simultaneously, the electric force of inductum,
its exact negative, merely to cancel the former, itself <^uitc hypothetical.

In my paper *' On the Eleetromagiwtio £lbets due to Moving Eleoteifieatton,*'

PhU. May., April, 1889 (ToL n., Art. L.), Is sa axpUelt example ihowiag the

abmrditjr of the thing.]
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XLV. LIGHTNING DISCHARGES, Etc.

ITke ^tetrieian, Ang. 17, 1888» p. 478.]

Ths gap between the electrical phenomena af oommon praetice mod
those concerned in the transmission of light and heat, a gap that it

once seemed iilmost impossible to bridge, is being gradually filled up,

both from the theoretical and the experimental side ; both from above,
by the observation of dark heat and in other ways ; and from below,
by electrical means, as condeuser-discharges, vacuum-tube experiments,
eta Dr. Lodge's recent work on lightning discharges, especially the
experiments described in his second lecture, deserves the most carefiil

attention, as a substantial addition to our knowledge of the subject, and
also because it is, so far as I know, the first serious attempt to treat the
subject olectromagnetically.

The fluids are played out
;
they are fast evaporating into nothingness.

The whole field of electrostatics must be studied from the electro*

magnetic point of view to obtain an adequately comprehensive notion
of we factfl of the case ; and it is here that Dr. Lodge's ezperimenta are
also useful.

Independently of this, I should not be surprised to find that a new
fact is contained in some of the experiments. Now a new fact is a

serious matter, and its existence can only be granted upon the most
conclusive evidence, of varied nature. There is already some inde-

pendent evidence, via., in Kundt's recent paper on the speed of light in
metals. But it is scarcely sufficient.

There is the plainest possible evidence that with waves of telephonic

frequency the magnetic force and the flux induction are pro})ortionate,

and that their ratio is a large number in iron. I have observed, and 1

read that Ayrtou and Perry have also observed, decrease of the

inductivitj with increased wave-freqnency. Bat, at least with me, it

went only a little way, and I had not the opportunity to extend the
experiments.
Now a conducting wire at the first moment of receiving a wave (in

the dielectric, of course) performs the important function of guiding it

and preventing its dissipation in space ; and besides that, the nature of

the conductor partly determines what impedance the wave suffers,

causing a reflection back, with heaping up behind, so to speak, of the

electric disturbance. But at first the conduction-current ia purely super*

ficial. It is clear then that at the very front of a wave, where con-

duction is just commencing on the surface, the conductor cannot be

treated as if it had the same properties (conductivity, inductivity,

permittivity') as if it were material in bulk, for only a thin layer of

molecules is concerned. We tiierefore do not know what the trae

boundary condition is when pushed to the extreme. And yet it may
be that this unknown condition may sometimes serve to determme a
choice of }>atlis.

Thus, iron may behave, superficially, as if it were non -magnetic.

(This does not mean that the inductivity of an iron wire is unity.) In
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Kundtfs ezperiraento, eleetroma^ettcallj interpreted, the mductivitv
of iron is nowhere ; the conductivity, too, must, in other cases $M well,

be less than the steady value. This corroborates Maxwell's remarks
concerning gold-leaf. Of course the application of electromagnetic

principles to the passage of light through material substances is at

present in a very tentative state ; so that too much importance should

not be attached to the speenhtioiw one may be led to make in theae

matters.

(If a condactor could be treated as homogeneous right up to its

surface, the initial resistance of unit of surface T calculate to be Wfiv,

where fx is the inductivity and v the speed of transmission in the con-

ductor. But neither /x nor v can be considered to be known in the case

of iron.) [See p. 437, vol. iLl

Another matter I wish to direct attention to ie this. Dr. Lodge has
deecribed some experiments relating to the reflection of waves sent

alon^ a circuit. It will also be in the knowledge of some readers that

Sections XL. to xlvi. of my " Electromagnetic Induction and its

Propagation," Electi-ician^ June to September, 1887 (and a stra^ler,

XLVIL, December 31, 1887), deal with the subject of the trensmuilon
of waves along wires, their reflection, abetnption, eta, by a new method.
Kow I find that there is an idea prevalent that it is only possible for

very advanced mathematicians to understand this subject. It is tnie

that when it is comprehensively considered it is by no means easy.

But I desire to call attention to the fact (as I did in one or more of the

articles referred to) that all the main features of the transmission,

reflection, absorption, etc, of waves can be worked out (as done there

by me) by elementary algebra.

I was informed (substantially) that no one read my articles. Possibly

some few may do so now, with Dr. Lodge's expehmeuts in practical

illustration of some of the matters considered.

My next communication, I may add (written in September, 1887), is

on the important snbjeot of the measure of the inductance of dieuits,

and its true effects, in amplification of preceding matter. It has aleo

special reference to some experimental observations. It has also some
valuable annotations by an eminent authority. [Art xxxvili., vol. IL,

p. 160.]

P.S.—In connection with lightning discharges, I may remark that it

is nsual, and seems very natural, to assume that the discharge is

initiated at the place of the visible spark—the crack, so to speak, fiut

my recent investigations lead me to conclude that this is by no means
necessary, and that the strongest dielectric can be disrupted by a suit-

able convergence of a wave to a centre or an axis, starting with any
steady field.

For instance, if in a cylindrical ^rtion ofa dielectric the displacement

be uniform, and parallel to the axis, and it be allowed to discharge, the

convergence of tne resulting wave to the axis causes the electric force

to mount up infinitely there, momentarily ; hence disruption.

But I do not pretend to give a complete theory of the thundercloud.

It is only a detail.
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P.PS.—In Dr. Fleming's recent articles on the theory of alter-

nating currents, I observe that he calls the component Ln of the imped-

ance {li- + Lhi')^ the "inductive resistance."

I should mjself have scarcely thought that it dt^served a name, for of

course we mnsfc draw the line somewhere. Bat the fi^t thkt Dr.

Fleming has given it a name is evidence that he found it oonyenient to

do so. Taking it, then, for granted that it should have a special name,
I can only object to the one chosen that it creates two kinds of resist-

ance. I desire to recognise but one— the resistance. I mi<<ht, for

instance, call Ln the hindrance. Thus, in the case of a coil, R is the

electric resistance, Ln the niagiielic hindrance, and their resultant the

impedance. But in any case it would not be a term for popular use.

August 13, 1888.

XLVI. PRACTICE VERSUS THEORY.-ELECTEOMAGNETIC
WAVES.

{The EUetridan, Ool. 19, 1888, p. 772.]

The remarkable leader in The Electrician for Oct 12, 18S8, states very
luddly some of the ways in which theory and practice seem to become
antagonistic. There is, however, one point which does not^ I think,

receive the attention it deserves, which is, that it is the duty of the

theorist tn try to keep the engineer who has to make the practical

applications straight, it" the engineer should plainly show that he is

bcliind the age, and has got shunted on to a siding. The engineer

should be amenable to criticism.

Another point is this. It might appear from the concluding ^ara-

sraph of the article to which I have referred that the points at issue

between Mr. Preece's views and my own were mere matters of com-
plicated corrections, not affecting the main argument much. But the
case is far different. A complete change of type is involved.

Now, I shall have great pleasure, when opportunity offers, in en-

deavouring to demonstrate that such is the case, and that the despised

self-induction is the great moving agent ; that although Mr. Preeoe, in

the presence of some distinguished mathematicians, recently boasted *

that he made mathematics his shire^ yet it is not wholly improbable
that he is a very striking and remarkable example (jf the o}>posite pro-

ccilure ; that altliough Mr. Freece, who, as a practical engineer, knows
all about elcctroniuguetic inertia and tluottliug, does not see the

use of inductance, impedance, and all that sort of thing, yet there is

not wanting evidence to make it not wholly unbelievable that Mr.
Pteeoe is not quite fully acquainted with the subject as generally

* [The Distussiou on LiKhtning Conductors at the Bath meeting of the B.A.,
reported at length in The Ekclrician, Sept. 21 and 28, 1888, is interesting reading,
and i» made quite amusing hy Mr. Pretoe's attack Bpon anathwnatioiaae to his own
exaltation, and the rejoinders thereto.]
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understood; tbat^ for example, his coeflftcient of self-induetion is of

Tery differait size, and has very ditferent properties, from the theo-

retical one ; and that Mr. Preece's knowledge of the manner of trans-

mission of signals, though it may not be "extensive," is certainly

"peculiar."

I may take the opportunity of adding that on account of a certain

peculiar concorrence and concatenation of dnomstanees last ^ear

rendering it impossible for me to oommnnicate the practical applications

of my theory (based upon Maxwell's views, so far as the higher de-

velopments are concerned), either nd the S. T.-E. and E. or four other

channels, the resultant effect of which was to screen Mr. Preece from

criticism, combined with the fact that Mr. Preece, in his papers to the

Koyal Society, British Association, and 8. T.-E. and E. has taken his

stand upon £ur W. Thomson's celebrated theory of the submarine cable,

I have oeen forced, with great reluctance, to assume what may have
appeared to be, superficially^ an apparently unnecessarily aggressive

attitude towards the said theory. But those who are acquainted with

the subject will know that thert is no antagonism whatever between

the electrostatic theory and the wider theory ; and those, further, who
may be acquainted with the peculiar concurrence I have mentioned
win understand the meaning of the ap|)arent aggressiveness;

In addition, it seems to me to be almost mathematically certain that

Sir W. Thomson would emphatically repudiate the very notion of apply-

ing his theory of the diffusion of potential to rases to which it does not

apply, and to wliich it was never meant to apply ; and I cannot find

any evidence in his writings that he ever would have made such a

misapplication.

PJ8»—^Is self-Induction played outf I think not What w played
out is what we may call (uniting the expressions of Ayrton. Preece,

Thomson, and Lodge) the British engineer's self-induction, which stands '

still, and won't go. But the otlior .self-induction, in spite of strenuous

eflforta to stop it, goes on moving
;

nay, more, it is accumulating

momenLuui rapidly, and will, 1 imagine, never be stopped again. It is,

as Sir W. Thomson is reported to have remarked, with a happy union

of epigrammatic force and scientific precision, '*in the air. Then
there are the electromagnetic waves. Not so long ago they were
nowhere ; now they are everywhere, even in the Post Office. Mr.

Preece has been advising Prof. Lodge to read Prof Poynting's paper

on the transfer of energy. This is progress, indeed ! Now these waves

are also in the air, and it is the "great bug" self-induction that keeps

them going.

On this question of wavrs I take the opportunity of referring to a

point mentioned at the Bath meeting by Prof Fitzgerald. Tliat phy-

sicist, in directing attention to Hertz's recent experiments, considered

that they demonstrated the truth of the i)rop;igation of wa\ i'.^ in time

through tlie ether; but that, on the other hand, the waves sent along

a drcuit did not do so, because they might be explained by action at a
distance.

It seems to me, however, that the more closely we look at the matter
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the less distinction there is between the two cases, and that to an
unbiassed mind the experiments of Prof. Lodge, sending waves of short
length into a miniature telegraph circuit, with consequent "resonance "

effects, are equally conclusive to those of Hertz on the point named ; in

one respect, perhaps, more so, because their theory is simpler, and ean
be more dosely followed.

Butt &11> it been demonitnted that we cannot explain the
propagation of electromagnetic waves in time by action at a distance,

pure and simple 1 I suggest the following as evidence to the contraiy.

Take the case of MjixwelTs non-conducting dielectric. Let the electric-

current element cmL<e magnetic force at a distance accord injg to Ampere's
law» and let the magnetic current element cause electne force at »
dwfeanoe according to the same law with sign revraved. Then

curl H = di, and - curl E = fiB.

follow, and propagation of waves in time follows. That is, by iustant-

eaeone mutual action at a dlataiice between electrio-ciirrent elemanti^

and also between magnetio-current elemental we get propagation In

tlme^ Of course the currents may be oppositely moving electric or
magnetic fluids or particles.

Whether there is any flaw here or not, it is scarcely necessary for rae

to remark that I do not believe in action at a distance. Not even
gravitational

XLVn. ELECTROMAGNETIC WAVES, THE PBOPAGATION
OF POTENTIAL, AND THE ELECTROMAGNETIC EFFECTS
OF A MOVING CHARGE.

[The EUctrieian : Part L, Nov. 9, 1888, p. 23 ; Part II., Nov. 23, 1888, p. 83

:

Part IIL, Dee. 7, 1888, p. 147 ; Part IV., Sept 6, 1889, p. 458.]

Part I.

In connection with the letters of Profs. Poynting and Lodge in The
Electrician, Nov. 2, 1888, I believe that the following extract from a
letter from Sir William Thomson (which I have permission to publish)

will be of interest [see Poetscript, p. 483, vol. n., to elucidate] :

—

•* I don't agree that velocity of propagation of electric potential is a
merely metaphysical (question. Consider an eleetr{fied globe, A, moved
to and fro, with simple harnioiiic motion, if you please, to fix the ideas.

Consider very quickly-acting electroscopes R, B'* at different distenfies

from A. Tf the indications of B, B' were exactly in the same phase,

however their places are changed, the velocity of propagation of electric

potential would be infinite ; but if they showed ilitierences of phase,

they would demonstrate a velocity of propagation of electric potential.

"Neither is velocity of propagation of 'vector-potential* meta*

physieaL It is simply the velocity of propagation of eleetromagnetie

foroe—the velocity of ' eleetiomagnetic waves,' in fact"

I
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Taking the second point first, it is, I think, clear that if by the pro-

pagation of vector-potential is to be widentood that of electric and
magnetic distorbances, it ia merely the mode of expression that is in

qoeatinn. I am myself aeenstomed to mentally picture the electric and
magnetic forces or fluxes, and their propagation, ^ hich takes place at

the speeii of light or thereabouts, because they give the most direct

representation of the state of the medium, which, I think, must be
agreed is the real physical subject of propagation. But if we refi;ard

the yector-potentiat directly, then we can only get at the atato of the
medium by complex operations, and wc really require to know the
vector-potential both as a function of position and of time, for its space>

variation has to furnish the magnetic force, and its time-variation the

electric force ; besides which, there is sometimes the space-variation of a
scalar potential in addition to be regarded, before we can tell what the

electric foree la. Beaidea this lonndaboutneaa, it impliea a knowledge
of the full aolntion, and if we do not possess if^ it ia much simpler to

think of the propagation of the electric and magnetic disturbances, and
I And that tnia method works out much more eaaily in the solution of
problems.

The other question will, I believe, be found to be ultimately of pre-

cisely the same nature. Start with llie spiieie A at rest, and the field

steady, and consider two external points, P and P', at different distances.

The electric force at them has different values, and the whole field has
a potential. But now give the sphere a displacement, and bring it to

rest again in a new position. Is the readjustment of potential instan-

taneous 1 I should say, Certainly not, and describe what hai)pen8 thus.

When the sphere is moved, magnetic force is generated at its boundary
(lines circles of latitude, if the axis be the line of motion), and witii it

there is neocMarily disturbance of electric force. The two together

make an electromagnetic wave, which goes out from the sphere at the

speed of light, and at the front of the wave we have E = firll, where E
is the electric and U the magnetic force intensity. Before the front

reaches P or P' wc have the electric field represented by the potential

function, but after that it cannot be so represented until the magnetic
force has wholly disappeared, when again we have a ateady field repire*

sentable by a potential function. It is difficult to see how to plainly

differentiate any propagation of potential per se.

If the motion is sim|)le-harnionir, there if a train of r.ntwarrl waves
and no potential. I imagine that an electroscope, it iiitinitely sensitive

and without reactions, would register the actual state of the electric

field, irrespective of its steadiness. By an electroscope, as this is a
purely theoretical question, I understand the Tery simplest one, a yeij
small charge at a point ; or, say, the unit chaige, the force on which is

the electric force of the fiehl.

When the^e tliinijR are closely examined into, if the facts as regards

the propagation of disturbances (electric and magnetic) are agreed on,

the only subject of question is the best mode of expressing them, which
I believe to be in terms of the forces, not potentials.

But there really ia infinite apeed of propagation ofpotential sometimes

;

Digitized by Google



492 fiLECTRICAL PAPERS.

on examination, however, it is found to bo nothing more than a mathe-
matical fiction, nothing else being propagated at the infinite speed.

It will be understood that I preach the gospel aeoording to my inter-

pretation of Maxwell, and that any modification his UMOiy of the
dielectric may receive may involve a fresh kind of propagation at pre-

sent not in question.

Nov. 6, 1888.

Part IL

The question raised by Pro£ S. P. Thompscm (in Tke BUdridan,
Nov. 16, 1888, p. 54) as to whether the motion of an uncharged
dielectric through a field of electric force produces magnetic effects

must, I think, be undoubtedly answered in the affirmative. As the

distribution of displacement varies, its time-variation is the electric

current, with determinable magnetic force to match. When the speed

of motion is a small fraction of that of light, we may regard the

displacement as having at every moment its proper steady distoibntion,

so that there is no difficulty in estimating the magnetic effects, except^

it may be, of a merely mathematical character. For instance, the case

of a sphere moving in a field which would be uniform were the sphere

absent, may be readily attacked, and does perfectly well to illustrate

the general nature of the action.

But if the moved dielectric have the same electric permittivity as

the surrounding medium, so that there is no differenoo made in the
steady distribution, the question which may be now raised as to the
possible production of transient disturbances is one to which the above

theory does not present any immediate answer. I believe that the

body will be magnetized transversely to the electric displacement and
the velocity. [The motional magnetic force is referred to.]

Another question, somewhat connected, is contained in Prof. Poynt-

ing's suggestion (in letter to Ptof. Lodge, The Electrician, p. 829, voL
XXI.) that electric displacement may possibly be produced without
magnetic force by the agency of pyroelectricity. But, whatever the

agency, it vvoulil, i conceive, be a new fact—(juite outside Maxwell's

theory legitimately developed. We may have subsidence of electric

displacement without magnetic force; but I cannot see any way to

produce it

But the main subject of this communication is the electromagnetic

effect of a moving charge. That a moving charge is equivalent to an
electric current-element is undoubted, and to call it a convection-

current, jis Prof S. P. Thompson does, seems reasonable. The true

current has three components, thus,

curlH = 47r(C-|-i) + /3U),

where H is the magnetic force, C the conduction-current, D the dis-

placement, and p the volume-tlensity of electrification moving with

velocity u. The addition of the term pu is, I presume, the extension

made by Prof. Fitzgerald to which Prof. S. P. Thompson refers. At
any rate, I can at present see no other.
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There are several ways of arriving at the conclusion that a moving
charge must be regarded as an electric current; but, when that is

admitted, we are very far from knowing what its magnetic effect is. No
cut-and-dried statement of it can be made, because it varies according to

circumstances. The magnetic field, whatever it be in a given case, is

not that of a current-element (supposing the charge to be at a point),

for that is anti-Maxwellian, but is that of the actual system of electric

current, which is variable.

Thus, in the case of motion at a speed which is a small fraction of

that of light, the magnetic field (as found by Prof. J. J. Thomson) is

the same as that of Amp^ire's current-element represented by pu ; that

is, a current-element whose direction is that of u and whose moment is

pu, if M is the tensor of u (understanding by "moment," current-density

X volume) ; but the true current to correspond bears the same relation

to the current-element as the induction of an elementary magnet bears

to its magnetic moment. The magnetic energy due to the motion of

a charge q upon a sphere of radius a in a medium of inductivity /x,

at a speed u which is only a very small fraction of that of light, is

expressed by \pq^u^ja. But if the speed be not a small fraction of

that of light, the result is very different. Increasing the speed of

the charge causes not merely greater magnetic force but changes its

distribution altogether, and with it that of the electric field. It is no
use discussing the potential. There is not one. The magnetic field

tends to concentrate itself towards the equatorial plane, or plane

through the charge perpendicular to the line of motion. When the

speed equals that of light itself this process is complete, and the result

is simply a plane wave (electromagnetic).

Since a charge at a point gives infinite values,

it is more convenient to distribute it. Let it be,

first, of linear density q along a straight line AB,
moving in its own line at the speed of light. Then
the field is contained between the parallel planes

through A and B perpendicular to AB, and is

completely given by

E(piV =n= Iqufr^

where E and H are the intensities of the electric

and magnetic forces at distance r from AB. The
lines of E radiate uniformly from AB in all direc

tions parallel to the planes ; those of H are every-

where perpendicular to those of E, or are circles

centred upon AB. Outside this electromagnetic

wave there is no disturbance. I should remark that the above is a
description of the emd solution. It is, of course, nothing like the

supposed field of a current-element AB.
To still further realize, we may substitute a cylindrical distribution

for the linear, and then, again, terminate the lines of E on another
cylindrical surface between the bounding planes. To find the resulting

distributions of E and H (always perpendicular) may be done by super-
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imposition of the elementary solutions, or by solving a bidimensional

problem in a well-known manner.

Those who are acquainted with my papers in this journal will

recognise that what we have arrived at is simply the elementary

plane wave travelling along a distortionless circuit All roads lead

to Rome

!

Returning to the case of a charge y at a point moving through a

dielectric, if the speed of motion exceeds that of light, the disturbances

are wholly left behind the charge,

and are confined within a cone,

A7B. The charge is at the apex,

moving from left to right along Oq.

The semi-angle, 0, of the cone, or

the angle A5C, is given by

sin d = v/u,

where t* is the speed of light, and u

that of the charge. The magnetic

lines are circles round the axis, or line of motion. The displacement

is away from 7, of course, and of total amount but not uniformly

distributed within the cone. The electric current is towards q in the

inner part of the cone, and away from q in the outer.

It will be seen that the electric stress tends to pull the charge back.

Therefore, applied force on q in direction Cq is required to keep up the

motion. Its activity is accounted for by the continuous addition at

a uniform rate which is being made to the electric and magnetic

energies at q. For the motion at the wave-front, at any point on

Aq or B^, is perpendicularly outward, not towards q. Whilst the cone

is thus expanding all over, the forward motion of q continually renews

the apex, and keeps the shape unchanged.

Steady motion alone is assumed.

To avoid misconception I should remark that this is not in any way
an account of what would happen if a charge were impelled to move
through the ether at a speed several times that of light, about which

I know nothing ; but an account of what would happen if Maxwell's

theory of the dielectric kept true under the circumstances, and if I have

not misinterpreted it. [See footnote on p. 516, later.]

Nov. 18. 1888.

Part III.

All disturbances being propagated through the dielectric ether at the

speed of light, when, therefore, a charge is in motion through the

medium, the discussion of the effects produced naturally involves the

consideration of three cases, those in which the speed u of the charge is

less than, or equal to, or greater than v, that of light.

In a previous communication [Part II. above], I gave the complete

and very simple solution of the intermediate case of equality of speeds.

A formal demonstration is unnecessary, as the satisfaction of the

necessary conditions may be immediately tested.
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But I was not then aware that the case u,<v admitted of being pre-

seittod in a nearly equally-simple form. That sttdi la the &et is rather

inxprisiDg, for it it very exceptional to arrive at aimple resnlta^ and
these now in question are sufficiently free from complexity to take a
place in text-books of electricity.

Let the axis of r be the line of motion of the charge g at speed u.

Everything is symmetrical with respect to this axis. The lines of

electric force are radial out from the charge. Those of ma<^netic force

are eirdes about the axis. The two forces are perpendieolar.^ Having
thus setUed the directions, it only remains to specify their intensities

at any point P distant r from the charge, the line r making an angle 6

with the axis. Let E be the intensity of the clertric, and // of the

magnetic force. Then, if c is the permittivity and fi the inductivity,

such that fici^= 1, we have

S'mcEuane. (B)

That (A), (B) represent the eomfdete sdation may be proved by .

subjecting them to the proper tests. Premising that the whole system
is in steady motion at speed u, we have to satisfy the two fundamental
laws of electromagnetism

(1) . (Faraday's law). The electromotive force of the field for voltage]

in any circuit equals the rate of decrease of the induction tiirough the
circuit (or the magnetic current x - Aw).

(2) . (Maxwell's law^. The magnetomotive force of the field [or

gaussage] in any circuit equals the electric current x 4r through the
circuit

Besides these^ there is continuity of the displacement to be attended
to. Thus :—

(3) . (Maxwell). The displacement outward through any surface

equals the enclosed charge.

Since (A) and (B^ satisfy these tests, they are correct And since no
unreslities are involved, there is no room for misinterpretation.

When ujv is veiy small, we have^ approximately,

representing Prof. J. J. Thomson's solution—that is, the lines of dis-

placement radiate uniformly from the chaige, and the magnetic force is

that of the corresponding displaoement^urrents together wiUi the
moving charge regarded as a current-element of moment qu. Instant-

aneous action through the medium is involved—that is, to make the

solution quite correct.

That the lines of electric force should remain straight as the speed of

the charge is increased is itself a rather remaikahle nsult Examining
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(A), we see that the effect of increasing u is to concentrate the (iisplace-

meut. about iho equatorial plane vSeif-induction dues it. In
the limits when the mmieiwtor vanithes, maldng E»0, H^O
everywhMe except at the pUuie mentioned, where, by tetion of the
denominator becoming infinitely small in comparison with the numer-
ator, the displacement is all concentrated in a sheet, and with it the

induction, forming a plane electromagnetic wave, as described (and
realized) in my previous communication.

If we terminate the field described in (A) and (B) ou a spherical

snifs/ce of radius a, insteed of contlnning it np to the charge q at the
origin, we have the case of a perfectly conducting sphere of radius a
possessing a total charge q, moving steadily at speed u through the
dielectric ether. As the speed is increased to r, the charge all accumu-
lates at the equator of the spiiere. [See footnote on p. 514, later.]

But after that? This brings us to the third case of u>v, and here

I have so-far failed to find any solution which will satisfy all the neces-

saiy conditions without unreality. The description at the dose of
Part IL must therefore be received as a suggestion, at present uncon-
firmed. I hope to consider the matter in a future communication.

P.S.—In a recent number Mr. W. P. Granville raised the question of

action through a medium being only action at a short distance instead

of a long one, and asked for instruction. His inquiry has elicited no
response. This is not, however, because there is nothing to be said

about it The matter did not escape the notice of the '* anti-distance-

action sage." My own opinion is that the question involved is, if not
metaphysical, dangerously near to being so

; consequently, whole books
might be devoted to it. At present, however, I think it is more useful

to try to find out what ha[)pens, and to construct a medium to make it

happen; after that, perhaps, the matter referred to may be more
advantageously discussed. The well of truth is bottomless.

Part IV.

In previous communications [above] I have discussed this matter.

Keferring to the ease of steady rectilinear motion, I gave a description

of the result when the speed of the charge exceeds that of light, obtained

mainly by general reasoning, and stated my inability to find a solution

to represent it. The displacement cannot be outside a certain cone of

semi-vertical angle whose sine equals the ratio v/u of the speed of light

to that of the charge, which is at the apex.

In the Phil. Mug. for July, 1889, Prof. J. J. Thomson has examined

this question. Like myself, he fails to fiud a solution within the cone ;

but concludes that the displacement is confined to its surface. If so, it

must form, along with the magnetic induction, an electromagnetic wave.

But it may be readily seen wat such a wave is impossible, having no
stability.

For as the charge moves from A to B, a given surface-element, C,

would move to D. In doing so its area would vary directly as its

distance from the apex, and the energy in the element would therefore
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vary inversely as its distance from the apex, and the forces, electric

and magnetic, would therefore vary inversely as the square root of the

distance from the apex, instead of inversely as the distance, which is

obviously necessary in order that the

displacement may be confined to the

surface. This conflict of conditions

constitutes instability. In the Phil.

Mag. for April, 1889, I suggested

that whilst there must be a solution

of some kind, one representing a

steady state was impossible. This

conclusion is confirmed by the failure of Prof. Thomson's proposed

surface-wave to keep itself going.

Prof. Thomson, who otherwise confirms my results, has also extended

the matter by supposing that the medium itself is set in motion, as well

as the electrification. This is somewhat beyond me. I do not yet

know certainly that the ether can move, or its laws of motion if it can.

Fresnel thought the earth could move through the ether without dis-

turbing it
;
Stokes, that it carried the ether along with it, by giving

irrotational motion to it Perhaps the truth is between the two. Then
there is the possibility of holes in the ether, as suggested by a German
philosopher. When we get into one of these holes, we go out of

existence. It is a splendid idea, but experimental evidence is much
wanting.

But if we consider that the medium supporting the electric and
magnetic fluxes is really set moving when a body moves, and assume a

particular kind of motion, it is certainl}' an interesting scientific ques-

tion to ask what influence the motion exerts on the electromagnetic

phenomena. I do not, however, think that any new principles are

involved.

The general connections of E and H, referred to fixed space without

conductivity, being

curl(e-E) = /xpH, (1)

curl(H-h)=cpE, (2)

where p stands for djdt and e and h are the impressed parts of E and H

;

if there is also motion of electrification, we have to consider it to con-

stitute a convection-current, a part of the true current, and so make (2)

become
curl (H - h) = rpE + 47rpu, (3)

where p is the density of electrification, whose velocity is u. [See Part

IL] It now remains to specify e and h. They are zero when the

medium supporting the fluxes is at rest,

velocity is w, there is, first, the electric

magnetic field,

But
force

if it moves, and
due to motion

iU
in &

e = /AVwH, (4)

which is well known
electric field,

n.K.P.—VOL. II.

and next the magnetic force due to motion in an

h = cVEw, (5)

%i
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which is not so well known. (First, I believe, given by me in the third
Section of ''Electromagnetic Induction and its Propagation," The
Eleclriciaiif January 2-4, 1885 [vol. I., p. 4461; a^ain, obtained in a
different way m SeetioD zm, Jaaiuury 15, 1886 hroL L, p. 646]; see
also Phil, Mag.f August, 1886 [voL n., Art l.], ma an example of the
use of (4) and (5) m 2%e SUOndan, April 13, 1889, pw 683 [voL n..
Art. LI.].)

The mechanical force called by Maxwell the "electromagnetic force
"

is VCB, where C is the true current and B the induction. It is the
force on the matter supporting electric current Let it move. If w is

its velocily, the activity of the force is

wVCB = CVBw= -eC (6)

Similarly, as I obtained in Section XZIL above refened to^ there is a
mechanical force (the magneto-electric) on matter supporting magneUc
current G=fi^H/47r, expressed by 4irVDQ, and its activity is

4«wVDO-4«GVwD--ha. (7)

Of course e and h are reckoned as impressed forces, which is the reason

of the chance of sign. Their actividee are eO and h0.
It should be remarked further, that the above expressions for a

and h are not certain. For I have shown that the sources of all

disturbances are the lines of curl of the impressed forces {Phil. Mag.,

Dec, 1887) [vol. ll., p. 362], and that the tiuxes produced depend
solely upon the curls of e and h, both as regards the steady fluxes

and the variable ones leading to them. Wo may, therefore, use any
other expressions for e and h which have the same curls as the
above. And, in ffMst^ we see that equations (1) and (2) only contain

their curls.

Equations (1) and (3), with 8 and h defined by (4) and (5), therefore

enable ns to determine the effect of the moving medium. Prof
Thomson also arrives at (4) and (5), and at the " magneto-electric

force," in his paper to which I have referred, bv an entirely different

method. And to show how well things fit together, he concludes^ firom

the consideration of the moving medium, tiiat a moving electrified

surface is a current-sheet, which is another way of saying that a convec-

tion current is a part of the true current, as expressed in (3). I must,

however, disagree wiih Prof. Thomson's assumption that the motion

must be irrotational. It would appear, by the above, that this limita-

tion is unnecessary.

As an example, and to introduce a new point, take the case of a chaige

q moving at speed ii along the axis of a. It will come to the same thing

if we keep the charge at rest, and move the medium the other way.

Wo then use the equations (1) and (2), and in them use (4) and (0)

with w = - u. Now when the steady state is arrived at, we have p = 0,

so (i^ and (2) become
curl(/iVHii-B) = 0 (8)

curl(H-cVttB)-0 (9)
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In addition, the divergence of D must be ^ at the origin, and the
divei^ence of B must be zato. The latter glTca, applied to (9),

H-cVuE, (10)

which gives H fiiUy in tonns of & Eliminate H from (8) by meansof
(lOX and we get

eurl(/i«ViiVlQ-l)-0, (11)

or curi[J(B-^,k)-l]-0, (12)

where E.^ is the :;-coniponeiit of E and k a unit vector along or, inte-

grating, and writing the three components,

where P is a scalar potential. Here is the new point. There is a
potential, of a peculiar kind. The displacement due to the moving
charge is distributed in precisely the same way as if it were at rest in an
eolotropic medium, wliose permittivity is c in all directions transverse to

the line of motion, but is amaller, viz., c(l -u-/if'), along that line and
parallel to it The potential P is given by

P= (14)

It is a particular case of eolotropy. In general, '„ r^, the prin-

cipal permittivities^ are all unequal Then, with q at the ohgin, the

potential is

Observe that although the electric force in the substituted problem

of a charge at rest in an eolotropic medium is the slope of a potential
j

yet it is not so when the medium is isotropic, and moves past the fixed

charge^ or vke tenA, although the distrihations of displacement are the

same.
When ?/ = r, we abolish the permittivity along the z-axis in the

substituted case, so that the displacement must be wholly transverse.

We then have the plane electromagnetic wave. When u is greater than

V it makes the permittivity negative along ; this is an impossible

electrical prohlem, and fhmishes another reason for supposing that

there can oe no steady state in the corresponding eleoteomagnetie

problem.

It now remains to find what would happen if electrification were con-

veyed through a medium faster than the natural speed of propagation

of disturbances. There is the cone ; but what takes place within it 1

Aug. 25, 1889.
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XLVIII. THE MUTUAL ACTION OF A PAIR OF RATIONAL
CURRENT-ELEMENTS.

[The Electrician, Dec. 28, 1888, p. 229.]

Strictly speaking, there is no such thing, from the Maxwellian point

of view, as mutual action between current-elements. Suppose, however,
we have the well-known Amp^rian field of magnetic force usually

ascribed to a current-element at one place, and a similar one centred at

another place, it is clear that the forces concerned are quite definite,

according to Maxwell's theory. The electric current of such an arrange-

ment is closed. It is related to the nominal current, viz., in the

element, in the same way as the induction of an elementary magnet is

related to its magnetic moment, as regards the space-distribution. We
may term the arrangement a rational current-element If we take any
number of equal rational current-elements and put them in line, with
opposite poles in contact, only the terminal poles are left free, so that

the current consists of a straight or curved line or tube of current,

joining two points, A and B, with external continuity produced by
means of an equal current diverging

from the positive pole B in all directions

uniformly, and converging to the nega-

tive pole A in a similar manner. Of
course the tubes of current from B join

on to those at A, and are curved ; but
it would only confuse matters to super-

impose the two systems of polar current,

w^hich are much better kept separate.

The rational current-element itself is

to be regarded as an infinitely small

volume with a uniform current distributed in it, and of the com-

plementary currents from and to the poles. The moment is current-

density multiplied by volume, ignoring the complementary currents

altogether for the moment. What the actual current in the element

may be does not matter much. It depends on the shape of the element.

Thus, if spherical, the nominal strength of current, reckoned by its

moment, is half as great again as the real, owing to the back action of

the polar current. We need only consider the moment, which is fully

representative of the external magnetic field, which, it should be

remembered, is that due to the moment, according to Ampere's rule.

To further illustrate, take the case of a charge, q, moving at speed «,

small compared with that of light [p. 495, vol. li.], through a dielectric.

The moment is qu ; the magnetic force is qu/r- at distance r in the

equatorial plane, and elsewhere proportional to the cosine of the

latitude. The actual state of things in the element may require very

complex calculations to discover, but is of little importance.

The mutual action of two German or irrational current-elements is

indeterminate, and so we get a large number of so-called theories of

electrodynamics. But the mutual action of a pair of rational current-
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elements is a legitimate subject of inquiry, is determinate, and does not
involve any action at a distance. The quantity from which, by
dynamical methods, we derive the forces (mechanical) on the elements,

is tlie mutual magnetic energy (leaving out of consideration the electro-

static force, if any), that part of the magnetic energy due to both rational

current-elements. If I have correctly calculated it, the mutual energyM of elements whose distance apart is r, in the medium of inductivity

fS is expressed by

where Uj, tt«, Mj are the components of C^, the moment of the first

element, and Vj, t;,, those of the second, Co, on the understanding

that tne axis of x is the line

joining the elements, whilst

the y and z axes are, as usual,

perpendicular to it and to each

other. In another form,

where c is the inclination of

the elements and C^, parallel

to 8^ and Bo-

ll we substitute for r, in the

differential coefficient, an arbitrary function i2, we obtain the most

f
eneral formula which will lead to Neumann's result for closed circuits,

t is this U that is, by German methods, indeterminate. Rationalize

the elements, and we fix it to be r. Clausius took .R = 0, I believe. It

does not matter at all, so far as closed circuits are concerned, what
formula we use, provided Neumann's result is complied with ; but it is

interesting to observe that the problem as stated by me has no un-

certainty about it (except any possible working errors) and makes M
definite, whilst it is not a mere mathematical abstraction (».«., the

problem), but representative of (under certain circumstances) a reality.

It is for these reasons that I mention the matter. For, as a matter of

fact, I believe the whole method is fundamentally wrong, and of little

practical service in the investigation of electromagnetism from the

hysical side, t.e., with propagation in time through a medium. What
oes it matter about the current-elements ? They are fioi in it. Still,

such formulae are sometimes of service, as, for instance, in the calcula-

tion of inductances.

It has been stated, on no less authority than that of the great

Maxwell, that Ampere's law of force between a pair of current-elements

is the cardinal formula of electrodynamics. If so, should we not be

always using it ? Do we ever use it 1 Did Maxwell, in his treatise 1

Surely there is some mistake. I do not in the least mean to rob

Ampere of the credit of being the father of electrodynamics ; I would
only transfer the nameTof cardinal formula to another due to him,
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expressing the mechanical force on an element of a conductor
ing coirent in any magnetic field ; the Teetor ^rodact ofeomnt

;

indoetioiL There is something real about it ; it is not like his fc

between a pair of unclosed elements ; it Is fundamental ; and, as tncrj--
body knows, it is in continual use, either actually or virtoaUy (thnwsf^
electromotive force) both by theorista and practicians.

Not. 26, im

XLIX. THE INDUCTANCE OF UNCLOSED CONDUCTIVE
cmcuiTS.

In my communication on ''The Mutual Action of Rational Omrent-
Elements " [the Ust Art xlvol] I described the meamng of, and giKve
the formula for, the mutual energy if of a pair of rational enrrent-
elements.

Thus, let 6'j and be their momi'iits, r their distance apart, « the
j

angle between their (urections 8^ and 8,, /a the magnetic induclivitj of
the medium (uniform), and M the mutual energy. Tlien,

if-/^.c,(-'.j,5,) (I)

It follows immediately from this that the mutual inductance of any
two linear circuits is

M being now the mutual inductance. If the circuits are closed the
second part contributes nothing, and we have

^•"''If-T-**^
the coTnmon form of Neumann's equation, with the /i prefixed to mdapt
it to Maxwell's theory.

But if the lines are unclosed, then, according to my description of the

nature of a rational current-element, the linear currents become closed

by means of currents uniformly diverging from their positive ends, and
uniformly converging to their negative ends. The second part of (2) is

now finite. Let P, and be the positive poles, N, and the negative

poles of the linear currents, and let the value of the second part of (2)

be My It is given by

^1 (PiP»+N,N,-.P,N, ^ N,PJ (4)

w here P^Nj means the length of the straight line joinint; to X^, and

similarly for the rc^t. We may, therefore, calculate M by Neumuun's
formula, applied to the linear circuits, and then add tlie correction (4)

to ohfcain the complete expression.
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A practical application is to the theory of a Hertzian oscillator, at

loast of a certain kind. Let a straight wire join two conducting spheres,

or diaes, ete. Imagine an impressed force to act in the wire, and to

ary in any not too xaind manner. Tiie current will leak out (or in)

from (or to) the wire as well as the terminal conductors, but if they are

relatively large nearly all the current will go across the air from one
terminal conductor to the other, and we may ignore the wire-leakage.

The permittance S is then that of the dielectric between the two spheres

(say), and is quite definite. Alao, if the changes of eozrent are not too
rapid, as mentioned, the current in the air will follow the lines or tubes

of displacement. The inductance L is therefore also quite definite, in

accordance with MaxweUian principles, so that the natural frequency of

oscillation of the condenser-conductor circuit can be calculated with
considerable precision from the dimensions.

If, as an illustrative approximation, we suppose the current to come
from the centre of one rohere and go to that of the other, and then '

diyefge or converge uniformly, we have to find the inductance 2/ of a
straight wire or tube of len^h / and radius a, with terminal continua-

tions as before specified. In the Phil. Mag., July, 1888, Prof. Lodge
calculates L without any allowance for the current in the dielectric, viz.,

hy Neumann's formula (3). We have therefore only to examine what
the correction (4) amounts to.

In the case of two very close parallel lines, we may pnt

PjPj = 0 = N1N2, and P1N2 = P^Nj =

so that the correction is simply -
Ifj.. That is, if the dielectric current

is ignored, (3) overestimates M by the amount /x/. The same aijplies

when it is the inductance of a straight tube or solid wire that is in

question. Deduct its length in centimetres from the uncorrected to

obtain the trae value, in c.g.a electromagnetic units, eentimetrea
Prof. Lodge (loe. cit.) also gives the formula which Hertz says Max-

well's theory gives. On making the comparison, I find it is equivalent

to addinn:, instead of deducting /, from the result of Neumann's formula.

It should be remarked, as an essential condition of the validity of the

process described above, when practically applied, that the changes of

current must not be too rapid. When the changes are slow the im-

mense speed of propagation of disturbances through the air causes the
electric displacement at any moment in the neighbourhood of the

vibrator to be very nearly that which would obtain according to electro-

static principles, and the current to follow the tubes of displacement.

But go to the other extreme, and imagine the changes to be so rapid

that waves, whose length is a fractional part of the length of the

vibrator, are produced. It is then dear tnat the theory would not
apply at all, either as regards the inductance or the permittance. Now
Herts, in that series of brilliant experiments which have gone far

towards practically establishing the truth of Maxwell's inimitable

theory of the ether considered as a dielectric, sometimes employs waves
which are not very much longer than the vibrator itself. Only close to

the vibrator, therefore, do we have the electrostatic field (approximately)
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predomlnaiit^ and we may ezpaet aaemiUe enor in applying the eleetfo*

static theory. It !» however, quite easy—in fact, eaner—to use longer
waves. But in any case, the exact calculation of th<» permittance and
inductance of a vibrator involvea a good deal of mathematics to find

relatively small corrections.

July 21, 1889.

L. OX THE ELECTROMAGNETIC EFFECTS DUE TO THE
MOTION OF £L£aTRlFICATION THBOUGH A DI£L£CTKXC.

iPha, Mag,, April, 1888, p. 391}

Theory of the Slow Motion of a Charge.

1. The following paper consists of, First, a short discussion of the

theory of the slow motion of an electric charge through a dielectric,

having for object the possible correction of previously published results.

Secondly, a discussion of the theory of the electromagnetic effects due
to motion of a chaige at any speed, with tiie development of the com-
plete solution in finite form when the motion is steady and rectilinear.

Thirdly, a few simple illnstrationa of the last when the charge is

distributed.

Given a steady electric field in a dielectric, due to electrification. It

is sufficient to consider a charge rj at a point, as wo may readily extend
results later. If this charge be shifted irom one position to another,

the displacement variea In aoeoidanee, therefore, with Maxwell's
inimitable theory of a dielectric, there is electric current produced. Its

time-integral, which is the total change in the displacement, admits of
no question ; but it is by no means an elementary matter to settle its

rate of change in general, or the electric current. But should the speed
of the moving charge be only a very small fraction of that of the pro-

pagation of disturbances, or that of lights it is clear that the accommo-
dation of the displacement to the new positions which are assumed by
the charge during its motion is practically instantaneons In its neighbour-
hood, so that we may imagine the charge to carry about its stationary

field of force rigidly attached to it. This fixation of the displacement
at any moment definitely fixes the displacement-current. We at once
find, however, that to close the current requires us to regard the moving
charge itself as a current-element, of moment equal to the charge
multiplied by its velocity ; understanding by moment^ in the case of a
distributed current, the product of currentdensity and volume. The
necessity of regarding the moving charge as an element of the " true

current" may be also concluded hy simply considering that when a

charge q is conveyed into any region, an equal diapiacement simul-

taneously leaves it through its boundary.

Knowing the electric current^ the magnetic foree to Qone^Kmd
booomee definitely known if the distribution of induetiWty be given

;
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and when this Is constant eveijrwhere, as we sliaU suppose now and
later, the magnetic force ii simply ^e eircuital Tector whose carl

Is Aw times the electric current; or the vector-potential of the curl of

the current; or the curl of the vector-potential of the current, etc ,
etc.

Thus, as found by J. J. Thomson,* the magnetic field of a charge

moving at a speed which is a small fraction of that of light is that

which is commonly ascribed to a current-element itself. I think it,

however, pveferable to regard the magnetic field as the primary object

of attention ; or else to regard the complete system of closed current

derived from it by taking its curl as the unit, forming what we may
term a rational current-element, inasmuch as it is not a mere mathe-
matical abstraction, but is a complete dynamical system involving

definite forces and energy.

2. Let the axis of be the line of motion of the charge q at the speed

«; then the lines of magnetic force H are circles centred upon the aads,

in planes perpendicular to it» and its tensor // at distance r from the

charge, the line r making an angle B with the axis, is given by

H=^usui6 = cEuv, (1)

where v^wnOf E the intensity of the radial electric force, c the per-

mittivity such that fiQcv^=\, if /x^ is the other specific qnali^ of the
medium, its inductivity, and r is the speed of propagation.

Since, under the circumstance supposed of u/v being very small, the

alteration in the electric lield is insensible, and the lines of E are radial,

we may terminate the fields represented by (1) at any distance r = a

ftom the origin. We then obtain' the solution in the can of a charge q
upon the surface of a conducting sphere of radius a, moving at speed «.

This realization of the problemmms the electric and magnetic energies

finite. Whilst, however, an:reeing with J. J. Thomson in the funda-

mentals, I have been unable to corroborate some of his details ; and
since some of his results have been recently repeated by him in another

place, t it may be desirable to state the changes I nropose, before pro-

oeedmg to tlie ease of a eharge moving at any speed.

The Snergff and F<frcu in (he Can cf Shw JIMion,

8. first, as regards the msgnetic energy, say T, This is the space-

summation or, by (l)t,

^-^"l^'^'"^-^ w
The limits are such as include ail space outside the sphere r = a. The
coefficient I replaces

4. Nezt| as regards the mutual magnetic energv M of the moving
charge and any external magnetic field. This is the spaee«mimation

• Phii. Mag., April, 1881.

t ** Applications of Dynamics to Physics and Chemistry," chap, iv., pp. 31 to 37.

t The mtetridan, Jan. U, 1888, p. SaO[vcL i., p. 446].
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S/iQHoH/ifl-, if Hq is the external field ; and, by a well-known
formation, it is equivalent to ^2 AqT, if is any vector whose cmi ie

/igHo, whilst r is the current-density of the movinc: system. Fnr?h«-r.

if we choose to be circuital, the polar part of V will contril»u:e
nothing to the summation, so that we are reduced to the volume
integral of the scalar product of the circuital Ag of the one system
and the denaity of the oonvection-eunent in the othen Or, in the
present case, with a single moving charge at a pointy we have tSmplj
the scaUr product AoOf to represent the mntoal magnetic ener^ ; or

JIf-AoUy, (S)

which is double J. J. Thomson's result.

5. When, therefore, we derive from (3) the mechanical farce on the i

moving charge due to the external magnetic fidd, we obtain mmplf
Maxwell's "electromagnetic force" on a currentrelement, the vector
product of the moment of the current and the induction of the external

,

field ; or if f is this mechanical force,

F-^VuHo, (4)

which is also double J. J. Thomson's result. Notice that in the appli-
!

cation of the "electromagnetic force" formula, it is the moment of the )

convection-current that occurs. This is not the same as the moment of

the true current, which varies according to circumstances ; for instance,
|

in the case of a small dielectric sphere uniformly electrified throughout
its volume, the moment of the true current would be only | of that of

the convection-current.
\

The application of Lagrange's equation of motion to (3) also gives
the force on q due to the electric field so far as it can depend on M; I

that is, a force

where the ^me-variation due to aU causes must be reckoned, except

that due to the motion of q itself, which is allowed for in (4). And
besides this, there may be electric force not derivable from vis.

where is the scalar potential companion to

6. Now if the extenial field be that of another moving charge, we
shall obtain the mutual magnetic energy from (3) by letting A^, be the

vector-potential of the current in the second moving system, constructed

80 as to be circuital. Now the vector-potential of the conv.^ction-

current qu is simply ^u/r ; this is sufficient to obtain the magnetic force

by curling; but if used to calculate the mutual energy, the spsee-

summation would have to include every element of current in the other

system. To make the vector-potential circuital, and so be able to

abolish thi.s work, we must a<M on to qn/r the vector-pot PTitral of the

displacement current to correspond . Now the complete current may be

considered to consist of a linear element ^u having two poles ; a radial

current outward li uiu the + pole in which the current-density is qujizr;;

and a radial current inward to the - pole, in which the currentdeoiitjr

is -qv^ivr!; where and are the dbtances of any point fiom the
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poles. The vector-potentials of these currents are also radial, and their

tensors are ^qu and - J^u. We have now merely to find their resultant

when the linear element is indefinitely shortened, add on to the former
qv^r, and multiply by fi^^ to obtain the complete circuital vector-

potoitial of^ is. :

—

A.M(!-i»43 (5)

where r is the distance from q to the point P when A is reckoned, and
the differentiation is to s, the axis of the convection-current. Both it

and the space-variation are taken at P. Tiie tensor of u is «. Though
different and simpler in form (apart from the use of vectors) this vector-

potential is, I believe, really the same as the one used by J. J. Thomson.
IVom it we at once find, by the method described in § 4, the mutual
eneigy ofa pair of pointoharges and qp moving at velocities Uj and
to be

if-/^,^^,^^-i«I^75-}

when at distance r apart. Both axial differentiations are to be effected

at one end of the line r.

As an alternative form, let e be the angle between and u^^, and let

the differentiation to s^ be at ds^, that to at ds^ as in the German
investigations relating to current-elements ; tnen *

ir /C08<
. 1 cfV \

^=i^i<i'^^-f-+i^ m
Another form, to render its meaning plainer. Let A^, ft,, v^^ and

Aj, /Xj, be the direction-cosines of the elements referred to rectangular

asEes, with the x axis, to which A, and A, refer, chosen as the line

joining the elements. Thenf

J|f.Mi^!?i(2A,A, + /x^-HV,) (8)

J. J. Thomson's estimate is I

M-iNlMVit^- (»)

Comparing this with (8), we sec that there is a notable difference.

7. The mutual energy being different, the forces on the charges, as

derived by J. J. Thomson by 3ie use of Lagran^'s equations, will he
different When the speeds are constant^ we uudl have simply the

before-described vector product (4) for the "electromagnetic force " ; or

'i-WiVniHy S'l-MjVuA* (10)

if F| is the electromagnetic force on the first, and F2 that on the second
element, whilst Hj and Ho arc the magnetic forces. Similar changes are

needed in the other parts' of the complete mechanical forces.

* TU EUetrieiw, Dec 28, 1888, p. 280 [p. 601, voL n.].

t Tke meetrieian, Jan. 24, 1886, p. 221 [vol. i., p. 446].

t "Applications of Dynamios to Phyaim and Chemittiy,*' chap. iv. ; and PhS,
Mag., April, 1881.
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It may be remarked that (if my calculations are correct) equ&tion f 7' '

or its equivalents expresses the mutual energy of any two ratior.\! I

current-elements (see ^ 1) in a medium of uniform inductivity, o: >

moments q^i^ and 92^2* vkether the currents be of displaoraieatk er

conduction, or convection, or all mixed, it being in fact the miiteal
energy of a pair of definite magnetic fields. Bat, since the hypothesif
of instantaneous action is expressly involyed in the aboYOi the applicatioft
of (7) is of a limited nature.

General Theory of Convection Currents.

8. Now leaving behind altogether the subject of current-elements, in

the investigation of which one is liable to be led away from physical
considerations and become involved in mere exercises in differentiai

coefficients, and coming to the question of the electromagnetic effects of

a charge moving in any way, I haye been agreeably surprised to find
that my solution in the case of steady rectilinear motion, originally an
infinite series of corrections, easily reduces to a very simple and interaat-

ing finite form, provided 11 be not greater than v. Only when « > r is

there any difficulty. We must first settle upon what basis to work.
First the Faraday-law {p standing for d'jdt),

-curlE = /ZopH, (11)

requires no change when there is moving electrification. But the

analogous law of Maxwell, which I understand to be really a dtjiuUUm

of electric current in terms of magnetic force, (or a doctrine), requires

modification if the true current is to be

O+jpD+pn; (12)

is., the sum of eonduction-cnrrent, disphMement-current^ and conyee-

tion-current pu, where p is the yolume-aensity of electrification. The
addition of the term pVi was, I believe, proposed by G. F. Fitzgerald.*

(This was not meant exactly for a new proposal, being in fact after

Rowlands experiments; besides which, Maxwell was well acquainted

with the idea of a convection-current. But what is very strange is that

Maxwell, who insisted so strongly upon his doctrine of me jaaii-

incompressibility of electricity, never formulated the oonyeetton-current

in his treatise. Now Prof. Fit^erald pointed out that if Maxwell, in

his equation of mechanical force,

F= VCB-cV^-wVfi,
had written 2 for - V^, as it is obvious he should have done, then the

inclusion of convection-current in the true current would have followed

naturally. (Here C is the true current, B the induction, e the density

of electrification, m that of imaginary magnetic matter, ^ the electro-

static and n the magueiic potential, and E the real electric force.)

Now to this remark I haye to add that it is as unjustifiable to deri?e

H from as B from ; that is, in general, the magnetic force is not

the slope of a scalar potential ; so, for - Vfi we should write H, the real

magnetiG force.

* Brit Aasoe., Sonthport, 1888.
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But this is not all. There is possihly a fourth term in T, expressed

by 4irVDG, where D is the displaccmeut and Q the magnetic current

;

I liETe termed this force the " magneto-electric force," Decanae it is the

analogue of Mazwell's electromagnetic force,'* YOB. Perhaps the

simplest way of deriving it is froio Mucwett's electric atressi which was
the method I followed.*

Thus, in a liomogeneous nonconducting dielectric free from electri-

fication and magnetization, the mechanical force is the sum of the

"electromagnetic" and the " magnetoelectric," and is given by

V- ^
^

where W = VBH/4ir is the transfer-of-energy vector.

It must, however, be confessed that the real distribution of the

stresses, and therefore of the fcMfoea, is open to question. And when
ether is the mediom, the mechanicid force in it^ as for instance in a
light-ware, or in a wave sent along a tdegraph-drenit^ is not easily to

he interpreted.)

The companion to (11) in a nonconducting dielectric is now

curlH«^E+4«ym. (13)

Eliminate B between (11) and (13^ remembering that H is eircoital,

because /i^ is constant^ and we get

0»«/««-V«)H-ettrl4irpu, (14)

the characteristic of H. Here = (Pldx^ + . . ., as usual.

Comjparing (14) with the characteristic ofH when there is impressed

force s instead of electrification p, which is

(^2/t)» - - curl cpe,

we see that pM becomes cpe/iir. We may therefore regard convection-

current as impressed electric current From this comparison slso, we
may see that an infinite jdane sheet of electrification of uniform density

cannot produce magnetic force by motion perpendicular to its plane.

Also, we see that the sources of disturbances when p is moved are the

places where pu has curl ; for example, a dielectric sphere uniformly

filled with electrification (which is imaginable), when moved, starts the

magnetic force solely upon its boundary.

The presence of "curl" on the ri|^t side tells us, as a matter of

mathematieal simplidty, to make H/curl the variable. Let

H = curlA, (15)

and calculate A, which may be any vector satisfying (15). Its

characteristic is

(j)V«*-V2)A = 47rpu (16)

The divergence of A is of no moment, and it is only vexatious compli-

cation to introduce ^. The time-mte of decrease of A is not the nal

• •* £1. Mag. Ind. and Its Prop." xzn. Tht Oearickm, Jan. 16, 1886, p. 187
[vol. I., p. 545].
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disferibiitioii of electric finrae, which hai to be found hj the additional

diTeB-4rp» (17)

where E is the real force.

9. '* Symbolically " eiq^yreeaed, the solntion of (16) is

1 -j^l^
Here the nnmeiaftor of the fiiction to the ii|^t is the Toetor-potential of

the eonvectlon'Ciirrent. Calling it A^i we have

^-^-St-
Inserting in (18) and expanding, we have

A-{l +(p/i»y)«+ (;^/i»V)*+ ...|Ao (20)

Given then pu as a function of position and time» is known by (19),

and (20) finds A, whilst (15) finds H.

Cm^^kU Solvikm in Uu Case of Steady IMUmm Motion, fhijfdeal

/fionify of ^.

10. When the motion of the clectrificiition is all in one direction, say

paiallel to the Mxis, u, A^, and A are all parallel to this axis, so that
we need only consider their tensors. When there is simply one chazge

9 at a point, we have

and (20) becomes

^ « 2|l + ipjvV)^ + (i?/«V)*+ ...}(Wr) (21)

at distance r from q. When the motion is steady, and the whole electro-

magnetic field is oltimately steady with respect to the moving chaige»

we shall have, taking it as origin,

for brevity; so that

A = 2w|l + {uDjvVy + {uD/vVy + ...jr" ^ (22)

Now the property W+*=(ii+2)(«+3)f* (23)

brings(22)to ^.ju{i + ^i/^^ + ^i>*^ + ...}; .(24)

and the property // ';-" ' = P.3\5-...(2w - l)»k»"/r, (25)

where v-isin ^, ^ being the angle between r and the aadsi brings (24) to
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which, by the Binomial Theorem, is the same as

^=(9M/r){l-ttV-yi^J}"*, (27)

the reouired soUition.

11. To derive H, the tensor of the circular H, let rv^h, the distance

from the axis. Then, by (15),

by (27), if /bi = cos<y. Performing the differentiation, and also getting

out £, the tensor of the electric force, we have the final result that the

eleetromagiietic field is fiilly given by *

with the additional information that £ is radial and H circular.

Now, as regards ^, if we bring it in, we have only g(it to take it out

a^iain. When the speed is very uow we may regard the electric field as

given by - V'^ plus a small correcting vector, which we may call the

electric force of inertia But to show the physical inanity of go to

the other extreme, and let u nearly equal v. It is now the electric force

of inertia (supposeti) that equals 4-^^ nearly (except about the equa-

torial plane), and its sole utility or function is to cancel the other - V'M''

of the (sup])osed) electrostatic field. It is sorely impossible to attach

any physical meaning to ^ and to propagate it, for we require two '4^s,

one to cancel the other, and both propagated infinitely rapidly.

As the speed increases, the electromagnetic field concentrates itself

more and more about the equatorial plane, 6= ^tt. To give an idea of

the accumulation, let u^/v' = '99. Then cE is -Ol of the normal value

qfi* the pule, and 10 times the normal value at the equator. The
latitude where the value is normal is given by

.-(r/u)[l-(l-u>V]* (30)

jAmUmg Cote of MoHon ai the Speed of Light, AgpHeaHm to a
Tdegrapk CkcwU,

12. When the solution (29) becomes a plane electromagnetie

wave, S and H being zero everywhere except in the equatorial plane.

As, however, the values of E and H are infinite, distribute the charge

along a straight line moving in its own line, and let the linear<density

be ^. The solution is then t

H=.Ecv = 2qvjr '....(31)

at distance r from the line, between the two planes through the ends of

the line perpendicular to it, and aero elsewhere.

To further realize, let the field terminate internally at r» a, giving a
cylindricaletttfiMie distribution of electrification, and terminate the tubes

* 7Ae £2ee<rwMm, Dm. 7, 1888, p. 148 [p. 485, voL tL\

tlUd., Nov. 23, 1888» p. 84 488, vd. n.].
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of displacement externally upon a coaxial cylindrical surface ; we then

produce a real electromagnetic plane wave with electrification, and of
finite energy. We have sappoeed llie electrifieataon tobe carried through
the dielectric at speed to Keep up ^tb the wave, which would of course

break up if the charge were stopped. But if perfectly-conducting

surfaces ne ^\ven on which to terminate the displacement, the natural

motion of tlie wave will itself carry the electritication along them. In

fact, we now have the rudimentary telegraph-circuit, with no allowance

made for absorption of ener^ in the wires, and the consequent

distortion. If the condnetors m not coazial, we only alter the distri-

bntion of the displacement and indoxstion, without afibcting the

propagation without distortion.*

If we now make the medium conduct electrically, and likewise

magnetically, with equal rates of subsidence, we shall have the same
solutions, with a time-factor producing ultimate subsidence to zero;

and, with only the real electric conductivity in the medinm the wave is

running through, it will approximately cancel the distortion produced

by the resiBtance of the wires the wave is passing over when this resist-

ance has a certain value, t We should notice, however, that it could

not do so perfectly, even if the magnetic retardation in the wires due to

diffusion were zero ; because in the case of the unreal magnetic con-

ductivity its correcting influence is where it is wanted to be, in the

body of the wave ; whereas in the case of the wires, their resistance,

oorrecting tiie distortion due to the external conductivity, is outside the

wave ; so that we virtually assume instantaneous propagation laterally

from the wires of their correcting influence, in the elementary theory of

propagation along a telegraph-circuit which is symbolized by the

equations

-dVldz=^{IULp)C, -dCldz = (K+Sp)V, (32)

where Ey L, A", and S are the resistance, inductance, leakage-conduct-

ance, and permittance per unit length of circuit, C the current, and V
what 1, for convenience, term the potential-dilference, but which I have

expressly disdaimedl to represent the electrostatic difference^ of

potential, and have shown to represent the transverse voltage or line-

integral of the electric force across the circuit ftom wire to wire,

including the electric force of inertia. Now in case of great distortion,

as in a long submarine cable, this F approximates towards the electro-

static potential-difference, which it is in Sir W. Thomson's diffusion

theory ; but in case of little distortion, as in telephony through circuits

of low resistaaoe and large inductance, there may be a wide difference

between my V and that of the electrostatic force. Consider, for

instance, the extreme case of an isolated plane-wave disturbance with no
spreading-out of the tubes of displacement At the boundaries of the

•The SUeirkian, Jan. 10, 1885 [p. 440, vol. i.l. Also *' Self-Indaction of

Wires." Part IV. FML Mag,, Not. 1886 [p. 221, voL n.].

t Electroraagnotic Waves," § 6, Phii. Mag., Fab. 1888 [p. 879, voL ILj. J%t
£!Uctrician, June, KSST [p. 123, vol. ii.].

X
" Self-Inductiou of Wires," Part. II., Phii, Mag., Sept. 16iHj [vol. u., p. 189],
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disturbance the difference between Fand the electroatatio differenoe of
potential is great

But it Is worth notieing, as a rather remarkable cireumstance, that

when we derive the system (32) by elementary considerations, viz., by
extending the diflfusion-system by the addition of the e.m.f. of inertia

and leakage-current, we apparently as a matter of course take V to

mean the same as in the diffusion-system. The resulting equations are

correct, and yet the asaumptiou is certainly wrong. The true way
appears to be tliat given by me in the paper last refened to, by con-

sidering the line-integral of eleotrio foroe in a dosed earre [toL n.,

p. 187. Also p. 87]. We eannot, indeed, make a separation of the
electric force of inertia from - without lome assumption, though
the former is quite definite when the latter is suitably defined, But,

and this is the really important matter, it would be in the highest

degree inconvenient, and lead to much complication and some confusion,

to split V into two compoueuta, in other words, to brine in ^ and A.
In thns nmniog down I am by no moani foipetfiifof its utility in

other oases. But it has perhaps been greatly misosed. The dearest
course to pursue appears to me to inyariably make E and H the primaiy
objects of attention^ and only nae potentials when they naturally suggest

themselTss as Ubour^Kving appliances.

Special Tests. The Connecting Equations.

13. Returning to the solutions (29), the following are the special tests

of their accuracy. Let E. and E^ be the z and h components of E.

Then, by (11) and (13), with the special moaning a^isumed by^, we have

-!^»-ci,^2 or H^mE^ \ (33)

dE. dE^ dH dE, /, u\dE.

In addition to aatiefying these equations, the displacement outward
through any spherical surface centred at the chaige may be yerified to

be q ; this completes the test of the accuracy of (29).

But (33) are not limited to the case of a single point-charge, being

true outside the electrification when there is symmetry with respect to

the 2-axis, and the electrification is all moving parallel to it at speed u,

Wiien u = E^ = 0, and E^ = E = fivH^ so that we reduce to

^ ^hH^Q, (34)

outside the electrification. Thus, if the electrification is on the axis of z,

we have
E/fiv^E^2qv/r, (35)

diffenng from (31) only in that q, the linear density, may be any
function of z,

H.&r.—TOL. n. 8b
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The Motion of a Charged Sphere. The Condition at a Surfau of
EqaiSSiirkm (Footnote).

14. If, in the solutions (29), we terminate the fields internally at

f *>a, the perpendicularity of E and the tangentiality of H to the sarfioe

show that (29) TopreaentB the aolntioiu in the eiae of a perfectly con-

dueting sphere of tadius a, moying steadily along the ^r-axis at the speed

M, and possessing a total charge q. The energy is now finite. Let U
be the total electric and T the total magnetic energy. By space-

integration of the squares of E and E we hnd that they are given by

ufv

2ea 4
1 +

s
JL .(36)

2ca' 4
l + 2^^-i +

(2ti^/«*-i)Uui''^
u/v

(ll/»)(l-1l^/1>»)t

(57)

In which ii<9. When w^v, with aocnmnlation of the ebtige aft the
equator of the sphere, we have infinite values, and it appears to bo
only possible to have finite values by making a zone at the equator

cylindrical instead of spherical. The expression for T in (37) looks

quite wrong ; but it correctly reduces to that of equation (2) when ujv

is infinitely small*

* [I am indtVited to Mr. Ci. F. C. Soarle, of Cambridge, for the opportunity of

making a somewhat important correction before going to prew. In a private
oommnnioation (Angntt 19, 1892) he informed me tiiat be bad veviilad the aoearacy
of the solution for a point-charge, which he had also obtained in another way,
from equations equivalent to (33), without the use of the function A of §§ 8 to 10

;

bat he cast doubt upon tbe validity of the oxtentioii made in § 14, from a pdnt-
chargf! to a chargc(I conducting splifM c, and asked the phiin (juestion (in effect).

What justification is there for terminating the displacement perpendicularly, to
make a mirfeoe of eqnflibritim ?

On examination, I find that there is no justification whatever, exceptions
excepted.

^
The true boundary condition may, however, be found without a fresh

investigation. On p. 499 tbe problem of uniform motion of electrification through
a dielectric medium, or conversely, of the uniform motion of the whole medium
p-T^t stntionary electrification, is reduced to a case of eolotropy in electrostatics.

I'hc ellect of the motion of the iBotropiu njeJiuui on the displacement emanating
from stationary electrification is there shown to be identical with the efi'ect <»

keeping the medium stationary and reducing its permittivity in lines parallel to

the (al>olisli(..l) motion from c to c(l -u-'/v^), whilst keeping the transverse permit-
tivity the ^anie The transvene concentration of the displacement is obvious.

Now the fuui tioii P (equation (14), p. 499) is the electrostatic potential in the
stationary eoiotropic problem, so that its slope - Vi^, which call F, is the electric

foroe, and the displacement D is a linear function tiiereof, say D s XF, wbtra X i«

the permittivity operator. The comlition of equilibrium is that F is perpendicular

to the surface where it terminates, this being required to moke curl F - 0, or the
voltage sero in «v«ry tnrenit. Now, in tbe corresponding problem of the tame
electrification in a moving isotropic medium, we nave the same function./* (no

longer the electrostatic potential) and the same derived vector I, whilst the
dimlaeemant D u alio derived from F la the wine way. But wi^ife tiie meaning
of v is tbe nme in both o—ei, tbat of F to noi. la tiie edotropio oaM^ F ia tb«
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The StaU when ike Speed of lAghi is easceeded,

15. The question now suggests itself, What is the ftate of thin|;8

when tt> v f It is clear, in the fint place, that there can be no dis-

turbance at all in front of the moving charge (at a point, for siinplicity).

Next, considering that the spherical waves emitted by the chai'ge in its

motion along the s-axis travel at speed i\ the locus of their fronts is a
conical surface whose apex is at the charge itself, whose axis is that of
z, and whose aemiaogle 0 is given by

sin e = vfu (38)

The whole displacement, of amount q, should therefore lie within this

cone. And since the moving charge is a convection-current qu, the

diaplaMitteiilHsiirraiift ahoidd be towaras the apexm the sxlal portion of
the oone, and change dgn at acme unknown diatanee, ao aa to be away
from the apex either in the outer part of the cone or else upon ita

boundary. The palling back of the charge by the electric stress would
require the continued application of impressed force to keep up the

motion, and its activity would be accounted for by the continuous addi-

tion made to the energy in the cone; for the transfer of energy on its

boondary is perpendieularly ontwazd, and the field at the apex la being
continnoualy renewed.
The above general xeasoning seems plausible enough, but I eaanot

find any solution to correspond tliat will satisfy all the necessary condi-

tions. It is clear that (29) will not do when u>v. Nor is it of any
use to chanse the sign of the quantity under the radical, when needed,

to make re^ It is suggested that whilst there should be a definite

aolution, there cannot m one lepresentiug a steadif condition of 1
and H with reapect to the moving chaige. Ab regaida phyaieal

electrio foroe, and ii not parallel to D. In the moving uotropio medium, on the
other band, F ! not the eleotrlc force, whfeh It B, parallel to D. NeverthaleM,
the same condition formally obtains, for we have ciirlF = 0 in the niovj]ij[ mediomy
requiring that F shall be perpendicular to a surface of equilibriiim, not the
electric force or displacement. P = constant is therefore the equation to a
surface of equilibrium. That is, in the case of a point-charge, the surfaces of

equilibrium are not spheres, but are conceDtric oblate spheroias, whose principal

axes are proportional to the square roots of r, e, and c{l-u^/i'^), the principal

permittivities in the eolotropic problem. In the extreme casu of u = r, the
spheroid reduces to a flat circular iiisc, with a sin^'le circidar line of electrification

on Its edge. It would seem, however, to be a matter ui indifference, in this

extreme case, whether the conductor be a disc or a solid sphere. BeariBg in
mind the conditions sAsumed to prevail in the problem of motion of sources of

displacement in a uniform medium, we see that if we introduce conductors, say by
filling up spaces void of eleotrio force witli conducting matter, this should not
intt rfere with the assumed motions. (See also " Electromagnetic Theory," § 164.)

Equations (36), (37) express the electric and magnetic energy outside a sphere
of radina o, within which is either a poinVwrnroe at the <mgin, or any equivalent
spheroids! clcctrifird surface.

In the corresponding bidimensional problem of § 17 in the text, with the
•olution (43), it is clear from tiie sbove that tlie snifiMe of equilifafimn is aa
elliptic cylinder, the shorter axis being in the direction of motion, and the axes

thcTTisclves in the ratio I to (L-t^/v*)*. This sarfaoe dogsDerates to a fiat strip

when u = t?.]
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possibility, in connexion with the stractare of the ether, that is not

in question.*

A Chmr^ed Sbraigld Line mmng in U» cwn Imm,

16. Let UB now derive from (29), or from (27), the teeulti in soma
of distribntod electrification, in steady rectilinear motioiL The

inteignitions to be efifected being all of an elementary character, it is

not necessary to give the working?.

First, let a straight line AB be
charged to linear density and be in

motion at speed u in its own line

ftom left to right Then at P we
ahiJi have

A-gulog^./^-K^-^>V^A (39)

from whieli J7» -dAjdh gives

E^qJl-'^r r- same f of (40)

where /x » cos v = sin $,

When P is wHeallyoTer B, and A is at an infinite distance, we shall

F-gu/A, (41)

which is one half the value due to an infinitely long (both ways) straight

current of strength ^ The notable thing is the independence of the

ratio ujv.

• fThe difficulty about the above method and solution (29) is that it is not
explicit enough when u> v, and does not indicate the limits of application. It

gives a real solution for the hinder cone, a real aolutlon for the forward cone, and
an unreal solution in the rest of space, but we have no instruction to reject the

part for the forward cone and the unreal part, nor have we any means of testing

ihat Ills remainder, ooofined to the binoereotie, is the proper aolntion, vix., by
the test nf divergence, to give the right ainonnt of electrification. The integral

displacement comes to -oo. Now this may ret^uire to be supplemented by
•f «e + 9 on the bonndary of tiie oone, bat we have no wav of teetiog it
But ccrt.iin considerations led me to the conclusion that the problem of v>9

wati really quite as definite a one as that of «< v, and that a correct method of

a general character (independent of the magnitude of u) would ahow fhii explieitiy.

I therefore (in 1890) attacked the problem from a different point of view, employ-
ing' the method of resistance-operators (or an equivalent method). Form the
complete differentia] equation D = 0u, connecting the displacement D associated

with a moving point-charge with its velocity u, which is any function of the
time t. Here 0 is a diflferential opemtor, a function of p or djdt. The solution of

this equation gives D explicitly in terma ot u, whether steady or variable, Skud its

tructure indicates the limits of application.

Taking u = constant, we obtain the result ("39) when « < v. But when t< > r, the

formula tells us to cxcluilu all space except the hinder cone, and that in it, the

aolntion is not (29), hot doulile cm much. That is, double the risht member of the
first of (29) when « > r. The boundary of the cone is also a displacement sheet.

The displacement is to the charge in the cone, and from the charge ou its surface.

Being eo near the end of the eeoond Totane^ I regret that were ie no tpace
here for the mathematioal javeetlgatiiMi, whidi caonot be given in a few WOTde,
and must be reserved.]
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^^{^^f^^a^u^
(42)

But if u = v in (40), the result is zero, unless Vi = l, when we have
the result (41). But if P be still further to the left» we shall have to

add to (41) the solatton dne to the electiifieelion wUch is ahead of P.
So when the line is infinitely long both ways, we haye douUe the result

in (41), with independence of ujv again.

But should 7 be a function of z, we do not have independence of ujv
except in the already-considered case of v - v, with plane waves, and no
component of electric force parallel to the line of motion.

A Charged Straighi Line movinff Tnutmndf.

17. A'ext, let the electrified line be in

ateadymotion perpendicularly to its length.

Let 9 be the hnear density (constant), the
z-&xh that of the motion, the x-axis coin-

cident with the electrified line, and that of

1/ upward on the paper. Then the A at
P wiUbe

(l-w7r2)

where y and z belong to P, and are the limiting valuea of x in the
charged line. From this derive the solution in the case of an infinitely

long line. It is

r 1 - v^u-jv^

where v-sin^j understanding that E is radial, or along qB in the
figure, and H rectilinear, parallel to the charged line.

Terminating the fields internally at r = a, we have the case of a per-

fectly conducting cylinder of radius a, charged with q per unit of length,

moving transvenely. When « there is disappearanee of E and ff
everywhere except in the plane 6^ = J^r, as in the case of the sphere, with
consequent infinite values. It is the curvature that pennits this to

occur, i.e, producing infinite vahies ; of course it is the selfinduction

that is the cause of the conversion to a plane wave, here and in the
other cases. There is some similarity be-

tween (43) and (29). In fact, (43) is the

bidlmensional equivalent of (29).

A Charged jRkme momng Tranmrsify,

18. Coming next to a plane distribution

of electrification, let q be the surface-density,

and the plane be moving perpendicularly

to itself Let it be of finite breadth and
of iniiuiLe length, so that we may calculate II from (43). The result

atPia

H ^Aog'*-y^yt (44)
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When P is equidistant from the edges, H is zero. There is therefore

no H anywhere due to the motion ol an infinitely large uniformly

charged plane perpendicularly to itself. The displacement-current is

the negative of the convection-current and at the same place, viz. the
moving plane, lo tbeie ii no trae currant

Calculating the ^component of 1» « being meerared from left to

rights we find

cB.-2,{tan-.»^(l-J)*-t«->-^(l-3*} (45)

The component parallel to the plane is H/cu. Thus, when the plane is

infiniteb this component vanishes with and we ate left with

€^,«c£-2irgr, (46)

the same as if the plane were at rast.

A Charged PJnnr moving in its awn Plane.

19. Lastly, let the charged plane be moving in its own plane. Refer
to the first figure, in which let A6 now be the trace of the plane when
of finite breadth. We shall find that

ir-ajuftan-i ? jT, (47)
L A(l - w7t^)UH

z. and being the extreme values of which IS meaaored panUlel to
the breadth of the plane.

Therefore, when the plane extends infinitely both ways, we have

JI=27rqu (48)

above the plane, and its negative below it. This difTers from the previous

case of vanishing displacement-current. There is i/, and the convection-

corrent is not now cancelled by coexistent dtsplacementwrent
The existence of displacement^urrent^ or dumging displaeementk was

the ))asis of the conclusion that moving electrification constitutes a part
of the true current. Now in the proltlcm (48) the displacement-current

has gone, so that the existence of JI appears to rest merely upon the
assumption that moving electrification is true current. But if the plane

be not infinite, though Targe, we shall have (48) nearly true near it^ and
away from the edges; whilst the displacement-current will be strong
near the edges, and almost nil where (48) is nearly true.

But in some cases of rotating electrification, there need he no dis-

placement un\ where, except during the setting up of the final state.

This brings us to the rather curious question whether tliere is any
difference between the magnetic field of a convection-current produced
by the rotation of electrification upon a good nonconductor and upon a
good conductor respeetively, other than that due to diffusion in the
conductor. For in the case of a perfect conductor, it is eas\ to imagine
that the electrification rouM he at rest, and the moved conductor merely

slip past it. Perhaps Proiessor Rowland's forthcoming experiments on
convection-currents may cast some light upon this matter.

liecember 27, 1888.
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LL DEFLECTION OF AN ELECTROMAGNETIC WAVE BY
MOTION OF THE MEDIUM.

[The Electrician, April 12, 1889, p. 663.]

This subject is of interest in connection with theories of Aberration,

which requires to be explained electroinagnetically. A piano wave in

a nonconducting dielectric is carried on at speed t> = (/xc)~i, where /x is

the indnetivity and c the permittivity, and u not altered In any way,
according to the mdinientaiT theory, that is to say, which overlooks

dispersion. Bat if the meoElum be moving through the ether, it is

altered in a manner depending upon the speeid of motion and the an^
it makes with the undiaturbea direction of propagation.

Thus, let Eq = fit'^o specify a plane wave in a medium at rest,

Eq being the tensor of the electric and //^ of the magnetic force.

Next set the medium in motion with velocity u, changing iL to E and

Ho to H, thus

l-e+lj, H«h+Ho, (A)

where e and h are the auxiliary electric and magnetic forces due to the

motion. To find them, we have, first, the electnc force due to motion
of matter in a magnetic field, or

e = /xVuH, (B)

which formula is well known, and is included in Maxwell's treatise.

Next, the magnetic force duo to motion in an electric field, or

h-cVEu. (C)

This equation, which is as necessary as (B), was, so far as I am at

present aware, first given hy mc in Section III. of ** Electromagnetic In-

duction and its Propa^^ation," January 24, 1885 [vol. i., p. 446], and was
again considered later on in coiincction with the "magneto-electric

force," which is as necessary as Max well's " electromagnetic force."

We require one more relation, viz., between fl^ and via.,

Hg-cVvHp, (D)

the property of a plane wave, due to Maxwell i and we can now AiUy
find the auxiliaries e and h in terms of the originals "B^ and Here
V is the vectorized v of the wave when undisturbed.

In the above V is the symbol of vector product. Thus VuH is the

vector perpendicular to u and to H, whose tensor equals the product of

thnr tensors, u and //, into the sine of the angle between their directions.

But this is merely used to slate the general relations in a compact and
intelligible form, instead of with Cartesian circumlocutions.

Instead of taldng the general case, it is convenient to divide into

three, viz., (1]^ u puallel to v; (2), n parallel to Eq; (3), u parallel to

H(,. By putting the resnlte together we shall obtain the mized-up
general case.

(1). 11 parallel to v. Here the medium is moving in the same direc-

tion as that of undisturbed propagation, and there is no alteration of
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direction of either or Hq, so that it is only necessary to specify the
tensors of the auxiliaries e and L Thus :

—

0» (1)
w + t;

^ M + »

If, for example, the medium be moving at half the speed r, and unth
it, the displacement and induction in a given length are spread over a

space half as great again as

if the medium were at rest,

so that their intensities are

reduced to two-thirds of the
undisturbed values. There
is no discontinuity when u is

equal to or greater than r.

But if the medium move
the other way there is com-
pression into half the space,

so that the intensities are

doubled. As it is increased

up to i-, the compression in-

creases infinitely. After that, with w > v, there is reversal of sign of £
and H as compared with Eg and H^.

(2). u and parallel. Here h^, is parallel to H^, but Bq is parallel to

V. Their tensors are given by

/ J —

e =
uv

(2)

(Z\ Lastly, u and jmrallel.

parallel to v. Their tensors are

A= -
^ ^Hn-

Now e is parallel to E^, whilst h is

In either case, (2) or (3), the angle of deflection 6 is given by

tand =

(3)

uv
•(4)

consequently the deflection is wholly independent of the plane of

polarization.

Thus, let a slab of (say) glass move in its own plane at speed «, and
a plane-wave from the upper medium strike the glass flush. The trans-

mitted rays are deflected as shown in Fig. 1, the deflection being given

by the above formula, where, observe, v is the speed in the glass when
at rest, and u the speed of the glass with respect to the external medium.
The above working out of the efl'ect of moving matter on a plane

electromagnetic wave is (if done properly) strictly in accordance with

electromagnetic principles. But it will be observed that Fresnel's result,

relating to the alteration in the speed of light produced by moving a

transparent medium through which it is passing, is not accounted for.

It is said to have been thoroughly confirmed by Michelson. I should

like to direct the attention of olectromagneticians to this question, with
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a view to the discovery of a modification of the above data, or correction

of the working, in order to explain Fresnel and Michelson, which must

be done electromagnetically. Mr. Glazebrook has made Sir W. Thom-
son's extraordinary contractile ether do it by an auxiliary hypothesis

;

surely, then. Maxwell's ether equations could be appropriately modified.

UI. ON THE FORCES, STRESSES, AND FLUXES OF ENERGY
IN THE ELECTKOMAGNETIG FIELD.

[Royal Society. PLCccivcd June 9, Read June 18, 1891.* Abstract in

Procudiuga, voL 50, 1891 ; Paper in I'rantoMiom, A. 1892. J

(Abstract.)

Thk abstract nature of this paper renders its adequate abstraction

dithcult. Tile principle of conservation of enerx>', when applied to a

theory euch as Maxwell's, which postulates the cCsfiiiite locahmtion of
enei^y takes a more special form, v iz., that of the continuity of energy.

ItB general nature is discussed. The relativity of motion forbids us to

go so far as to assume the objectivity of energy, and to identify energy,

like matter ; hence the expression of the principle is less precise than

that of the continuity of matter (as in hydrodynamics), for all we can

say in general is that the convergence of the flux of energy equals the

rate of increase of the density of the energy ; the flux of the energy
being made up partly of the mere eonveetion of energy by motion of
the matter (or other medium) with which it is associated localizably, and
partly of energy which is transferred through the medium in other
ways, as by the activity of a stress, for example, not obviously (if at

all; rcpresentable as the convection of energ)'. Gravitational energy is

the chief ditiiculty in the way of the carrying out of the principle. It

must come from the ether (for where else can it come from ?}, when it

goes to matter ; but we are entirely ignorant of the manner of its dis-

tribution and transference. But, whenever energy can be localised, the
principle of continuity of energy is (in spite of certain drawbacks con-

nected with the circuital flux of energy) a valuable pzinciple which
should be utilized to the uttermost, rractical forms are considered.

In the electromagnetic application the tiux of energy has a four-fold

make-up, viz., the Poynting flux of energy, which occurs whether the

medium bo stationary or moving; the fiux of energy due to the

activity of the electromagnetle stress when the medium is moving ; the

convection of electric and magnetic energy ; and the convection of other

energy associated with the working of the transhitional force due to the
stress.

As Electromagnetism swarms with vectors, the proper language for

its expression and investigation is the Algebra of Vectors. An account

* Typographicftl tnmUM have delayed the pablioatiim of this paper. The ftwl-

notae are of date May 11, 1808.

Digitized by Google



5i2 EtECtRIGAt PAMBBS.

Is tlMrefore given of the method employed by the aathor for some
years past. The quaternionic basis is rejected, and the algebra is based

upon a few definitions of notation merely. It may be regarded aa
Quaternions without quaternions, and simplified to the uttermost ; or
else as being merely a conveniently condensed expression of tlie Cartesian

mathemsticB, imdentaadable by all who «e aoqtiaiiited with Gtrtesiaii

methods, and with which the vectoml algebra is made to hannonifle.

It is confidently recommended as a practioJ working system.

In continuation thereof, and preliminary to the examination of
electromagnetic stresses, the theory of stresses of the general type, that

is, rotational, is considered ; and also the stress activity, and flux of

energy, and its conveigence and division into translational, rotational,

and distortioDal parts; all of which, it is pointed oat, may be associated

with stored potential, kinetici and wastea energy, at least so £u as the
mathematics is concerned.

The electromagnetic equations are then introduced, using them in

the author's general forms, t.^*., an extended form of Maxwell s circuital

law, defining electric current in terms of magnetic force, and a com-
panion equation expressing the second drenital law; this method
replacing Maxwell's in terms of the v^tor-potential and the electro*

static potential. Maxwell's equations of propagation being found im-

possible to work and not sufficiently genend. The equation of activity

is then derived in as general a form as possible, including the effects of

impressed forces and intrinsic magnetization, for a stationary medium
which may bo eolotropic or not. Application of the principle of con-

tinuity of energy then immediately indicates that the nnz of energy in

the field is represented by the formula first discovered by Poynting.

Next, the equation of activity for a moving medium is considered. It

does not immediately indicate the flux of energy, and, in fact, several

transformations are required before it is brought to a fully significant

form, indicating (1), the Poynting flux, the form of which is settled

;

(2), the convection of electric and magnetic energy ; (3), a flnx of eneigy
wldch, from the form in which the velocity of the medium enters,

represents the flux of energy dne to a working stress. Like the
Poynting flux, it contains vector products. From this flux the stress

itself is deriveii, and the tbrni of translational force, previously tentatively

developed, is verified. It is assumed that the medium in its motion
carries its properties with it unchanged.

A side matter which is discussed is the proper measure of "true*'

electric current, in accordance with the continuity of energy. It has a
fonr-fold make-up, viz., the conduction-current, displacement-current,

convection-current (or moving electrification), and the curl of the
motional magnetic force.

The stress is divisible into an electric and a magnetic stress. These
are of the rotational type in eolotropic media. They do not agree with
Maxwell's general stresses, though they work down to them in an
isotropic homogeneous stationary medium not intrinsiGally magnetized

or electrized, being then the wdU-known tensions in certain lines with
equal lateral pressures.
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Another and shorter derivation of the stress is then given, guided by
the previous, without developing the expression for the flux of energy.

Variations of the properties permittivity and inductivity with the strain

can be allowed for. An investigation by Professor H. Hertz is referred

to. His stress is not agreed with, and it is pointed out that the

assumption by whieh it is obtained is equivalent to the existence of
isotropy, so that its generality is destroyed. The obvious validity of
the assumption on which the distortioiial activity of the stress is

calculated is also questioned.

Another form of the stress-vector is examined, showing its relation

to the fictitious electrification and magnetic current, magnetification

and electric current, produced on the boundary of a region by termi-

nating the stress thereupon ; and its relation to the theory of action at

a disUmoe between the respective matters end currents.

The stress-subject is then considered statically. The problem is now
perfectly indeterminate, in the absence of a complete exnerimental
Knowledge of the strains set up in bodies under electric and magnetic

inllueuce. Only the stress in the air outside magnets aud conductors

can be considered known. Any stress within them may be superadded,

without any difference being made in the resultant forces and torques.

Several stress-formukB are given, showing a transition from one extreme
form to another. A sim^e example is worked out to illustrate the
different ways in which MaxweU's stress and others explain the

mechanical actions. Maxwell's stress, which involves a translational

force on magnetized matter (even when only inductively magnetized),

merely because it is magnetized, leads to a very complicated and un-

natural way of explanation. It is argued, independently, that no stress-

formula should be allowed which indicates a translational force of the

kind just mentioned.

Still the matter is left indeterminate from the statical standpoint
From the dynamical standpoint, however, we are led to a certain

definite stress^iiBtribution, which is also, fortunately, free from the
above objection, and is harmonized with the flux of energy. A pecu-

liarity is the way the force on an intrinsic magnet is represented. It

is not by force on its poles, nor on its interior, but on its sides, referring

to a simple case uf uniform longitudinal ma^uctizaLion
;

i.e., it is done
by a ^uoai-electromagnetic force on the fictitious electric current wMch
would produce the same distribution of induction as the magnet does.

There is also a force where the inductivity varies. Tliis force on
fictitious current harmonises with the conclusion previously arrived at

by the author, that when impressed forces set up disturbafices, such

disturbances are determined by the curl of the impressed forces, and
proceed from their localities.

In conclusion it is pointed out that the determinateness of the stress

rests upon the assumed localisation of the energy and the two laws of

circuitation, so that with other distributi<mb of the energy (of the same
proper total amounts) other results would follow ; but the author has
been unable to produce full harmony in any other way than that

followed.
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General Remarks, ispecialbj on tiu Flux of Energy,

§ 1. The remarkable ezperimeutal work of late years has inaogurated

a new era in the development of the Faraday-Maxwellian theory of the

ether, considered as the primary medium concerned in electrical pheno-

mena—electric, magnetic, and electromagnetic. Maxwell's theory is no
longer entirely a paper theory, bristline with unproved pofldoUitaei.

The reality of eleetaromagnetie waves has oeen thoroughly demonatmted
by the experiments of Hertz and Lodge, Fitzgerald and Trouton, J. J.

Thomson, and othera ; and it appears to follow th.it, although Maxwell's

theory m ly not be fully correct, even us reganls the ether (as it is

certainly not fully comprehensive as regards material bodies), yet the

true tlicuiy must be one of tiic same type, and may probably bo merely

an extended form of Maxwell's.

No excuse is therefore now needed for investigations tending to

exhibit and elucidate this theoiy, or to extend it, even though they be
of a very abstract nature. Every part of so important a theory deserves

to be thoroughly examined, if only to see what is in it, and to take note

of its unintelligible parts, with a view to their future explanation or
elimination.

g 2. Perhaps the simplest view to take of the medium which plays

such a necessary part, as the recipient of energy, in this theory, is to

regard it as continuously filling all space, and possessing the mobility

of a fluid rather than the rigidity of a solid. If whatever possess the

property of inertia be matter, then the medium is a form of matter.

But away from ordniary matter it is, for obvious reasons, best to call

it as Qsoisl by a separate name, the ether. Now, a really difficult and
highly speculative question, at present, is the connection between
matter (in the ordinary sense) and ether. When the medium trans-

mitting the electrical disturbances consists of ether and matter, do they

move together, or does the matter only partially carry forward the ether

which immediately surrounds it 1 Optical reasons may lead us to con-

clude, though only tentatively, that the latter may be the case ; but at

present^ for the purpose of fixing the data» and in the pursuit of investi-

gations not having specially optical bearing, it is convenient to assume
that the matter and the ether in contact with it move together. This
is the working hypothesis made by H. Hertz in his recent treatment of

the electrodynamics of moving bodies; it is, in fact, what we tacitly

assume in a straightforward and consistent working out of Maxwell's

principles without any plainly-expressed statement on the question of

the relative motion ofmatter and ether ; for the part played in Maxwell's

theory by matter is merely (and, of course, roughly) formularised by
sii]>posing that it causes the etherial constants to take different values,

whilst introducing new properties, that of dissipating energy being the

moat prominent and important. We may, therefore, think of merely

one medium, the most of whicii is uniibrm (the ether), whilst certain

portions (matter as well) have different powers of supporting electric

displacement and ma^etic induction from the rest, as well as a host

of additional properties; and of these we can include the power of
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supporting conduction-coirent with dissipation of energy according to

JouWs law, the ebuige firom isotropy to eolotiopjr in mpeet to the

diBtrilmtioii of the several fluxes, the presence or intrinsic sonices of
energy, etc.*

5^* ^. We do not in any way fonn the equations of motion of snch a
mctlium, even as repards the uniform simple ether, away from gross

matter; we have only to discuss it as regards the electric and magnetic

fluxes it supports, and the stresses and fluxes of energy thereby necessi-

tated. Firsts we saf^rase the medium to he stationary, and examine
the flux of electromagnetic ener^. This is the Poynting flux of

energy. Next we set Uie medium into motion of an unrestricted Jdnd.

We have now necessarily a convection of the electric and magnetic

energy, as well as the Poynting Hiix. Thirdly, there must be a similar

convection of the kinetic energy, etc., of the translatioiml motion ; and
fourthly, since the motion of the medium involves the working of

ordinary (Newtonian) force^ there is associated with the previous a flux

of energy due to the activi^ of the coiresponding strass. The question

is therefore a complex one, for we have to properly fit together these

various fluxes of energy in harmony with the electromagnetic equations.

A side issue is the determination of the proper measure of the activity

of intrinsic forces, when the medium moves ; in another form, it is the

determination of the proper meaning of "true current" in Maxwell's

sense.

§ 4. The only general principle that we can bring to our assistance in

interpreting electromagnetic results relating to activity and flux of

energy, is that of the persistence of energy. 15nt it would be quite

inadequate in its older sense referring to integral amounts ; the definite

localization by Maxwell, of electric aud magnetic energy, and of its

waste, necessitates the similsr localisation of sources of energy ; and in

the consideration of the supply of energy at certain placec{| combined
with the continuous transmission of electrical distnrhances, and there-

fore of the associated energy, the idea of a flux of energy through spaoe^

and therefore of the continuity of energy in space and in time, becomes
forced upon us as a simple, useful, and necessary principle, which
cannot be avoided.

When energy goes from place to place, it traYerses the intermediate

space. Only by the use of this principle can we safely derive the
clcctromaii^netic stress from the equations of the field expressing the

two laws of circuitation of the electric and magnetic forces; and this

* Perhaps it is best to s&v as little as possible at present about the connection

between matter and eth«r, imt to take the electromagnetic equations in an afastntot

manner. This will leave us greater froednm for future moditications without con-

tradiction. There are, also, cases in which it is obviously impossible to suppose
that matter in balk carries on with it the ether in balk whiob perraeatea it^

Either, then, the mathematical machinery must work between the molecules ; or
else, we must uiake such alterations in the equations referring to bulk as will be
practically equivalent in effect. For example, the motional magnetic force VDq
of equations (88), (OJ), (0^) may be modified either in q or in D, by use of a smaller

effective velocity q, or by tiic subetitation in D or cS of a modified reckoning
of c for the effective permittivity.
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again becomes permissible only by the postulation of the definite

localisation of tbe electiie and magnetie energies. £nt wb need not go
ao lar aa to aamime the olijeettrity of eneraj- Thia ia an eoEceadinglj
(iifTiciilt notion, and seems to be renderea inadnuBsible hj the mere
fact of the relativity of motion, on which kinetic energy depend*. We
cannot, therefore, definitely indiYidualise eneigy in the aame wny aa ia

done with matter.

If p be the density of a quantity whose total amount is invariable,

and which can change its distribution continuously, by actual motion
from place to pl»oe» tta equation of continuity is

convq/j = />, (1)

where q is its velocit}^ and qp the flux of p. That is, the convergence
of the i\ux of p equals the rate of increase of its density. Here p may
be the density of matter. But it doea not appear that we can apply
the aame method of representation to the iuu of energy. We maj,
indeed, write

oonyZ>^, (2)

if X be the tlux of energy from all causes, and T the density of local iz-

Mb energy. Bnt the assumption Z = Jq would involve the assnmption
Uiat T moved about like matter, with a definite velod^. A part ofT
may, indeed, do this, vis., when it ia confined to^ and is csnied bjr

matter (or eUier) ; thus we may write

conv(qr+X) = i; (3)

where T is energy which is simply carried, whilst X is the total flux of

energy tnm other aonroea, and wnich we cannot symbolise in the form
21a ; the energy which comes to us from the Snn, for example, or
radiated energy. It is, again, often impossible to cany out the principle

in this form, from a want of knowledge of how energy gets to a certain

place. This is, for examplo, particularly evident in the case of j:^vita-

tional energy, the distribution of which, before it is communicated to

matter, increasing its kinetic energy, is highly speculative. If it come
from the ether (and where else can it come Irom ]), it should be possible

to svmbolise thia in X, if not in qT ; but in defiivdt of a knowledge of

its distribution in the ether, we cannot do so, and must therefore turn

the equation of continuity into

fif+conv(qr+X) = r, (4)

where S indicates the rate of supply of energy per unit volume from

the gravitational source, whatever that may be. A similar form is

ccmvenient in the case of intrinsic stores of energ} , which we have
reason to believe arc positioned within the element onrolume concerned,

as when heat gives rise to thermoelectric force. Then S is the activity

of the intrinsic sources. Then again, in special applications, T is con-

veniently divisible into different kinds of energy, potential and kinetic.

Energy which is dissipated or wasted comes under the same category,

because it may either be regarded as stored, though irrecoverably, or

passed out of existence, so iar as any immediate useful purpose is
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concerned. Thus we have as a standard practical form of the equation

of eontiiniitjr of energy referred to the unit volmne,

5 + conv{X+q(i/ + r)} = g + i/+f, (5)

where S is the energy supply from intrinsic sources, U potential energy
and r kinetic energy of localizahic kinds, q(U-^T) its convective flnx,

Q the rate of waste of energy, and X the tiux of energy other than

convective, e.g., that duo to stresses in the medium and representing

their activity. In the electromagnetic application we shall see that

U and T nittst split into two Idncu, and so must X, becanse there is

a flax of enei^ even when the medimn is at rest.

S5. Sometimes we meet with eases in which the flux of energy is

either wholly or partly of a circuital character. There is nothing

essentially peculiar to electromagnetic problems in this strange and
apparently useless result. The electromagnetic instances arc paralleled

by similar instances in ordinary mechanical science, when a body is in

motion and is also strained, especially if it be in rotation. This result

is a necessary consequence of our ways of reckoning the activity of
forces and of stresses, and serves to still further cast doubt upon the
" thinginess " of energy. At the same time, the flux of energy is going

on all around us, just as certainly as tlie flux of matter, and it is

impossible to avoid the idea ; we should, therefore, make use of it and
fonnalariae it whenever and as long as it is found to be usefid, in spite

of the occasional fiulure to obtsin madilv understandable results.

The idea of the flux of energy, apart from the conservation of energy,

hv no means a new one. Hud gravitational enerirv been less ob.«?cnrc

than it is, it might have found explicit statement long ago. Professor

Poynting* brought the principle into prominence in ISbl, by making
use of it to determine the electromagnetic iiux of energy. Professor

Lodget gave very distinct and emphatSc expression of bhe principle

genwally, apart nom its electromagnetic aspect, in 1885, and pointed

out how much more simple and satisfactory it makes the principle

of the conserv-ation of energy become. So it would, indeed, couM we
only understand gravitational energ}' ; but in that, and similar res)>ects,

it is a matter of faith only. But Profesbor Lodge attached, I think,

too much importance to the identity of energy, as well as to another
principle he enunciated, that energy cannot be transferred without being
transformed, and oonversely ; the transformation being from potentiid

to kinetic energy or conversely. This obviously cannot apply to the

convection of energy, which is a true flux of energy ; nor does it seem
to apply to cases of wave-motion in which tlie energy, jxttential and
kinetic, of the disturbance, is transferred through a medium unchanged
in relative distribution, simply becanse the disturbance itself travds
without change of tjrpe; though it may be that in the unexpressed
internal actions associated with the wave-prc^Migation there mi^t be
found a better application.

• Poynting, rhil. Trans., 1884.

t Lodge, PJM. Mag., Jane, 1885, "On the Utttitgrol Energy."
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It is impossible that the ether can be fully represented, even merely
in its transmissivc functions, by the electromagnetic equations. GraWty
is left out in the cold ; and although it U eonvenient to i^ore this

ftet, it may be sometimes nsefolly remembered, even in special elecfzo-

magnetic work ; for, if a medium have to contain and truismit grmyita-
tional energy as well as electromagnetic, the propersystem of aquaftkma
should show this, and, therefore, include the electromagnetic. It <=:eeTii8,

therefore, not unlikely that in discussing purely electromagnetic specii-

lations, one may be within a stone's throw of the explanation of gravita-

tion all the time. The consummation would be a really substantial

advance in seientlfie knowledge.

On the Algebra and Awdym of Fedars triAent Quatemiioiu, OuUine cf

§ 6. The proper language of vectors is the algebra of veeUnrs. It Is,

therefore, quite certain that an extensive use of veetoranalysis in

mathematical physics generally, and in electromasnetism, which ia

swarming with vectors, in particular, is coming and may be near at

hand. It has, in m}- opinion, been retarded by tlie want of special

treatises on vector-analysis ada])ted for use in mathematical physics.

Professor Tait's well-known profound treatise being, as its name
indicates, a treatise on Quaternions. I have not found the Hamilton-
Tiut notation of vectorK>peration8 convenient, and have employed, for

some years past, a simpler system. It is not, however, entirely a
question of notation that is concerned. I reject the quatemionic basia

of vector-analysis. The anti-quatemionic ar<^umeDt has been recently

ably stated by Professor Willard Gibbs.* He distinctly separates

this from the question of notation, and this may be considered fortunate,

for whilst I can fully appreciate and (from practical experience) endorse

the anti-quatemionic argument, I am unable to apprecuite his notation,

and think that of Hamilton and Tait is, in some respects, preferable,

though very inconvenient in othera

In Hamilton's system the quaternion is the fundamental idea, and
even,'thing revolves round it. This is exceedingly unfortunate, as it

renders the establishment of the algebra of vectors without metaphysics

a very ditticult matter, and in its application to mathematical analysis

there is a tendency for the algebra to get more and more complex
as the ideas concerned get simpler, and the quatemionic basis forms

a real difficulty of a substontial kind in attempting to work in harmony
with ordinary Cartesian methods.

Now, I can confidently recommend, as a really practical workinff

system, the modification I have made. It has many advantages, and

not the least amongst them is the fact that the quaternion does not

appear in it at all (though it may, without much advantage, be brought

* Professor Cibba'B letters will be found in NcUurt, \o\. 43, p. 511, and vol. 44,

p. 79 ; and Frofesaor Tait's in vol. 43. pp. 535, 608. Thi« rather one-dded di»-

cussion arose out of Profetwr Talt stigmatizing Profetior Oibba as *'a retarder of

quaternionic prognts.** This may be very true ; but Professor Qibba is aoytilil^

bat a retarder of progrsM In vootor analysis and its appUcatioo to pbjtici.
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in sometimes), and also that the notation is arranged so as to harmonise
with Cartesian mathematics. It rests entirely upon a few definitions,

and may he regarded (from one point of view) as a systematically

abbreviated Cartesian method of investigation, and he understood and

practically used by any one accustomed to Cartesians, without any

study of the difficult science of Quaternions. It Is simply the dements
of (^atemions without the quaternions, with the notation simplified to

the uttermost^ and with the Teiy inconvenient fntmis sign hefoxe scalar

products done away with.*

§ 7. Quantities being divided into scalars and vectors, I denote the

scalars, as usual, by ordinary letters, and put the vectors in the plain

black type, known, I believe, as Clarendon type, rejecting Maxwell's

German letters on account of their being hard to read. A special type

is oertainly not essentia], but it facilitates the reading of pnnted oom-
plez vector investigations to he able to see at a glance which quantities

are scalars and which are vectors, and eases the strain on the memory.
But in MS. work there is no occasion for specially formed letters.

Thus A stands for a vector. The tensor of a vector may be denoted

by the same letter plain ; thus A is the tensor of A. (In MS. the

tensor is y/,^.) Its rectangular scalar components are A^, A^, A^. A
unit vector parallel to A may be denoted by Ap so that A =AAy But
little things of thta sort are very much mattm of taste. What
important is to avoid as far as possible the use of letter prefixes, which,

when they come two (or even three) together, as in Quaternions, are

very confusing.

The scalar product of a pair of vectors A and B is denoted 1^ AB,
and is deiined to be ^

AB»^i^i+^s^,+^8J9a<-^i^coaAB»BA. (6)

* §§ 7, 8, 9 contain an introdnetioD to vectOT-analjtia (without the qnatemion),
which is sufficient for the purposes of the present paper, and, I may su\d, for

general u«e in mathematical phyBice. It is an expansion of that given in my
paper "On the Eleetromagnetie wave Surface," Pku. Moq,, Jnoe, 1W5, (toI. n.,

pp. 4 to S), The algebra and notation arc substantially those employed in all my
papers, especially in " Electromagnetic Induction and its Propagation," The
Mectrician, 1885.

Profeator Gibbs's vectorial work is scarcely known, and deserves to be well
known. la Jane, 1S88, I received from him a little book of 85 pages, bearing the
singular imprint Not Pcblishkd, Newhaven, 1881-4. It is indeed odd that the
author shoclld not have pabliahed what he had been at the trouble of having
printed. His treatment of the lijn ar vcctnr-opprutnr is f!pr('iall y flcscrving of

notice. Although "For the use of students in physics," I am bound to say
that I think the work mnoh too eondem^ for a first introdnotioo to the
subject.

In Eltctrieian for Nov. 1891, p. 27, I commenced a few articles on
elementary vector-algebra and auulyslH, specially meant to explain to readers of

my papers how to work vectovi. I am given to understand that the earlier ones,

on the algebra, were much appreciated ; the later ones, however, are found diffi-

cult. But the vector-algebra is identically the same in both, and is of auite a
rodimentary kind. The differenoe li, that the kter ones are oonoemed with
analysis, with varyin):^ vpctora ; it is the same ns the difference between common
algebra and differential calculus. The difficulty, whether real or not, does not
inoisats anv difficulty in the vector-algebra. I mention tlua on account of the
great pr^jndiM whioh eixista agyut Teotor-algsbnk

HJLP.-^TOb u. ' 8l
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The addition of vectors being as in the polygon of displacements, or

velocities, or forces; t.«., such that the vector length of any closed

eircnit is sero ; either of the vectors A and B may be split into the sum
of any nnmher of others, and the multiplieation of the two toms to

form AB is done as in oommon algebra ; thus

(a+b)(c + d) = ao+ad + bo+bd-<»+d»+ob+db. (7)

If N be a unit vector, NN or = 1 ;
similarly, A' = A'' for any vector.

The reciprocal of a vector A has the same direction ; its tensor is the

reciprocal of the tensor of A. Thus

AA-»-|ol; and AB-»«B->A«| = -cosA .....(8)

The vector product of a pair of vectors is denoted by VAB, and ia

defined to be the vector whose tensor is ^^sinAB, and whose direc-

tion is perpendicular to the plane ofA and B» thus

VAB = i(^2^3 - A^B^) +i(A^B^ -A^B,,) + k{A,B^ - A^B,) = - VBA, (9)

where i, j, Ie, are any three mutually rectangular unit vectors. The
tensor of VAB is V^AB ; or

^
Y^^ABianAB (10)

Its components are iVAB, jVAB, kVAB.
In accordance with the definitions of the scalar and vector products,

we have

y = o', jk = o[ ki = oi
'

(XI)

Vij-k, Vjk-i. Vki-j ;

and from these we prove at once tiiat

V(» + b)(c + d)- Vao+ Vad + Vbe+Vbd,
and 80 on, fur any number of component vectors. The order of the
letters in each product has to be preserved, since Vab = - Vbft.

Two very useful formulae of transformation are

AVBC = BVCA = CVAB

^A^iB^C^-B^C^-^A^B^a^-B^C^+A^Ji^C^ -B,C\)i ....(12)

and VAVBO-B.OA-O.AB, or -B(OA)-0(AB) (13)

Here the dots, or the brackets in the alternative notation, merely

act as separators, separating the scalar products CA and AB from the

vecUm they multiply. A space would be equivalent, but would be
obviously unpractical

A
As is a scalar product, so in harmony therewith, there is the

A
vector product V^. Since VAB » - VBA, it ia now necessaiy to make

If
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a eonveotion as to whether the denominator oomes &st or lait in

Vj. Say therefore, VAB"^ Its tensor is

V^-|»iiiAB. (14)

I 8. DiffeientiAtion of veetors, and of scalar and vector functions of
ectore with respeet to scalar variables is done as usual TboSi

^AB«AB+BA.
(16)

^VBO-AYBO+AYBO+

A

VB6.

The same applies with complex scalar differentiators, eg,, with the

differentiator

used when a moving particle is followed, q being its velocity. Thus,

|AB-A^+B^^^=Afi+BA+A.qV.B-»-B.qV.A (16)

Here qV is a scalar diflbrsntiator given by

80 that A.qV.B is the scalar product of A and the vector qV.B; the

dots here again act essentially as separators. Otherwise^ we may write

it A(qr)B.

The fictitious veetor V given hy

v=iv,+jy,+kV3=i|+j|+k| (18)

is very important. Physical mathematics is very Isigely the mathe-
matics of V. The name Nabla seems, therefore, ludicrously inefficient.

In virtue of 1, j, k, the operator V behaves as a vector. It also, of

course, differentiates what follows it.

Acting on a scalar P, the result is the vector

VP= iViP+jV./ + kV^, (19)

the vector rate of increase of F with length.

If it act on a vector A, there is first the scalar product

VA-Vi-<^i+V^,+V^,«divA, (20)

or the divergence of A. Regarding a vector as a (tax, the divergence

of a vector is the amount leaving the unit volume.
The vector product VvA is

WA- - V^,) -hj(V»^, - Vj-rfj) +k(yi^,-. -curlA (21)
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The line-integral of A round a unit area equals the component of tlie

curl of A perpendicular to the area.
..^...^We nay mso hare the scalar and veetor products KV and VftVp

where the vector N is not differentiated. These operators, of course,

require a function to follow them on which to operate; the previous
qV.A of (16) illustrators.

The Laplacean operator is the scalar product or Wi or

V«-V/+W+ V,»i (22)

and an example of (13) is

VWVA-V.7A-V*A, or curl«A-VdivA-V«A, (23)

which is an important formula.

Other important fiwmolss are the next three.

divPA = PdivA + AV.P, (24)

P being scalar. Here note that AV.P and AVP (the latter being the
scalar product of A and VP) are identical. This is not true when for P
we saMtitttte a vector. Also

divVAB = BcuriA-AcurlB; (25)

which is an example of (12), noting that both A and B have to be
differentiated. And

curlVAB-BV.A+AdivB-AV.B-BdivA. (26)

This is an example of (13).

§ 9. When one vector D is a linear function of another vector that
is» connected by equations of the form

i>s-%^i+%J^i+'«J?aih (27)

in terms of the rectangular components, we denote this simply by

D = cE, (28)

where c is the linear operator. The conjugate function i& given by

ly-c^ (29)

where W is got from I) by exchanging 6,, and e^, etc. Should the nine
eoefficienta reduce to six by c^2'=^2v ^ ^ identical, or B
n a self-conjugate or symmetrical linear function of E.

But, in general, it is the sum of D and which is a symmetrical
function of £, and the difference is a simple vector-product Thus

where is a self-conjugate operator, and c is the vector given hf

««i^iis^+j£i3ziii+k'i2^ (31)
m m a
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The important characteristic of a self-conjugate operator is

EiD,=iy)i, or BiCoE2 = EjCoE„ (32)

where Ej and "E., are any two E's, and D^, D.„ the corresponding B's.

But when there is not symmetry, the corrcpponding property is

XiD,-!!^ or X|CB^-V>i* (^)
Of these operators we have three or four in electromagnetisin eon-

necting forces and fluxes, and three more connected with the stresses

and strains concerned. As it seems impossible to avoid the considera-

tion of rotational stresses in electromagnetism, and these are not usually

considered in works on elasticity, it will be desirable to briefly note
their peculiarities here, rather than later ou.

On Syrettes, imfaiumal and rokUioiuUt and (km AcUnHes,

1 10. Let P V be the vector stress on the N-plane, or the plane whoee
unit normal is N. It is a linear function of N. This will fully specify

the stress on any plane. Thus, if P|, P^i are the stresses on the

i, j, k planes, we shall have

?, = iP,,+^P^ + kP^\ (34)

Let^ also^ be the conjugate stress ; then, similarly,

Q,-ip,.,+jp,2+i^82.[ m
Half the sum of the stresses P^r and (^j, is an ordinary irrotational

stress; so that

P^ = (^oN + VcN, Q., = </,oN-Vcir, (36)

where
4*o

is self-conjugate, and

2c - i(P„ - ^3,) +j(P„ - + k(i'„ - P«) (37)

Here 2« is the torque per unit vohime arising from the stress P.

The traosiational force, per unit volume is (by inspection of a
unit cube)

P= V,P,4-V,P, + V3P, (38)

»idivQi+jdivQ2 + kdivQ,; (39)

or, in terms of the self-conjugate stress and the torque,

F-(idiy^+Jdiv^+kdiT^)-cnrlc, (40)

where -curie is the translational force due to the rotational stress

alone, as in Sir W. Thomson's latest theory of the mechanics of an
"ether."*

« Motkematkal and Pk^Bieai Papon, vol. S, Art 90, 4M.
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Nexfc, let N be the unit-iioniiel drawn oatwaid from any doead
Borfaoe. Then

2P^=i;F (41)

where the left summation extends over the surface and the right sum-
mation throughout the enclosed region. For

P,-JViP,+JViP,+i^,P,-i.KQi+j.li«,+k.NQ,; (42)

80 the well-knoirn theorem of divergence gives immediately, by (39),

2 = 2: (i div Q, + j div + k div Qg)-2 P. (43)

Next, as regards the equivalence of rotational effect of the surface-

stress to that of the internal forces and toroues. Let r be the vector

distance from any fixed OTigin. Then YrF is the vector moment of a
force, F, at the end of the arm r. Another (not so immediate) appli-

cation of the diveigence theorem gives

2VrP,-SVrF+22t (44)

Thus, any distribation of stress, whether rotational or irrotational, may
be regarded as in equilibrium. Given any stress in a body, terminating
at its boundary, the body will be in equilibrium both as regards trans>

lation and rotation. Of course, tlie boundary discontinuity in the stress

has to be reckoned as the equivalent of internal divergence in the

appropriate manner. Or, more simply, let the stress fall off continuously

from the finite internal stress to zero through a thin surface-layer. We
then have a distribution of forces and torques in the sor&oe-layer which
equilibrate the internal forces and torques.

To iliustrato; we know that Maxwell arrived at a peculiar stress,

compounded of a tension parallel to a certain direction, and an equal

lateral pressure, which would account for the mechanical actions apparent

between electrified bodies; and emlcavoured similarly to determine the

stress in the interior of a magnetized body to harmonise with the similar

external magnetio stress of the simple type mentioned. This stress in

a magnetisea body I believe to be thoroughly erroneous
;
nevertheless,

so far as accounting for the forcive on a magnetized body is concerned,

it wnll, when properly earned out with due attention to surface-discon-

tinuity, answer perfectly well, not because it is the stress, but because

any stress would do the same, the only essential feature concerned being

the external stress in the air.

Here we may also note the very powerful nature of the stress-function,

considered merely as a mathematical engine, apart from physical reality.

For example, we may account for the forrive on a magnet iti many
ways, of which the two most ])rominent are by means of forces on
imaginary magnetic matter, and by forces on imaginary electric currents,

in the magnet and on its surface. To yrove the equivalence of these

two methods (and the many others) involves very complex surface-

and volume-integrations and transformations in the general case,

which may be ul avoided by the nse of the stress-function instead

of the forces.

§ 11. Next as regards the activity of the stress P^r and the equivalent
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tnnslatioiial, distortional, and zotational addyities. The activity of

is P|iq per unit area»ifq be the Telocity. Here

1^ (43) ; or, re-arranging,

^
Pi4-NfeQi + ?2Q.+?8Qs)-N23«-Nj«„ (46)

where is the conjugate streas on tlie q-plane. That is, ^Q, or 2 Qgr

is the negative of the vector flnz of energy expressing the stren^tctivity.

For we choose Pjfy so as to mean a pull when it is positive, and when
the stress P,v works in the same sense with q, energy is transferred

against the motion, to the matter which is piilkrl.

The convergence of the energy-flux, or the divergence of gQ,, is there-

fore the activity i)er nnit volume. Thus

= q(i div Q, + j div Q, 4- k div Q3) + (QiV^i + Q^^^j (47)

= q(VjP,+ VA+W + I*iV,q+ PjVrt+ P.Vgq. (48)

where the first form (47) is generally most useftiL Or

div2:Q^ = Fq + 2QV7; (49)

where the first term on the right is the translational activity, and the

rest is the sum of the distortions! and rotational activities. To separate

the hitter introduce the strain-velocity vectors (analogous to P.^, Pg)

Pi = i(V'/,+Viq), P2 = J(V?2 + V2q). Ps = iCVi/j + Vjq) ;
(SO)

and generally p^^ = ^(V.qN + NV.q) (51)

Using these we obtain

- S Qp + iQiVi curl q + iQ,Vj curl q+ lQ,Vk curl q

»2Qp+ccnrlq (62)

Thus 3Qp is the distortional activity and ccurlq the rotational

activity. But since the disttjrtion and the rotation are quite inde-

pendent, we may put l^Pp for the distortional activity; or else use the

self-conjugate stress, and write it ^2(P + Q)p.

§ 12. In an ordinary " elastic solid." when isotropic, there is elastic

resistance to compression and to distortion. We may also imaginahly

have elastic resistance to translation and to rotation; nor is there,

so far as the mathematics is concerned, any reason for ezdudine
dissipative resistance to translation, distortion, and rotation ; and

kinetic energy may be associated with all three as well, instead of with

the translation alone, as in the ordinary elastic solid.

Considering only three elastic moduli, we have the old h and n of

Thomson and Tait (resistance to compiession and rigidity), and a new
coefficient» say fij, sudi that

csnjCurlD, (63)

ifB be the displacement and 2c the torque, as before.
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The stress on the i-plane (any plane) is

Pi - n{VX>i + V^D)

+

i{k - j«) div D+ »,V curl D,i

-(»+«l)ViD+(«-iH)VA+(*-S«)idivD; (64)

and its conjugate it

Qi = ;i(y/)i + r,D) + Jn) div D - n^{Vj) - Vi>j)

-(ii-»,)yiD + (»+«i)Vi>i+i(i:- j»)divD; (65)

irom which

/i-diTqi-{ii-jii+*-WV,diTD+(ii+ih)V*A (66)

is the i-eompoiMiit of the tmndataoiial force; the complete force 7 is

therefore

r-(ii+«i)V«D+(*+}ii-iii)VdivD; (67)

or, in another ibrm, if P— -ifcdiTD,

F being the isotropic pressure,

I'«-yp+^V8D+iVdivD)-iiiCurt«l), (6S)

remembering (23) and (53).

We aee that in (57) the term involving div D may Yaiuah in a oom-
preidble aolid by the relation Hj |ii ; this makes

ii + fi,«ife+|fi, n^-^n^k-^nf (69)

which aie the moduli, longitudinal and lateral, of a simple longitudinal

atvain ; that it» multiplied by the eztenaion, they give tne longitudinal

traction, and the lateral traction required to prevent lateral contraction.

The activity per unit volume, other than traualational, is

2 QV^ = ( « - nJ(V,D . Vq, + . Vq, + Vj) . ^q^)

+(ib-ii»)divDdivq

+ (k- |n)div D div q + /tj curl D curl q ; (60)

or, which is the same,

2 qvq = ^[^i^div D)^ + Jnj(curl D)2 - Jn(div D)*

+ i»((V/>i)2 + (vj9^)2 + (y/>j2 + v/)j. + VZ>2.VjD + VZ>8.VjD)J
(6 1

)

where the quantity in square brackets is the potential energy of an
infinitesimal distortion and rotation. The italicized reservation appears

to be necessary, as we shall see from the equation of activity later, that

the convection of the potential energy destroys the completeness of the

statement

if IT be the potential energy.
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In an elastic solid of the ordinary kind, witli =0, we have

Pjr-«(2 curl VDN + YN cuxlBU
P --ncurl^D. J ^

^

In the case of a medium in which n is aero bat % finite (Sir W.
Thomwm's rotational ether)^

P^.iHVcurlD N.|

Thirdly, if we have both -^n and n-n^, then

P.v = 2ncurl VDN,

P as - 2n curP

I.e., the Bums of the previous two stresses ami forces,

g 13. Ab already observed, the vector flux of energy due to the stress

is -2«gf--«rf--(Qrfi+fef+«rfi). (W)

Besides this, there is the flux of energy

by convection, where V is potential and T kinetic energy. Therefore,

W-q(i;^+J)-SQj (66)
»

represents the complete energy-flnx, so far as the stress and motion are

concerned. Its convergence increases the potential energy, tiie kinetic

energy, or is dissipated. But if there be an impressea translational

force f, its activity is fq. This supply of energy is independent of the

conveigence of W. Hence

|!j-g+0^+r+divh(i;^+J)-2«j] (67)

is the eauation of activity.

But uiis splits into two parts at least. For (67) is the same as

(f+P)q+2QVj-C+f/+f-fdivq(t7+r), (68)

and the translational portion may be removed altogether. That is,

(f+P)q = <2i+i/o + ra+ divq(f/o + ro), (69)

if the quantities with the sero suffix are only translationally involved.

For example, if

'+'-4 <™>

as in fluid motion, without fricUonal or elastic forces associated with
the translation, then

(f+IOq-rt^-r+divqr. (71)

if T^i^pff, the kiuetic energy per unit volume. The complete form

(69) comes in by the addition of elastic and frictional resisting forces.

So» dedncting (69) from (68), there is left

^ QVj = + ^1 + + div + 2\), ,....(72)
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where the quantities with suffix unity are connected with the distortion

and the rotation, and there may plainly be two sets of dissipatiTe tenns,

and of energy (stored) terms. Thus the relation

c-(«. + »,| + n.^)c»ri» (73)

will bring in dissipation and kinetic energy, as well as tha former
potential eneigy of rotation associated with riy

That there can be dissipative terms associated with the distortion is

also clear enough, remembering Stokes's theory of a viscous fluid.

Thus, for simplicity, do away with the rotating stress, by puttiiiir « = 0,

making aud identical. Then take the stress on the i-plane to be

given by

P,-(.+,.|,+ .|J(Vi>,+y,D)-i{i>+f(.+^/, + .|)divD}.(74)

and similarly for any other plane ; where P = - kd'iv D.

When /i = 0, ^ = 0, we have the elastic solid with rigidity and com-
pressibility. When fi = 0, i/ = 0, we have the viscous fluid of Stokes.

When »' = 0 only, we have a viscous elastic solid, the viscous resistaucc

being purely distortional, and |)roportional to Uie speed of distortion.

Bat with fh V, all finite, we still farther aseoeiate lanetic energy with
the potential energy and dissipation introduced by n and /t.

We have

for infinitesinial strains, omitting the effect of convection of energy

;

where

g^./i [-|(divq)«+V},(Vtfi+Viq)+X7g,(Vft+Viq)+V^s(Vft+Vaq)]. (7^1

O;- in^(^^-^ydiyJiy+VI)^(VD^-^V^^^ (77/

Observe that To and Q.^ only ditVer in the exchange of /* to ; but IL^,

the potential energy, is not the same function of n and D that is of v

and q. But if we take i = 0, we produce similarity. An elastic solid

having no resistance to compression is also one of Sir W. Thomson's
ethers.

When n—O, /i-*0, 0, we come down to the frictionless fluid, in

which

f-VP-pg (78)

and 2PVg--i>divq, (79)

with the equation of activity

fq=//+7'+ div(6^+r+P)q, (80)

the only parts of which are not always easy to interpret are the jPq term,
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and the proper measure of U. By analogy, and eoDfonuaUy witii more
general cases, we should take

P»-ikdivD» and Crm}ib(diYD)s

leekodng the ezpanaion or oompienion from some mean condition.

Th€ SUebrmagnetie Squatknu tn a Moving MeHmu

§ 14. The study of the forms of the equation of activity in purely

mechanical caMS, and of their interpretation, is naefal, because in

the electromagnetic problem of a moviDg medimn we have atill

greater genen^ty, and difficulty of safe and sure interpretation. To
bring it as near to abstract dynamics as possible, all we need say

regarding the two fluxes, electric displacement D and magnetic induc-

tion B, is that they are linear functions of the electric force B and
magnetic force H, say

B = /*H, D-cE, (81)

where c and ft are linear operators of the symmetrical kind, and that

associated with them are the stored energies U and electric and
magnetic respectively (per unit volume), given by

£r=JBD, r«iHB (82)

In isotropic media is the permittiWty, /x the inductivity. It is

unnecessary to say more regarding the well-known variability of /x and
hysteresis than that a magnet is here an ideal magnet of constant

inductivity.

As there may be impressed forces, S is divisible into the force of the

'field and an impressed part ; for distinetneas, then, the complete E may
be called the " force of the flnz " D. Similarly as regards H and B.

There is also waste of energy (in conductors, nam^y) at the rates

Q,«BO, Q^^EZ, (83)

where the lioxes C and K are also linear lunctious of E and H respec-

tively; thns

C«ja, K»^H, (84)

where, when the force is parallel to the flux, and /• is scalar, it is the

electric eondnctivity. Its mimetic snaiogue is //, the magnetic con-

ductivity. That is, a magnetic conductor is a (fictitious) Sody which
cannot support magnetic force without continuously dissipating energy.

Electrification is the divergence of the displacement, and its analogue^

magnetification, is the divergence of the induction ; thus

p-divD, <r-divB, (86)

are their volume-^nsitie& The quantity <r is probably quite fictitious,

likeK.
According to Maxwell's doctrine, the true electric current is always

circuital, and is the sum of the confhiction-onrrent and the current of

dispkM^ement, which is the time-rate of increase of the displacement
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But, to presenre drcuitelitjr, we mnffc add the convecUon-current when
electrifictti<m is moving, so that the trae eoiient beoomes

J-C +D + q/), (86)

where q is the velocity of the electrification /o. Similarly

0-£+fi+q<r (87)

should be the correepoading magnetic cuirent.

^\5. Maxwell's equation of electrio cnrrent in tenns of mtignfftfft

force in a medium at rest, say,

cttrlH|»G+D,

where Ej is the ibroe of the field, should be made, using H Insteadt

curl (H - ho) = C + 6 + q/),

and here ho will be the intrinsic force of magnetization, such that /ih^,

is the intensity of intrinsic magnetization. But I have shown that

when theie is motion, another impressed term is reqoired, viz., the
motional magnetic force

h-VBq, (88)

making the first cirenital law become

curl (H - ho - h) = J = C + D + q/> (89)

Maxwell's other connection to form the equations of propagation is

made through his vector-potential A and scalar potential ^. Finding

this metibod not practically workable, and also not sufficiently general,

I have introduced instead a companion equation to (89) in the form

-curi(K-eo-e)=-0=K + B + q(r, (90)

where e^ expresses intrinsic force, and e is the motional electric force

given by
e=VqB, (91)

which is one of the terms in Maxwell's equation of electromotive force.

As for Oq, it includes not merdy the force of intrinsic electrisation,

the analogue of intrinsic magnetisation, but also the sources of energy,

Toltaic force, thermoelectric force, etc.

(89) and (90) are thus the working equations, with (88) and (91) in

case the medium moves ; along with the linear relations before

mentioned, and the definitions of energy and waste of energy per unit

volume. The fictitious £ and v are useful in symmetrizing the equa-

tions, if for no other purpose.

Another way of writing the two equations of curl is by removing the

e and h terms to the right side. Let

CUrih-j, J + j=Jo,l mjv
-curie-g, a+g»04»./ ^

'

Then (89) and (90) may be written

curl(H -hj)- Ja-C +i+qp +j, j .^3.

-carl(l-^)-Go'-K-fi+q<r+g./ ^
'
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So fitr u drenitaHty of the eamiit goes, the change is needlesi^ uid
still further complicates the make-up of the true current, supposed now
to be Jq. On the other hand, it is a simplification on the left side,

deriving the current from the force of the flux or of the field more
simply.

A question to be settled is whether J or Jq should be the true

corrent There seems only one crucial test, viz., to find whether QqJ
or OpJo is the rate of supply of energy to the electromaffnetic system
an intrinsic force e^. This requires, however, a fim and rigorous

ezaminatioa of idl the fluxes of eneigy ooncemed.

The SUekmnagnelk Flm ef Energy m a daUtmanf MMan,

§ 16. First let the medium bo at rest, giving us the equaLious

curl(H-ho) = J = C + D, (94)

-eurl(B-«o)-i0-K+B. (95)

Multiply (94) by (E - Bq), and (95) by (H - h«X and add the results.

Thus,

^-e^+(H-ho)(}-'<B-^) curl (H-h,)-(E-b,) curl(B-^,
which, hy the formula (25), becomes

^+ h,a- BJ+Ha+ diVV(B - fli,)(H- h«)

;

or, by the use of (82), (83),

e„J+h„0 = (>+[/+i'+divW, (96)

where the new vector W ib given by

W = V(E-e,)(H-h,) (97)

The form of (96) is quite explicit, and the inter])retaiion sufficiently

clear. The left side indicates the rate of supply of enei*gy from

intrinsic sources. Thus, (Q+ tf+t) shows the rate of waste and of

'

storage of energy in the unit Tolume. The remainder, therefore,

indiL^ites the rate at which energy is passed out from the unit volume;
and the flux W represents the flux of energy necessitated by the

postulated localization of energy and its waste, when £ and H are

connected in the manner shown by (91) and (95).

There might also be an independent circuital ilux of energy, but,

being useless, it would be superfluous to bring it in.

The very important formula (97) was first discovered and interpreted

by Professor Poynting, and independently discovered and interpreted

a litth* later by myself in an extended form. It will be observed that

in my mode of proof ab()\ r there is no limitation as to homogeneity or

isotropy as reganls the permittivity, inductivity, and conductivity.

But c and should be symmetrical. On the other hand, k and y do
not require this limitation in deducing (97).*

* The inc'thn<l of treating Maxwell's electromagnetic scheme employed in the
text (tirst introduced in " Electromagnetic Induction and ita Propagation," The
JBtc^ncian, JsaiMiy 3» 1686^ sad hift«r) may, perhaps, be appropiWMfytanMd the
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It is important to recognize that this flux of energy is not dependent
upon the translational motion of the medium, for it is assumed explicitly

to be at rest The yeetor W caniiol^ tberefore, be a flux of the kiiia

^ before diecDned, unlesi poadbly it be merely a rotating atren that

is concerned.

The only dynamical analogy with which I am acquainted which
seems at all satisfactory is that furnished by Sir W. Thomson's theory

of a rotational other. Take the case of = 0, hg = 0, A; = 0, ^ = 0, and
e and oonatanta, that is, pure ether nneoatammated by ordinary

nuitter. Then

carlH»e4 (98)

-curlE= /MH (99)

Now, let H be velocity, ft density
;
then, by (99), - curl E is the

translational force due to tiie stress, which is, therefore, a rotating

Btreta; thna,

^-VBN, (100)

and 21 is the torque. The ooeffident c represents the compliancy or

reeiproeal of the quati ngidity. The kinetic energy }/iH* represents

the magnetie energy, and the potential energy of the rotation represents

the el cctric energy ; whilst the flux of energy is VXH. For the activity

of the torque is

3K£^.l«orlH,

and the translational activity is

-HcurlB.

Their sum is - div VEH,
making VEH the flux of energy.*

All attempts to construct an elastic-solid analogy with a distortional

stress fail to give satisfactory results, because tne energy is wrongly
localiaed, and the flux of energy incorrect Bearing this in mind, uie

above analogy is at first sight very enticing. But when we come to

Ihiplex method, tinoe ita characteristics are the exhibition of the electric,

magnetic, and electromagnetic relatione in a duplex fonn, qrmmetrical with
respect to the electric luid magnetic sides. But it is not merely n nipthod of

exhibiting the relations in a manner suitable to the subject, bringing to light

useful relationfl which were formerly hidden from view by the intervention of Ihe
vector potential and its parasites, but constitutes a methiMl <if working as well.

There are considerable ditticulties in the way of the practical employment of

Ifaxwell's equations of propagation, even as they stand In hit treatise. These
difficulties are greatly magnified when we proceed to nmre general Ctases, involving

heteri)geneity and eolotropy and motion of the medium supporting the fluxes.

The duplex method supplies what is wanted. Potentials do not appear, at least

initially. They are regarded strictly as auxiHary fanctions which do not represent

any physical state of the medium. In special problems they may he of great

service fur calculating purposes ; but in general investigations their avuidauoe
simpliiSes matters greatly. The state of the tiehl is settled by B and R, and thcM
are the primary objects of attention in the duplex system.

«This form of application of the rotating ether I gave in The iUeetnekm,
January 23, 1891, p. 360.
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remember that the djdt in (98) and (99) should be "dj'dt, and find extra-

ordinary difficulty in extending the analogy to include the conduction

current, and also remember that the electromagnetic stress has to be

accounted for (in other words, the known mechanical forces), the per-

fection of the analogy, as far as it goes^ becomes disheartening. It

would further seem, from the explicit assomption that q »0 in obtaining

W above, that no analogy of this kind can be sufficiently comprehensive
to form the basis of a physical theory. We must go altogether beyond
the elastic solid with the additional property of rotational elasticity. I

should mention, to avoid misconception, that Sir W. Thomson does not

push the analogy even so far as is done above, or give to /x and c the

same interpretation. The particular meaning here given to /m is that

assumed by Frofbssor Lodge in his "Modem Views of Electricity," on
the ordinazy elastio-solid ttieoiy, however. I have found it very con-

venient from its making the curl of the electric force be a Newtonian
force (per unit volume). When impressed electric force produces

disturbances, their real source is, as I have shown, not the seat of e©,

but of curl Bq. So we may with facility translate problems in electro-

magnetic waves into elastic-solid problems by taking the electromagnetic

source to represent the mechanical source of motion, impressed New-
tonian force.

.ffaummofiM oftheFiux of Energy m a Moving Meimn, and BdahMmtni
o/theMeanure of <*7Vit0" CmrmU.

§ 17. Now pass to the more general case of a moving medium with
the equations

curlH,- eurl(H-ho-h)»J-C+il-t-q/>, (101)

- curl El - curl (E - Bo - e) = G = K + B + qo-, (102)

where "E^ is, for brevity, what the force E of the flux becomes after

deducting the intrinsic and motional forces ; and similarly for Hj,

From these, in the same way as before, we deduce

(60 -t- e)J (ho + h)0 « EJ -H HG + div VBiHj ; (103)

and it would seem at first sight to be the same case again, but with
impressed forces (e + e,i) and (h + ho) instead of and h,„ whilst the

Poyntiug flux requires us to reckon only Ej and H| as the effective

electric and magnetic forces concerned in it.*

*It will be observed that the constant 4ir, which neually appears in the
electiical eqaationn. is absent from the above investigations. Tin? demands a
few words of explanation. The units employed in the text are rational unite,

founded upon the principle of continoity in space of Toctor fonotionSt and tiie

corresponding appropriate measure of discontinuity, viz., by the atiinunt of diver-

gence. In popular language, the unU pole sends out one line of force, in the
rational system, instead of 4w lines, as in the irrational Systran. The effect of the
rationalization is to introduce 4r into the formulae of central forces and potentials,

and to aliolish the swarm of 47r's tlint appears in the practical formulfp of the

practice of theory on Karaday-Max^vcll lines, which receives its fullest and most
appropriate ex^ssion in the rational method. The rational system was explained
by nw in The ISUetrkian in 1882, and applied to the general theoiy of polentiala
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But we must develop (Q-k-U+T) plainly first. We have, by (86),

(87), used in (103),

60J + hoQ « S(G+D + qp) + H(K+i

+

qfr) - (eJ + ha)+div VSA. (104)

Now here we have

.(105)

- ED - iEcB = ED -

Comparison of the third with the second form of (105) defines the

generalized meaning of c when c is not a mere iicalar. Or thus,

i7.-JM.}|(ED).

« Jcu^i" + ic^:+i^i + + c^^, + c^E.E^ (106)

repreeenting the time-vanation of U due to variation in the ^% only.

Similarly f^lA^\JL^^A^f^ (107)

with the equivalent meaning for /I generaliaed.

Uraig these in (104), we have the result

e^J + h^Q = (Q + T) + q(IV' + Ho-) + (iEcB + iH/iH)

- (eJ + hQ) + div VEjEi. (108)

Here we have, besides (Q-k-U-k- J), terms indicatizig the activity of a

and connected fnnetioiiB in 188S. (Reprint, vol. 1, p. 199. and later» etpeoially

p. 262.) I then returned to irrational formula* because I did not think, then, that
a reform of the units was practicable, partly on account of the labours of the B.A.
Committed on Electrical Units, and partly on account of the ignorance of, and
indifference to, theoretical nmttors which prevailed at that time. But the circnm-
atances have greatly changed, ami I do think a change is now practicable. There
has been great advance in the knowledge of the ineauing of Maxwell 8 theory, and
a diffusion of this knowledge, not merely amongst scientific men, but aOMMlgst a
large body of practicians called into exiHti^nce by the extension of the practical

applications of electricity. Electricity is becoming, not only a uuvater science, but
auo a very practical one. It is fitting, therefore, that learned trailitions should
not be allowed to control matters too greatly, and that the units should be ration*

alized. To make a beginniji^- 1 am employing rational units throughout in my
work on " Electromagnetic Theory," commenced in The SUetrieian in January,
ISO), and continued as fast as circumstances will permit; to be republished in

book form. In Section XVII. (October 16, 1891. p. 6a5) will be found sUted
more folly the nature of the change proposed, and the reaaons for it. I point ont,
in conclusion, that as regards theoretical treatises and investigations, there U no
ditficulty in the way, since the connection of the rational and irrational units may
be explained aeparately ; and I express the belief that when the merits of the
rational system are fully recognised, there will arise a demand for the rationaliza-

tion of the practical units. We are, in the opinion of men qualified to judge,
within a measnrable distance of adopting the metric system in England. Surely
the smaller reform I advocate shoulct precede this. To put the matter plainly, the
present system of units contains an absurdity running all through it of the same
nature as would exist in the metric system of common units were we to define the
unit area to be the area of a circle of unit diameter. The absurdity is onl^
ditferent in being less obvious in the electrical case. It woold not "l^ttlfr maob if

it were not that electricity is a practical science.
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translational force. Thus, Hp is the foiee on electrification fi,
and

its activity. Again,

ao that we hare ^ - ^V,e,
Of

and, similarly, /I= _ qV.

the generalised meaning of which is indicated by

-^+JikiE=-P(qV.c)E=-qVC^c; (110)

where, in terms of scalar prodncts inyolving X and D,

-qyU, = -l(E.qV.D-D.qV.E) (HI)

This is also the activity of a traoslational force. Similarly,

+ iHAH--qVlV (112)

is the activity of a translational force. Then again,

-(eJ+hO)- - JVqB-aVDq = q(VJB+VDO) ....*..(113)

expresses a translational activity. Usiug them all in (108), it becomes

ejJ + hpG- (C+ i/+ j)+ q(?f>+ H<r - V £/,- vr^+VJB + VDO)

+divVB,H, + J([7;+r^). (114)

It is clear that we should make the factor of q be the complete trans-

lational force. But that has to be found ; and it is equally clear that,

although we appear to have exhausted all the terms at disposal, the

factor of q in (114) is not the complete force, because there is no terra

by which the force on intrinsically magnetized or electrized matter

conld be exhibited. These involve Bq and h^. But as we have

q(\%B + VDg,)=-(ejo + hffo), (115)

a possible way of bringing them in is to add the left member and
subtract the right member of (115) from the right member of (114);
bringing the translational force to f, say, where

f-Ip+ H<r - Vi/. - Vi;+ V(J +Jo)B+ VD(G + go). (116)

But there is still the r^t number of (115) to be accounted for. We
have

-div(Veho+Veoh)=qjo+hgo+eoi+hog, (117)

and, by using this in (114), through (115), (116), (117), we bring it to

egj +h,0 £/+ j) +fq - (ej +l^g) + div {YJ^E^ - Veh.- Veji)

VOL. 11. 2m

+ |(0'.+ r^; (118)

Digitized by Google



546 ELECTRICAL PAPERS.

or, trausferriug the e^, lio terms from the rigltt to the leii side,

Mo+Wo« Q+ i?+t+fq+div (VB,H,-Velio-Ve6h)+ ?( U^-^T^). (119)

Here we see that we have n correct form of activity equation, thougli it

may not he the correct form. Another form, equally probable, is to be
obtained by bringing in Yeh ; thus

div Veh = h curl e - e curl h = - (^j + b^r) » q(VjB + VDg), (1 20)

which converts (11{I) to

00Jo+lioGo= g+ r+Fq +(li v(VBiH^ -Veh -Veho-Vcoh) 7;), (121)

where F is the traoBlational force

F = Ep + H<r - V - V + V ctiri H .B +V curl B . D, (122)

which is perfectly symmetrical as regards E and H, and in the vector

products utilizes the fluxes and their complete forces, whereas former
forms did this only partially. Observe, too, that we Iiave only been
able to bring the activity equation to a correct form (either. (119) or
(1 22)) by making BoJo be the activity of intrinsic force 6^ which requires

that Jo sbottld be the tme electric cqrrent^ according to tiie energy
criterion, not J.

§18. Now, to test (119) and (121), we must interpret the flux in

(121), or say

Y = YEiHi - Veh -- Veho - Veoh, (123)

which has replaced the Poynting Ilux VE,H. when q = 0, along with
the other changes. Since Y reduces to Vl!j,Hi when q = 0, there must
still be a Poynting tiux when q is finite, though we do not know its

precise form of expression. There is also the stress flnx of energy' sad
the floz of energy by convection, making a total flox

X =W + q{f/+r)-l'Q.^ + q(6^, + ro), (124)

where W is the Poynting flux, and -2Q</ that of the stress, whilst

q(r^, + Tf,) means convection of energ)' connected with the translational

foice. We should therefore have

ebJo+ho<*o-W+ i/+ j) + (ft,+ i/o+iy+divX (125)

to express the continuity of energy. More explicitly

e^f,+hfio = Q +lf -^T + div [VV + q{U+ T)]

+ <^»+i'«+i;+div[-2gj+q(£;o+i;)] (126)

But here we may simplify by using the result (69) (with, however,
f pnt»0), making (126) become

eoJo + boOo- (^+ ^+*) + Fq + Sa+ div[W + q( i;'+ 2') - ^ Q^], ( 1 27

)

where S is the torque, and a the spin.

Comparing this with (121), we see that we require

W + q(i/+ T) - i: Q2 = VEjHi - Veh - Ve^h - Veh«. (128)
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with a similar equation when (119) is used iustead; and we have now
to sepaimto the right member into two parts, one for the Poynting flux,

the other for the stress flux, in such a way that the foroe due to the
stress is the force T in (121), (122), op the force fin (119), (116); or
similarly in other ciuses. It is unnecessary to j^ive the failures; the
only one that stands the test is (121), which satisties it completely.

I argued that

W = V(E-e..)(H-h„) (129)

was the j>robable form of the l^oyntinii; flux in the cjuse of a moving
medium, not V£^H|^, because when u medium is endowed with a uniform

tFBiisIational mo^n, tiie tnumniseion of dittarbanees through it takes

plaoe just as if it were at rest With this expression (129) for W, we
have, identically,

VB,Hi-Veh-V«Ji-Veho-W-VeH-VmL (130)

Therefore, by (128) and (130), we get

2 «VeH +VBh+ q(tr+ 7) (131

)

to represent the negative of the stress flux of energy, so that» finally,

the rally significant equation of activity is

M«-l-]i«0»- Q+Z?+r+Fq + 8a+ divlV(B - 0,)(H - h.) + q( U+ T)]

- divfVeH +VEh + q( T)l (132)

This is, of course, au identity, subject to the electromagnetic equations

we started from, and is only one of the multitade of forms which may
be given to it, many being far simpler. But the particular Importance
of this form arises from its being the only form apparently possible

which shall exhibit the principle of continuity of energy witliout out-

standing terms, and without loss of generality ; and this is only possible

by taking Jo as the proper tiux for eg to work upon.*

* In the original an erroneous estimate of the value of (C7D/)( (Te+ Tfi) was used

in sonic of the above equations. This is corrected. The following contains full

details of the calculation. We require the value of (cfdO^'e, or of ^E{Cc/df)iE,

where "drfdt is the linear operator whose components are tlie time-vsriations (for

the sanu' matter) of those of The c;ikiil!iti«»n is very lengthy in terms of theM
six components. But vectorially it i.s not difficult. In (27), (28) we have

D - .£ = i.CiE->-J.a.E + k.a,E)

if the vectors Oi, c,, Cj are giTsn by

We, therefora, have

^.E(?;.c, + ^.C +
|J.<,)«

+ E(l/Vj.9?' +k.^)l (t3»)

The part played hy the dots ia to clearly separate the scalar products.

Now suppose that the eolotropic property symbolized hy r is intrinsically

unchanged by the shift of the matter. The mere translation does not, tlierefore,

affect it, nor does the distortion ; but the rotation doea. For if we turn round
an eolotropic portion of matter, keeping E unchanged, the valae of IT* ia altered

by the rotation of the prlneipal axes ofc along wiw the matter, so that a torque
ii required.

In equatiou (I32a), then, to produce (1326), we keep B oonstaot, ami let tlie lix
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Dmmtian of the Electric and Magnetic Stresses and Forcesfrom the

Flux of Energy.

§19. It will be observed that the convection of energy disappears by
occurriDg twice oppositely signed ; but as it comes necessarily into the

expression for the stress flux of energy, I have preserved the canoeflmg
terms in (132). A compariaoii of the stresB nnx with the PpyntiDg
flux is interestingi Both are of the same fomiy vis., vector products of
the electric and magnetic forces with convection terms ; but whereas in

the latter the forces in the vector-product are those of the field (i.e., only

intrinsic forces deducted from E and H), in the former we have the

motional forces e and h combined with the complete E and H of the

fluxes. Thus the sttess depends entirdy on the fluxes, however tfaepr

he produoed, in this respect lesemhling the electric and magnetic
energies.

To exhibit the streu^ we have (131), or

Qtfi+Qrf«+Q8?8-VeH+vsh+q(tr+r). (iss)

In this nae the expressions for e and h, giving

2 (fe
=VHVBq + VBVDq + (i(U+ T)

«B.Hq-q.HB + D.Eq-q.ED + q(i7+r)

«(B.Hq-.qr) + (D.Bq-q£;^); (134)

where observe the singularity that q( £r<f T) has changed its sign. The
firat set belongs to the magnetic, the second to the electric stress^ since

we see that the complete stress is thus divisible.

vectors I, J, k, Cj, Oj, C3 rotate jla a rigid body with tlie sjiin a = ^curlq. But
when a vector magnitude 1 is turned round in this way, its rate of time-change
ai/de is V ai. Thus, for we may put Va throughout Therofora, by (138b),

E^=:B^Val.Oi-i- VaJ.ai + Vsk.ob)B-i-B^l.VaO|-i-J .Vafl^+k.VaA^^B. (I38e)

In thia use the parallelepipedal transfurmatioa (12), and it booomea

=(VBa)cB+Bc(VEa) = (D + D')VBa, (1S2(I)

by (ISSb), if is ooniugate to D; that it, D^Be^BsBe. So, when esc', aa in
the electrical ease, we have

i:^BsDVBasaV»B,

and similarly (132s)

JhS^ = BVHa = aVBH.

Now the torque ansiog from the stress is (see (139)

)

8 = VDE + VBH,

80 we have ^^'"^ - 8a = torque x spin. (13^*)

The variation allowed to i, J, k may seem to eonflict with their ooustanoy (as
referenoe Tootoni) is general. But they merely vary for a temporary parpoee^
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The diveigeiice of 2Qf bemg the activity of the stress-variation per
unit volume, its N-componeat is the activity of the stress per unit

snrfiMie^ that is,

(KB.Hq - Nq. T) + (ND. Eq - Nq. U)

-q(H.BN+S.2)N-N£/-'lir)-Pjrq. (135)

The strass itself is therefore

P,=(E.Dir-NlO + (H.BH-NT), (136)

divided into electric and magnetic portions. This is with restriction

to symmetrical fi and and with persistence of their forms as a partiele

moves, bnt is otherwise unrsstrictod.

Neither stiess is of the s}rmmetrical or irrotational type in esse of
eolotropy, and there appears to be no getting an irrotational stress save

by arl)itrary assumptions which destroy the validity of the stress as a

correct dorluction from the electromagnetic equations. But, in case of

isotropy, with consequent directional identity of iii and D, and of H
and B, we see, by taking N in tarns parallel to, or perpendicular to B
in the electric case, and to H in the magnetic case, that the electric

stress consists of a tension U parallel to X combined with an equal

lateral pressure, whilst the magnetic stress consists of a tension T
parallel to H combined with an equal lateral pressure. They are, in

fact, Maxwell's stresses in an isotropic medium homogeneous as regards

/A and c. The difference from Maxwell arises when /a and c are variable

(including abropt changes from one value to another of and c), and

being fi xf (1 in the matter instead of in space. But we may, perhaps better, disoaid

1, J, k altogether, and use any indoperxlent vectors, 1, m, n instead, making

D = (l.Ci f in.Ca + n.c,)E, (132j/)

wherein the e's are properly choeen to sait the new axes. The oalcnlation then
proceeds as before, half tlie value of uU'JT^t arising from the TMiatiiOII of Bit

and the other half from the c's, provided c is irrotational.

Or we may chooee tlie three prlnoiMl axea of e in the body, when 1, m, a will

coincide with, and therefore muve wfththem.
Laatlyi we may proceed thus :—

B^sE^-o^sSVaB-]>ysls2aYDB. (ISSft)

That ia, rephuw hy Va when the operandi are S and D. Thia ia the
correct result, but it is not easy to justify the process directly and plainly ;

although the clae is given by observ ing that what we do ie to taice a ditference,

from which the tinie>Tariation of B disappeara.

If it is D that is kcjit constant, the result is 2aVED, the negative of the abova.
It i« also worth notioing that if we split up S into + E| we shall have

B,^ = a[v(B,cJB|-VBi(cR,)]
.

'

TV r n
B^Ei = a[^V(Eac)Ei - VB|(cB,)J . I

These are only eqasl whn e > e', or Se sd j aothat, In the axpaaaiMi of the
torqae,

Via - V1>,B|

+

VDA+ VDjBi

+

Vd,E,
,

the eroaa^torqiMa are not VDA ^^^i^* which are nnoqaal, bat ara each oqnal
to half the snm of these T«otor>ptod«ota.
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when there is intrinsic magnetization, Maxwell's stresses and forces

bein;^ tlien difiereut.

The stress on the plane whose normal is VEH, is

E.DVEH + H.BVEH - {U-^ r)VEH E.HVDE + H.EVHB - (^>r)VBH ,7.

v;jH v;^H '

reducing simply to a pressure {U+ T), in lines parallel to \'£H| in case

of isotropy.

§ 30. To find the force F, we have

FN = div Q.v = div (D.BN - N6' + B. HN - N^)
= EN.p + DV.BN-p.NV.D- p.NV.E + etc.

= EN.p + D(V.BN-Nr.B) + J(D.NV.B-B.KV.D) + etc.

= N[JV> + V curl B.D-Vi7, + etc.], (138)

where the unwritten terms are the similar magnetic terms. This being

the N-conipon«']it - .f "P the force itself is given by (122), as is necessary.

It is V curlli,,.B that expresses the tnmslational force on intrinsically

magnetized matter, and this harmonizes with the fact that, the flux B
due to any imprei>8ed force depends solely upon curl h^.

AIbo^ it is - VT^^ that explains the forcive on elastiedly magnetised

matter, e.^., Faraday's motion of matter to or away from the piaoes of

greatest intensity of the field, independent of its direction.

If 8 be the torqne, it is given by

VSK« - «S.DN -D .EN + etc. -VN(YED+VHB)

;

therefore 8 -VDE+ VBH (139)

But the matter is put mure plainly by cousideriuc the convergence

of the strees flux of energy and dividing it into tranuational and other

parts. Thus

div2Q7»Fq + (B.DV.q-Crdivq) + (H.BV.q-3"divq), ...(140)

wliere the Lerm«» fullowuig Fq express the sum of the distortioual and
rotational activities.

Sliorter Way of going fnmi the Cimiitol Equaium to the Flvx of
Energy^ Stresses, and Forces,

§ 21. I have given the investigation in ^ 17 to 19 in the fonn in

whi(;h it occurred to me before I Knew the precise nature ofthe results,

being nncertnin as regards the tnie measure of current, tlte proper form
of the I'oyiiting flux, and how it worked in harmony witii the stress

flux of energy. But knowing the results, a short demonstration may
be ea&ily drawn up, though the former courbo is the most iustructive.

Thus, start now fi^
curl(H-lio)«J«,\ ...jv

«cnrl(B-eo) =aJ ^
^

un the assumptioual understanding that Jg uud Gg are the currents which
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make e^Jo and h^Go the activities of and ho the intrinsic forces. Then

e^, + hoQ., = EJo + HOo + ^iivW, (U2)

where
,

W»V(JB-e,)(H-ho); (143)

and ire now aseume this to be the proper form of the Poynttog flux.

Now develop EJo ''^^ HC^^ thus :

—

BJo + HGo = E(C + i) + qp + curlh) + H(K +B + qcr-curle), by (93);

= Q^ + U+U,-rE([p^-E curl VDq

+ ea+2 +f^+Hq<r+HcuriyBq, by (88) and (91)

;

» + 6^+ ^« +]Bqp+E(B div q -I- qV.D - qdiyD - Bv.q)

+ (?2 +r+ r„ +Hq<r+H(Bdivq +qr.B-qdivB-BV.q)/by(26)

= + i/^ + 2i/iliv q + E.qV.D - B.DV.q

+ magnetic teima,

« (Q^ + gr+div qZ7)+(Crdivq-B.DV.q) + (tf;-qV.i7+B.qV.D)

+ magnetic terms {^^^)

Now here qv. t/'= p.qV.D + JD.qV.E,

80 that the terms in the third pair of brackets in (144) represent

with the generalized meaning before ei^lained. So finally

EJo + HGo = g+ 6' + r+ ai V q(f/> T) + '^{U, + T^)

+ (CTdiv q - B.DV.q) + (Jdiv q- H.BV.q), „.(145)

which brings (142) to

eoJo + hoGp= <^ + j+ div{W + q(i^

+

T)\

+ ( C^, + r^) + ( div q - H.D7. q)+ (Tdiv q ^ H.BV. q), \146)

wilit }i has to he interpreted in accordance with the principle of con-

tinuity of energy.

Use the form (127), first, however, eliminating Fq by means of

diY2;Qj=rq+:iQyg,
which brings (127) to

eoJo+hoOo-<2+^^+^+<liv{W + q(t' + r)}-:iQV2 + Sa; (147)

and now, by comparison of (147) with (146) we see that

- Sa + 2 QVg = (E. DV. q-i/ div q)- + (H . BV. q-J div q)-?^** ; ( 146)

from which, when /i and c do not change intrinsically, we conclude that

Q.^ = B.HN-N7'+D.EN-Ki/,j
P^-H.BN-NJ+E.DN-Ni^,/
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as before. In this method we lose sight altogether of the translational

force which formed so prominent an object in the former method as e
goido.

ScffM Remarks on fferij^s IntesUffoHen rdfdmg io <A« ^resm.

§ 22. Variations of r. and /x in the same portion of matter may occur

in different ways, and altogether independently of the strain-variations.

Equation (146) shows how their inflnence affecte the energy tnosfomuk
tiona ; bat if we conaider only such changes as depend on the strain,

i.e,t the small changes of value which ft and c undergo as the strain

changes, we may express them by thirty-six new coefficients each (there

being six distortion elements, and six elements in /a, and six in c), and

so reduce the expressions for dUJdt and dTfJdt in (148) to the form

suitable for exhibiting the corresponding change in Q^r and in the stress

function As is usoal in such cases of secondly coneetions, the

magnitude of the resnlting formula is out of all proportion to the

importance of the correction-terms in reUtion to the primary fonnola

to which they are added.

Professor H. Hertz* has considered this question, and also refers to

von Uelmholtz'is pruviuus investigation relating to a fluid. The c and /i

can then only depend on the density, or on the compression, so tiiat a

single coefficient takes the place of the thirty-six. But I cannot quite

follow Herts's stress investigation. First, I would remark that in

developinfj^ the expression for the distortional rotational) activity,

he assumes tliat all the coethcients of the spin vanish identically ; this

is done in order to make the stress be of the irrotational type. But it

may easily be seen that the assumption is inadmissible by examining

its consequence, for which we need only take the case of c and /a intrin-

sically constant. By (139) we see that it makes 8 = 0, and tliei cfoiL

(since the electric and magnetic stresses are separable), VHB = 0, and

VED = 0 ; that is, it produces directional identity of the force E and
the flux D, and of the force H and the flux B. This means isotropy,

and, therefore, breaks down the investigation so far as the eolotropic

application, with six ft and six e coefficients, goes. Abolish the assump-
tion made, and the stress will become that used by me above.

Another point deserving of close attention in Herts's investigation,

relates to the principle to be followed in deducing the stress from the

electromagnetic equations. Translating into my notation it would
appear to amount to this, the d priori assumption that the quantity

where r indicates the vohime of a moving unit element undergoing

distortion, may be taken to represeut the distortional {j^lus rotational)

activity tit the magnetic stress. Similarly as regards tim eleetvm sttess.

Expanding (150) we obtain

(150)

+ rdivq (151)

* Wiedemann's Aniialm, v. 41, p. 369.

Digitized by Google



ON THE FORCES l^• THE ELECTROMAGNETIC FIELD. 553

Now the aeoood ciieaital law (90) may be written

-ciirl(fl-eo)-K+^-»-(BdiTq-.By.q). (152)

Here ignore Bq, K, and ignore the curl of the eleciric/orce, and we obtain,

by using (162) in (151),

H.BV.q-HBdivq+rdiyq-^»H.BV.q-rdiyq-^ (153)

which represents the distortional activity (my form, not equating to

aero the coefficients of cnrlq in its deTUOpment). We can, therefore,

derive the nu^etie stress In the nuumer indicated, that u, from (150),
with the special meaning of tiBfdi later stated, and the ignorations or
nullifications.

In a similar manner, from the first circuital law (89), which may be
written

eiirl(H-hJ-C4-^+(DdiTq-BV.qX (15i)

we can, by ignoring the conduction-current and the curl of the mag-
netic force, obtain

ig/rJ7)-I.lW.q-J7diTq-^, (166)

which represents the distortional activity of the electric stress.

The ditliculty here seems to me to make it evident a priori that (150),

with the special reckoning of 3B/3/, shoM represent the distortional

activity {plxa rotational nnderstood) ; this interesting property should,

perhaps, rather be derived from the magnetic stress when obtained by
a safe method. The same remark applies to the electric stress. AIs(^

in (l-')0) to (155) we overlook the Poynting flux. I am not sure how
far this is intentional on Professor Hertz's part, but its neglect does
not seem to give a sutlicieutl^- compreheuiiivc view of the subject.

The complete expansion of the magnetic distortional activity is, in

fl.BV.q-rdivq-^= C8 + i'+divqr-fla,j (166)

and similarly, that of the deetrie stress is

a.DV.q-l7divq-^j = ^,+ fr+divql7-EJr (157)

Tt is the last term of (156) and the last term of (157), together,

which bring in the Poynting iiuz. Thus, adding these equations,

2 - ^(^« + 1;) = C + 1+ div q( ?7+ T) - (BJo + HGa), (158)

where (EJ«+HO,)-(0aJ,+li»O«)-divW; (159)

snd so we come round to the equation of activity again, in the fonn

(U6X by niing (159) in (158).
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Modified Form of Stress-Vector, and Application to the Sur/nre sejxtrating

two Regions,

§23. The electromagnetic stress, of (149) and (136) may be put
into another interesting form. We may write it

P.v = J(E. ND + V.VNE. D) + i(H. NB + V.VNH. B) ( 1 60)

Now, ND is the surface equivalent of div D and NB of div B ; whilst

VNE and VNH are the surface equivalents of curl E and curl H. We
may, therefore, write

P.V = i(Bp' + VDQ') + J(H(/ + VJ'B), (161)

and this is the force, reckoned as a pull, on unit area of the surface

whose nonnal is N. Here the accented letters are the surface equiva-

lents of tlic same quantities unaccented, which have reference to iinit

volume.

Comparing with (122) we see tliat the type is preserved, except as

regards the teims in P due to variation of c and n in space. That is,

the stress is represente<l in (161) as the translational force, due to £
and H, on the fictitious electrification, magnetification, electric current,

and magnetic current produced by imagining E and H to terminate at

the surface across which P, is the stress.

The coefficient \ which occurs in (161) is understandable by sup-

posing the fictitious quantities ("matter" and "current") to be distri-

buted uniformly within a very thin layer, so that the forces E and H
which act upon them do not then terminate quite abniptly, but fall oft*

gradually through the layer from their full values on one side to zero

on the other. The mean values of E and H through the layer, that is,

.^E and are thus the effective electric and magnetic forces on the

fayer as a whole, j)er unit volume density of matter or current ; or JE
and AH per unit surface-density when the layer is indefinitely reduced

in thickness.

Considering the electric field only, the quantities concerned are

electrification and magnetic current. In the magnetic field only they

are magnetification and electric current. Imagine the medium divided

into two regions A and B, of which A is internal, B external, and let N
be tlic unit nonnal from

the surface into the

external region. The
mechanical action be-

tween the two regions

is fully represented by
the stress P,v over their

interface, and the for-

cive of B upon A is

fully represented by the

EandH in B acting upon
the fictitious matter and

current produced on the boundary of B, on the assumption that E and

H terminate there. If the normal and P^^ be drawn the other way.
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thus negativing them both; as well m the fictitious matter and current

on the interface, then it is the lbreive of A on B that is represented by
the action of E and H in A on the new interfacial matter and current.

That is, the E and H in the region A may be done away with alto-

gether, because their abolition will immediately introduce the fictitious

matter and current equivalent, so fiur as B is coiMseraed, to the inflnflnee

of the region A. Similarly E and H in B may be abolished without

altering them in A. And, generally, any portion of the medium may
be taken by itself and regarded as being subjected to an equilibrating

system of forces, when treated as a vi^u\ V)0(ly.

!^ 24. When and /x do not vary in space, we do away with the forces

— hE-^c and - UPVfi, and make the form of the surface and volume
trauslational forces agree. We may then regard every element of p or

of o- as a source sending out from itself displacement and induction

isotropicalijr, and every element of J or 0 as causing induction or

displacement according to Amptoe's rule for electric current and its

analogue for magnetic current Thus

Ji^^P±+^, (162)

n.^dt^ (163)

where r, is a unit vector drawn from the infinitesimal unit volume in

the suuimatiun to the point at di&tance r where E or H is reckoned.

Or, introducing potentials,

(16*)

These apply to the whole medium, or to any portion of the same,

with, in the latter case, the surface matter and current included, there

being no E or H outside the region, whilst within it E and H are the

same as due to the matter and current in the whole region (** matter,"

p and o- ; " current/' J and G). But there is no known general mctliod

of finding the potentials when c and ft vary.

We may also divide E and H into two parts each, sa}' and Hj due
to matter and current in the region A, and due to matter and
current in the region B surrounding it, determinable in the isotroj)ic

homogeneous case by the above forniulai. Then we may ignore Ej

and in estimating the forcive on the matter and current in the region

2(H,<r, + VJ,B,) + 2(B,p, + VD,Q,), (166)

where o-^ = divBi = divB, and Jj = curl Hj — curlH in region A, is the

resultant force on the region A, and

i:(Hi<r^+VJjBi) + i:(Ei^2 + VDiQ,) (167)

is the resultant force on the region B ; the resultant force on A due to
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its own £ and H being zero, and similarly for B. These resnltant forces

are equal and opposite, and so are the equivaleut suiIacc-mUi^rals

2(Hi(r( + VJfB,) + 2(E^( + VD,GK), (168)

and S(H,cF4+VJiB»)+2(lW+VD,Qa (169)

taken over the interface. The qnantitry summed is that part of the
stress vector, P v, which depends upon products of the H of one regioil

and the B of the other, etc. Thus, for the magnetic stress only,

H.BN -N.4HB- (Hi .BjN - N . ^Efi^) + (H^.B,N - N .iKfi^
+(H,.B^-]|.iHA)+(H,.B|N-N.iBA)^ (170)

and it is the terms in the seoond and fourth hraokets (whidi, be it

observed, are not equal) which together make up the magnetic part of
(168) and (160) or their negatives, according to the direction taken for
the normal; that is, sirice H,B, = H.Bj,

SPjr-2(Hi.B2N + Ii,.BiN - N.HiB2) = 2(H.BN - N. JHB)
- 2(Hi<r^+ VJ,'B, ) = 2(H^ + VJ{B,) = 2(Hcr' +VJ'B)

-.2T-2(H|<r.H-VJA)-2(H^i+yJiBfe)«2(Hir+VJB), (171)

where the first six esqiressions are interfiicial summations, and the four
last summations throughout one or the other region, the last summation
applying to either region. No special reckoning of the sign to be
prefixed has been made. The notation is such that HbHi+H,
<r = <rj + o-2, etc., etc.

The comparison of the two aspects of electromagnetic theory is

exceedingly curious ; namely, the precise mathematicid equivalence of
''explanation" bj means of instantaneous action at a distance between
the different elements of matter and current, each according to its kind,

and by propagation through a medium in time at a finite velocity. But
the day has gone by for any serious consideration of the former view
other than as a mathematical curiosity.

Quatemionic Form of Sket^-Feetar,

§ 25. We may also notice the Quaternion form for the stress^iinctioii,

which is so vital a part of the mathematios of forces var}'^ing as the
inverse square of the distance, and of potential theory. Isotropy being
understood, the electric stress may be written

P,-WfiN-iE], (172)

where the quantity in the square brackets is to be understood quater-

nionically. It is, however, a pure vector. Or,

that is, not counting the fkctor i^, the quaternion
|^^^

is the same as

the quaternion > Buae operation which turns K to £ also

Digitized by Google



I

ON THE FORCES IN THE ELECTROMAGNETIC FIELD. 657

turns E to 'B,, Thps N, E, and P^r are in the same plane, and the

angle between N and B equals that between B and Pjr; and B and
are on the same side of N when B makes an aeate angle with E. Also^

the tensor of Pjr is (/, so that its normal and tangential components are

U«m2e and UtSai2e, if ^-BB.
Otherwise^

P,--WBBB] (174)

ainee the qnatemioniG redproesl of a vector has the revene direction*

The corresponding Tolnme transitional force is

F- -cV[EVB], (176)

which is also to be understood quaternionically, and expanded, and
separated into parts to become physically significant. I only use the

square brackets in this paragraph to emphasize the difference in nota-

tion. It rarely occurs that any advantage is gained by the use of the

Quaternion, in saying which I merely repeat what I^fessor Willard

^bs has been lately telling us ; and I further believe the disadvan*

tages usually far outweigh the advantages. Nevertheless, apart from
practical application, and looking at it from the purely quatemionic
point of view, I ought to also add that the invention of quaternions

must be regarded as a most remarkable feat of human ingenuity.

Vector analysis, without quaternions, could have been found by any
mathematician by carefully examining the mechanics of the Cartesian

mathematics; but to find out quaternions required a genius.

lieinarU on the Translational Force in Free Ether.

§ 26. The little vector Veh, which has an important influence in the
activity equation, where e and h are the motional forces

e«yqB, h-VDq,

has an interesting form, vis., by expansion,

Veh - q . qVDB « i . qV£H, (176)

if e be the speed of propagation of distnrbsnoes. We also have^ in

connection therewith, the equivalence

eD = hB, (177)
always.

The translational force in a non-conducting dielectric^ free from
electrification and intrinsic force, is

P-VJB+VDO+VjB+VDg,
or, approximately [vol ii., p. 509],

= Vi)B + VDB=^VDB = i ^VEH =J (178)

The vector VDB, or the Hux of energy divided by the square of the

speed of propagation, is, therefore, the momentum (translational, not
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magnetic, which is quite a ditferent thing), provided the force P is the
complete force from, all causes acting, and we neglect the amall teems
yjB and YD;.
But hare we any right to safely write

F-mg, (179)

where m Is the density of the ether Y To do so is to assume that F is

the only force acting, and, therefore, equivalent to the time-TariatioD of
the raotnentum of a moving particle.*

Now, if we say that there is a certain forcive upon a condnetor
supporting electric current ; or, eqnivalently, that tliere is a certain

distribution of stress, the magnetic stress, acting upon the same, we do
not at all mean that the accelerations of momentum of the different

parts ate represented hy the transUtional force, the '* electromagnetie

force.*' It 18, on the other hand, a dynamical problem in which the
electromagnetic force plays the part of an impressed force, and similarly

as regards the magnetic stress ; the actual forces and stresses being
only determinable from a knowledge of the mechanical conditions of
the conductor, as its density, elastic constants, and the way it is con-

strained. Now, if there is any dynamical meaning at all in the electro-

magnetic equations, we must treat the ether in preciselv the same way.
But we do not know, and have not formuhiriaed, the equatioiis of
motion of the ether, but only the way it propagates disturbance through
itself, with due allowance made for the effect thereon <>f uiven motions,
and with formularization of the reaction between the electromagnetic

efrocts and the motion. Thtis the themy of the stresses and forces in

the ether and its motions is an unsolved problem, only a portion of it

being known so far, i.^., assuming that the MaxweUian equations do
express the known part.

When we assume the ether to be motionless, there is a partial

similarity to the theory of the propagation of vibrations of infinitely

small range in elastic bodies, when the effect thereon of the actual

translation of the matter is neglected.

But in ordinary electromagnetic phenomena, it does not seem th.'it

the ignoration of q can make any sensible ditlcrence, because the speed

of propagation of disturbances through the ether is so enormous, that if

the ether were stirred about round a magnet, for example, there would

be an almost instantaneous adjustment of the magnetic induction to

what it would be were the ether at rest

l^aHc ConaidenUum of ike Strems^'—lndeUmiMteiMttt,

§ 27. In the following the stresses are considered from the static point

of view, principally to examine the results produced by chan^ng ^e
fonn of the stress-function. Either the electric or the magnetic stress

alone may be taken in hand. Start then, from a knowledge that the

* Professor J. J. Thoinson has endsSToured to make practical use of the idea,

Phil. Ma./.
,
March, 1881. See also my trtiole. The JSUdncian, Jaanaiy 16^ 1886

[vol. I., pp. 547-8).
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force on a magnetic pole of strength 77} is R//i, where B is the polar force

of any distribution of intrinsic magnetization in a mediam, the whole of

which has unit iuductivity, so that

divB->m«conTbo (ISO)

measarea the density of the fictitious " magnetic" matter ; being the

intrinsic force, or, since here /x= 1, the intensity of magnetization. The
induction is B 'h + R. This rudimentary theory locates the force on a
magnet at its poles, superficial or internal, by

J-BdivE ....(181)

The N-component of F is

FN»BN.divB»div{B.BN~N.iB'}, (182)

because curlB« 0. Therefore

P.v =B.RN-N.JR2 (183)

is the appropriate stress of irrotational type. Now, however uncertain

we may be about the stress in the interior of a magnet, there can be no
question as to the possible validity of this stress in the air outside our
magnet, for we know that the force B is then a i»olar force, and that is

all that is wanted, m and h being merely auxiliaries, derived from B.

Now consider a region A, containing magnets of this kind, enclosed

in B, the rest of space, also containing magnets. The mutual forc(>

between tlic two regions is expressed by ZP^ over the interface, wliich

we may exchange for -R?// tlirough either region A or B, still on the
assumption that R remains polar.

But if we remove this restriction ujjon the nature of R, and allow it

to be arbitrar}', sa} in region B or in any portion thereof, we find

NF = div P,v = RN diV R + N V(curl R) .B

;

or F^Bm+VJB*
if J = curl B. This gives us, from a knowledge of the external magnetic
field of polar magnets only, the mechanical force exerted by a magnet
on a region containing J, whatever that may be, providefl it be measure-

able as above ; and without any experimental knowledge of electric

currents, we could now predict their mechanical effects in every re8|)ect

by the principle of the equality of action and reaction, not merely as

regards the mutual influenoe of a magnet and a closed current, but as

regards the mutual influence of the doeed currents themselves ; the
magnetic force of a closed current, for instance, being the force on unit
of m, is equivalently the force exerted by m on the closed current, which,
by the above, we know. Also, we see that according to this mi^pnetic

notion of electric current, it is necessarily circuital.

At the same time, it is to be remarked that rnir real knowledge must
cease at the boundary of the region containing electric current, a

metallic conductor for instance; the surface over which Pj^-is reckoned,

on one side of which is the magnet, on the other side electric current^

can only be pushed up as to as the conductor. The stress P^ may
therefore cease altogetner on reaching the conductor, where it forms a
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distribution of soxfiMse foree fiilly repreBonting the action of the magnet
on tiie conductor, ffimilarl} , we need not continue the strees into the
interior of the mtignet. Then, so far as the resultant force on the
magnet as a whole, in translating or rotating it, and, similarly, so far as

the action on the conductor is concerned, the simple stress Py of

constant tensor ^R^, varying from a tension parallel to B to an^ equal

Sressure laterally, acting in the medium between the magnet and con-
actor, aeoonnts, by its terminal pulls or pushes^ for the mechanieal

forces on them. The lateral pressure is eepedally prominent in the
case of conductors, whilst the tension goes onore or less out of sight, as

the immediate cause of motion. Thus, when parallel currents appear to

attract one another, the conductors are really pushed together by the
lateral pressure on each conductor being greater on the side remote
from the other than on tiie near ode: vhilst if the ourrenta are
oppodtely directed, the pressure on the near sides is greater than on
tne remote sides, and they appear to repel one another.

The effect of continuing the stress into the interior of a conductor of
unit inductivity, according to the same hiw, instead of stopping it on
its boumlary, is to distribute the translational force bodily, according to

the formula ^VJB, instead of superficially, according to wPj^. hi
either case, of course, the conductor must be strained by the magnetic
stress, with the consequent production of a mechanical stress. But the
strain (and associated stress) will be different in the two cases, the
applied forces being differently localized. The effect of the stress on a
straight portion of a wire supporting current, due to its own field only,

is to compress it laterally, and to lengthen it. Besides this, there will

be resultant force on it arising from the different pressures on its

opposite sides due to the proximity of the return conductor or rest of
the circuity tending to move it so as to increase the induction through
the circuit per unit current, that is, the inductance of the circuit

§ 28. If, now, we bring an elastically mai^'netizable body into a
magnetic field, it modifies the field by its presence, causing more or loss

induction to go through it thau passed previously in the air it replaces,

according as its inductivity exceeds or is less than that of the air. The
fordve on it, considered as a ri|;id body, is completely accounted for hy
the simple stress Pjr in the air outside it, 'reckoned according to the

changed field, and supposed to terminate on the surface of the disturbing

body. This is true whether the body be isotropic or heterotropic in its

inductivity ; nor need the induction be a linear function of the magnetic

force. It is also true when the body is intrinsically magnetized ; or is

the seat of electric current In shoit, since the external stress depends
upon the magnetic force outside the body, when 'we take the external

field as we may find it, that is, as modified by any known or unknown
causes within the body, the corresponding stress, terminated upon its

boundary, fully represents the forcive on the body, as a whole, due to

magnetic causes. This follows from the equality of action and reaction
;

the force ou the body due to a unit pole is the opposite of that of the

body on the pole.

IT we wish to continue the atress into the interior of the body,
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snrroTinded on all sides by the unmagnetized medium of unit inductivity,

as we must do if we wish to arrive ultimately at the mutual actions of

its different parts, and how they are modified by variations of induc-

tivity, by intrinsic magnetization, and by electric current in the bod^',

we may, so far as the resultant force and torqne on it are concerned, do
it in any way we please, provided we do not interfere with the stress

outside. For tiie internal stress, of any type, will have no resultant

force or torque on the body, and there is merely left the real external

stress.

Practically, however, we should be guided by the known relations of

magnetic force, induction, magnetization, and current, and not go to

WOK in a fanciftil manner; fiirthermore, we should always choose the
stress in such a way that if, in its expression, we take the inductivity

to be unity, and the intrinsic magnetization sero^ it must reduce to the

simple Maxwellian stress in air (assumed to represent ether here). But
as we do not know definitely the forcive arising from the magnetic
stress in the interior of a magnet, there are several formuise that suggest

themselves as possibleu

(1) {J-:

Sperud Khuls of Stress Foi iuuke duticnUij suggested.

% 29. Thus, first we have the stress (183) ; let this be quite general,

then

P,v = R.RN-N.iR2, (184)

RdivR + VJR. (185)

Here R is the magnetic force of tlic field, not of the flux B. If

/i= 1, divR is the density of magiiotic matter—the convergence of the

intrinsic magnetization—but not otherwise. In general, it is the density

of the matter of the magnetic potential, calculated on the assumption

The force on a magnet is located in this system at its poles,

whether the msgnetazation be intrinsic or induced. The second term
in (185) represents the force on matter bearing electric current

(J curl R), but has to be supplemented by the first term, unless

div R 0 at the place.

§ 30. Next, let the stress be /a times as great for the same magnetic

force, but be still of the same simple type, /a being the inductivity,

which is unity outside the body, but having any positive value, whidi
may be vaname, within it Then we shall have

P., = R . N/iB-N . JR/iR, (186)

= Rm + VJ/AR-JE2V/A, (187)

where //i = conv fiho = div /zR is the density of magnetic matter, fih|^

being the intensity of intrinsic magnetization.

The electromagnetic force is made ft times as ^reat for the same
magnetic force ; the force on an intrinsic magnet is at its poles ; and
there is, in addition, a force wherever varies^ including the intrinsic

magnet, and not forgetting that a sudden change in /t, rs at the

boundary of a magnet, has to count. This force, the third term in
H.ICP.—VOL. lU 8V

(2)
1^'^-
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(187), explains the force on inductively maguetUBod matter. It ii m
the direction of most rapid decrease of /x.

§ 31. Thirdly, let the stress be of the same simple type, but taking H
instead of E, H being the force of the iiux B = fjJd = + hg), where
11 at before. We now have

'Pj^=H.NB-N.JHB, (188)

VJB + Vj^ - JH2y^ (189)

where = curl h^ is the distribution of fictitious electric current which

Produces the same induction as the intrinsic magnetication /di^ and
is, as before, the real current.

It is now ^cwi-electromagnetic force that acts on an intrinsic rnagnet,

with, however, the force due to V/i, since a magnet has usually large /i

eompared with air.

The alwve three streeees are all of the simple type (equal tensioQ and
perpendieular pressure), and are irrotataonal* unless /x be the eolotro|ae

operator. No change is, in the latter case, needed in (186), (188),

whilst in the force formiilie (187), (189), the only cluJIige neeaed is to

give the generalized meaning to V/a. l^us, iu (189), instead of E,*^^
use 2vr^ or V^(H/iH), or

<H|H).j(H^jH).k(H|H).

or i(HViB - BViH) + j(HyjjB - BV^H) + k^Hy^B - BVj^),

showing the 1, j, k components.
Similarly in the other cases occurring later.

The following stresses are not of the simple type, though all cou&ist

of a tension parallel to B or H combined with an isotropie preesimi

§ 32. Alter the stress so as to locate the force on an intrinsic magnet
bodily upon its magnetized elements. Add B./ihgN to the stress (186X
and therefore /xho.RN to its conjugate; then the divergence of ttw
latter must be added to the N-component of the force (187). Thoa ws
get, if I=/xho,

= R.BN-N.iR/iR (190)

.B + VJftR-^R-yfu (191)

But here the sum of the first two terms in F may be put in a different

form. Thus,

IV.B- /jVjB+ 7,V,B+ /jVaB- i. IVB^ +j . I +k.IV

Also iViJ, -IViB+ I(V^i - VjR) = IVjR +iVJl

These bring (191) to

P-(i.IViB+j.IV2R + k.Iy3R) + VJB - JR-T/*, (192)

where the first component (the hracketted part) is Maxwell's force on

intrinsic magnetization, and the second hi^i electromagnetic force. The
third, as before, is required where /x varies.

(4)
=

^ ' IP =iv.;
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(6).

§ 33 To the stiem (190) add -N.^RI, wiOioat altering thaisoiijqgijse

stress, makint^

{P,-B,BM-N.iBB, (19S)

F -yjB - i{i(BViB -B^jB) +j(BV,B-BV,B}

+

V^Vfi-B^JBL))

-V4B-(7,-7^)lBR (194)

Thii we need not discuss, as it is merely a transition to the next form.

§31 To the stress (193) add ho.NB ; we then get

Pj, = H.NB-NJRB, (196)

P =VJB+{i.BvAi4-j.BV/j2 + k.BVA3}

- } {i.(BViB -BV,R) + j .(RV^B - BVgB)

+

k.(R^fi - BVgE)

)

= VJB+BV.h, - (V, " V,)JBB (196)

where A^, h.^, are the components of h^.

Now if to this last stress (1 95) we add - N.j^hA W6 shall oome back
to the third stress, (188), of the simple type.

Perhaps the most instructive order in which to take the six stresses

*fl (1)» (*)f (^)i (6), and (3); merely adding on to the force, in

paning ttcm one strem to the noct, the new ptat whieh the altentum
m the stress neoeisitates.

To the above we should add Maxwell's general stress, which is

rP,-B.llB-N.}BS (197)

If -VJB+fi.lViB+j.IVjB+k.lVsR}

+ {i.MV,R+j.MVjR + k.MV3R}, (198)

= VJB + yJR(I + M)],

where M ^ (/x - 1 )R = intensity of induced magnetization. There is a
good deal to be said against this stress ; some of which later.

Remarks on MaxweWs General Stress.

§ 35. All the above force-form ultc refer to the unit volume ; when-
ever, therefore, a discontinuity in the stress occurs at a surface, the

corresponding expression per unit surface is needed
;

i.e., in making a

special auplicatiou, for it is wasted labour else. It might be thought

that as Maxwell gives the force (198), and in his treatise usnally gives

surfiMie^pressions separately, so none is required in the ease of his

force-system (198). But this formula will give entirely erroneous

results if carried out literally. It forms no exceptim to the nUe that

ail the expressions require surface-additions.

Maxwell's general stress has the apparent advantage of simplicity.

It merely requires an alteration in the tension parallel to R, from E- to

BB, whilst the lateral pressure remains JR% when we pais from
onmagnetised to magnetized matter. The force to which it gives rise is

also apparently simple, being merely the sum of two forces, one the

electromagnetic, VJB, the other a force on magnetized matter whose i-

component is (I + ^)V|B^ both per unit volume, the latter being accom:
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Miiied (In mm of eolotropgr) by a tofqne. Now I is the mtriiisic and

II the induced mapnetizafion, so the force is made irrespeottTO of the

froportion in which the magnetization exists as intrinsic or induced,

n fact, Maxwell's " magnetization " is the sum of the two without

reservation or distinction. But to unite them is against the whole

behaviour of induced and intrinsic magnetization in the electromagnetic

scheme of Maxwell, as I interpret it. Intrinsic magnetization {yxdng

Sir W. Thomson's term) should do regarded u impressed (I = /ih^, where

is the equivalent impressed magnetic forae); on the other hand,

'^induced" magnetization depends on the fonse oftne field {M 1)B|.

Intrinsic magnetization keeps up a field of force. Induced raagnetixa

tion is kept up by the field. In the circuital law I and M therefore

behave differently. There may be absolutely no difference whatever
between the magnetization of a molecule of iron in the two cases of

being in a permanent or a temporary magnet That^ however, is not is

jOMtion. We have no concern with molecules in a tbeoiy iHodi
ignoFM molecules, and whoM element of rolume must he large enough
to contain so many molecules m to swamp the characteriatiM of

individuals. It is the resultant magnetization of the whole assemUy
that is in question, and there is a great diflference between its nature

according as it disappears on removal of an external cause, or is intrinsic

The complete amalgamation of the two in Maxwell's formula must
certainly, I think, be regarded as a false step.

We may also argue thus af;ainst the prorahility of the formulA. If

we have a system of electnc current in an nnmsgnetizable (u — l)

medium, and then change ft ever>'where in the same ratio^ we do not

change the magnetic force at all, the induction is made /i times a$

great, and the magnetic energy times as great, and is similarly dis-

tributed. The mechanical forces are, thert fot e, /i times as great, and
are similarly distributed. That is, the translational force in the /a = 1

medium, or VJB, becomes VJuR in the second case in which the iu '

ductivity is ft, without other change. But there is no fbiM hrought m
on magnetized matter |i«r se.

Similarly, if in the/isl medium we have intrinsic magnetization I,

and then alter n in any ratio everywhere alike, keeping I unchanged,
it is now the induction that remains unaltered, the magnetic force

becoming fx'^ times, and the energy /x"^ times the fonner values,

without alteration in distribution (referring to permanent states, of

course). Again, therefore, we see that there is no translational force

hrouriit in on magnetiMd matter merely boMUM it is magnetiMd.
Whatever formula, therefore^ we should select for the atiM»lhnetioi^

it would certainly not be Maxwell's, for cumulative reasons. Whan,
some six years ago, I had occasion to examine the subject of the stresses,

I was unable to arrive at any very definite results, except outside of

magnets or conductors. It was a perfectly indeterminate problem to

find the magnetic stress inside a body from the existence of a known,

or highly probable, stress outside it. All one could do was to examine
the consequencM oiF assuming certain stresses, and to reject thoM whidi
did not work well After going into considerable detail, the only,two
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which seemed possible were the second and third above (those of

equations (186) and (188) above). As regards the seventh (Maxwell's

stress, equation (198) above), the apparent simplicity produced by the

union of intrinsic and induced magnetization, turned out, when ex-

amined into its consequences, to lead to great complication and un-

naturalness. This will be illustrated in the following example, a simple

case in which we can readily and fully calculate all details by different

methods, so as to be quite sure of the results we ought to obtain.

A foorked-md Example io exhibit the Forcives contained in Different Stresses.

§ 36. Given a fluid medium of inductivity /ij, in which is an intrinsic

magnet of the same inductivity. Calculate the attraction between the

magnet and a large solid mass of different inductivity /Xy Here it is

only needful to calculate the force on a single pole, so let the magnet
be infinitely thin and long, with one pole of strength m at distance a
from the medium ^, which may have an infinitely extended plane

boundary. By placing a fictitious pole of suitable strength at the

optical image in the second medium of the real pole in the first, we
may readily obtain the solution.

Let PQ be the interface, and the real pole be at A, and its image at

B. We have first to calculate the distribution of R, magnetic force, in

both media due to the pole m, as disturbed by the change of inductivity.

We have div/XjE,=m in the first medium, and divfjifi^ = 0 in the

second, therefore R has divergence only on the interface. Let a- be
the surface-density of the fictitious interfacial matter to correspond

;

its force goes symmetrically both ways ; the continuity of the normal
induction therefore gives, at distance r from A, the condition

(199)
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because m/4irftjr2 is the tensor of the magnetic force duo to m in tiw-

fj^ medium when of infinite extent. Therefore

*
(joo;

The magnetic potential S2, such that R = - yl2 is the polar fime n
either region, is therefore the potential of m/^ at A and of o- awmr the

interface.

But if we put matter » at the image of amount

n^tiZJb.^ (201)

the nonnal component of B. on the side doe to « and tha pole m
wiUbe

-i<r, (202)
TWrt na 17UI

the same value as before ; the force on the /tj side is, therefore, the

same as that due to matter m/fx, at A and matter n at 6 ; whilst oo

the fi| side the force is that due to matter m/fij at A aiul matter «

also at A, that is, to matter at A Thus, in the fi« medium the

force radial from A as if there were no change of induettTiftfi

though altered in intensity.

The repulsion between the pole m and the solid mass is not the

repulsion Detween the matters tn/f^ and n of the potential, but is

= 711 X magnetic force at A due to matter n at B,

«- n X magnetic force at B due to matter m at A,

» WW ^ IH-ih ^ ZOOS)

becoming an attraction when ii^> i*^ making n negative. When
/x, = 0, the repulsion is

'47r/ii(2(/)2'

when yL^= 00, it is turned into an attraction of equal amount.

Similarly, if we consider the attraction to be the resultant force

hetwaen m and the inteifiicial matter <r, we ahall get the same resnlt by

2^. • m
the quantity summed (over the interface) being <r x normal component

of magnetic force due to matter in in a medium of unit inductivity, or

the normal component of induction due to m in its own medium.

For this is

J4irr3 fti+fi^ 2«>i,r' 4ir/«j /«i+<«,J.i*
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Another mj is to ealenkte tho Tarlatioii of energy made by dieplao-

ing either the pole III or the fly niM. The potential enei^gy is expreeeod

2 (205)

where P» mliwujr and <r/4«r, the potentials of matter m/fi^and ov
where r is the distance Rom m or from o- to tihe point where P and p
are reckoned.

The value of the second part in (205), depending upon o-, comes to

^^a^ w
and its rate of deeiease witii respect to a expresses the repulsion
between the pole and the f4 region. This gives (203) again.

A fourth way is by means of the (^m^^'•electromagIletic force on
fictitious interfacial electric current, instead of matter, the current

being circular about the axis of sjrmmetry AB. The formula for the

attraction is

2 V curl B. Bo, (207)

if Bq be the radial magnetic force from ?n in its own medium, tensor

mjiirfx^r'. Here the curl of B is represented by the interfacial discon-

tinuity in the tau^ential induction, or

Also the tangential component of is mz/ir/i^. Therefore the

repulsion is

i^.lh^. J!^2^rfr- r^^r
J4«i* iiTfij^f* 4»f»j fh+ MsJ- »*

^rr^l^^l

as before, equation (203). This method (207) is analogoas to (204).

§ 37. There are several other ways oi representing the attraction,

employing fictitious matter and current ; but now let us change the

metliod, and observe how the attraction between the magnetic pole and
the iron mass is accounted for by a stress-distribution, and its space-

variation. The best stress is the third, equation ( 1 88), ^31. Applying
this, we have simply a tension of msgnitude ifhA'^ri in the first

medium and Ifj^ = 7, in the seoond, parallel to Bj and respeo-

tively, each combined with an equal latend pressure, so that toe tenser

of the .stress-vector is constant.

But, so far as the attraction is concerned, we may i^'nore the stress

in the second medium altogether, and consider it a^i the ^F^. of the

stress-vector in the hi*st medium over the surface of the second medium.
The tangential component summed has zero resultant; the attraetton

is therefore the sum of tiie normal eomponeota^ or 2 T^eoa 2^|, where

0i ia the angle between B^ and the normaL This is the aama ss
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- if^i^y - ^rh '^^M JSr ue the nonnil and taogoDtuU emupaueeti

of &|) or

which on evaluation gives the required lesult (203).

But this method does not give the troe distribution of translation&l

force due to the stresses. In the first medium there is no translationai

force, except on thu magnet. Nor is there any translational forc^ ir

the second /x^ medium. But at the interface, where p. changes, there
the force - j^IP^fi per unit volume, and this is represented by tlit

sfereH-dlffereDce at the Interftce. It is easily seen that the taagoiilial

streiw diffeience is aero, because

T8m2e = fxL'Jlr, i -lu

and both the normal induction and the tangential magnetic force are

continuous. The real force is, therefore, the difference of the normal
components of the stress-vectors, and is, therefore, normal to the inter^

&oe. This we eonld conclude from the expression Stet

since the resultant of the InterfiMial stress In the second meoiiim is

aero, we need not reckon it, so far as the attraction of the pole is coo-
cemed. The normal traction on the inteifkce» due to both stresses, is

of amount

j^^ U^a* (311)

per unit area. Summed up, it gives (203) again.

That (211) properly represents the force - JA*^/i when fi is discon
tinuous, we may also verify by supposing /x to vary continuously in *
very thin layer, and then proceed to the limit.

The change from an attraction to a repulsion as /i^ changes from*
being greater to being less than depends upon the relative import-
ance of the tensions parallel to the magnetic force and the lateral

pressures operative at different parts of the interface. In the extreme
case of = 0, we have Rj tangential, with, therefore, a pressure every-

where. For the other extreme, B, is normal, an<l there is a pull on

the second medium everywhere. When fi^ is finite there is a certain

circular area on the interface within which the translational force due
to the stress in the medium containing the pole m is towards that

medium, whilst outside it the Ibfee is the other way. But when both
stresses are allowed for, we see that when f4>/«| the pull Is towards
the first medium in all parts of the Interface^ and that this becomes a
posh in all parts when t^>t»r

A D0nii$ Stress only obtainable by Kinetic Consideration of ih$ CimtUal
Equalions and Storage and Flux of Energy,

§38. We see that the stress considered in the last paragraph gives a
rationally intelligible interpretation of the attraction or repulsion. The
same may be said of other stresses than that chosen. JBut the use of
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Maxwell's stress, or any stress leading to a force on inductively mag-

netized matter as this stress does, leads us intt) great difficulties. By
(198) we see that there is tirst a bodily force on the whole of the /z^

medium, became it is magiielisecl, miless f^-l. When Kunmed up,

the resultant does not give the required attraction. For, secondly, the

f4 mediom is also magnetized, unless » I, and there is a bodfly force

throughout the whole of it. When this is summed up (not counting

the force on the magnet), its resultant added on to the former resultant

still does not make up the attraction (t.c., equivalently, the force on the

magnet). For, thirdly, the stress is discontinuous at the interface

(though not in the same mauuer as in the last paragraph). The
resultant of this stress-discontinuity, added on to the former resultants,

makes up the required attraction. It is unnecessary to giTe the details

relating to so improbable a system of force.

Oar preference must naturally be for a more simple system, such as

the previously considered stress. But there is really no decisive settle-

ment possible from the theoretical statical standpoint, and nothing

short of actual experimental determination of the strains produced and
their exhaustive analysis would be sufficient to determine the proper

streas-fiinction. But when the subject is attadmd finpm the dynamical
standpoint^ the indeteiminateness disappears. From the two circuital

laws of Tftriable states of electric and magnetic force in a moving
medium, combined with certain distributions of stored energy, we are

led to just one stress-vector, viz. (136). It is, in the magnetic case, the

same as (188): that is, it reduces to the latter when the medium is

kept at rest, so that J„ and G,, become J and G.

It is of the simple type in case of isotiopy (constant tensor), but is a

rotaiional stress ra general, as indeed are all the statically probable

stresses tiiat suggest themselTes. The translational force due to it

being divisible conveniently into (a), the electromagnetie force on
electric current, (6), the ditto on the fictitious electric current taking

the place of intrinsic magnetization, (c), force depending upon space-

variation of /X ; we see that the really striking part is (h). Of all the

. various ways of representing the forcive on an intrinsic nmLrnet it is

the most extreme. The magnetic ''matter" does not enter miu it, nor

does the distribution of ma^etisation ; it is where the intrinsic force

ho has curl that the translational force operates, usually on the sides of

a magnet From actual experiments with bar-magnets, needles, etc,

one would naturally prefer to regard the polar regions as the seat of

translational force. But the equivalent forcive - JqB has one striking

recommendation (apart from the dynamical method of deducing it),

viz., that the induction of an intrinsic magnet is determined by curlhj,,

not by ho itself; and this, I have shown, is true when ho is imagined to

vary, the whole varying states of the fluxes B, D. 0 due to impressed

force being determined by the curb of % and h^^ which are the sources

of the disturbances (though not of the energy).

The rotational peculiarity in eolotropic substances does not seem to

be a very formidable objection. Are they not solid t

As regards the assumed constancy of ft, a more complete theory
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must, to be correct, reduce to one assuming constancy of /a, because, as

Lord Rayleigh* has shown, the assumed law has a limited range of
validity, and is thorefore justifiable as a prepanti<m for mote oooplete
views. Theoretical leqninmontB aie not identical with those of the

* practical engineer.

But, for quite other reasons, the dynamically determined stress might
be entirely wrong. Electric and magnetic "force" and their energies

are facts. But it is the total of the enei^ies in concrete cases that

should be regarded as the ft4sts» rath» than their distribution; for

example, thaC as Sir W. Thomson proved, tiie "meehanical value" of
a simple closed current C is }XC^, where L is the inductance of the
circuit (coeflBcient of electromagnetic capacity), rather than that its

distribution in space is given by AHB per unit volume. Other distri-

butions may give the same total amount of energy. For example, the

energy of distortion of an elastic solid may be expressed in terms of the

square of the rotation and the square of the expansion, if its boundary
be held at rest; but this does not correctly localise the eneigy. If,

tiien, we choose some other distribution of the energy for the same dis-

placement and induction, we should find quite a different flux of energy.

But I have not succeeded in making any other arrangement than Max-
well's work practically, or without an immediate introduction of great

obscurities. Perhaps the least certain part of Maxwell's scheme, as

modified myself, is the estimation of magnetic energy as ^HB in

intrinsic magn^ as well as outside them, that is, by ^B/»'^B» however
B may be caused. Yet, only in this way are thoroughly consistent

results apparently obtainable when the electromagnetic field ia con-

sidered comprehensively and dynamically*

Appendix.

Beoeived Jane 27, 1891.

Bttmtkm 0/ As Kindk M«tM nf arrmng ai Ihe Sbrtsaes to patei^Nm-
linear Connedion hdween the Electric and Magnetic Farces ind Ks
Fkaes, Prttermlioii of Type of ike Fimof Ener^ Formvla,

§ 39. It may be worth while to give the results to which we
are led legardmg the atress and flux of energy when the restriction

of simple proportionality between ''forces" and fluxes," electric

and ma^etic respectively, is removed. The course to be followed,

to obtain an interpretable form of the equation of activity, is

sufficiently clear in the light of the experience gained in the case

of proportionalitV.

First assume that the two dreuital laws (89) and (90), or the two in

(93), hold good generally, without any initially stated relation between

the electric force B and its asBodated fluzea 0 and or between the

• PhiL Mag., Januaiy, 1887.
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magnetic force H and its associated fluxes K and B. When written in

the fonn most convenient for the present application, these laws are

ciirl(H-ig-J«-G+^-l-(DdiTq->DV.q)^ (213)

- cnxl (I- io) ->ao-K+ + (B div q -BV.q) (313)

Now derive the equation of activity in the manner previously followed,

and arrange it in the particular form

V» +Mo+ conV V(B - ej)(H - ho)« (BC +HK) + (b^+h^)
+(B.DV.q-XD div q) +(H.Bv.q -HB div q), (214)

which will best fiudlitate interpretatioit

Although independent of the relation between B and B, etc, ofcourse

the dimensions must be suitably chosen so that this equation may really

represent activity per unit volume in every term.

rJow, guided by the previous investigation, we can af?8umo that

(6^0+ hoSo) represents the rate of supply of energy from intrinsic

sources, and also that y(B - e^XH - h^), which is a flux of energy
independent of q, is the correct fonn in general Also, if there he
no other intrinsic sources of energy than e^, h,, and no other flnzes of
energy besides that just mentioned except the convective flux and that

due to the stress, the equation of activity should be representable by

(Mo + +«»v [V(» - «o)(H - ho)+ q(i7+ i)]

-(Q+ l?'+i)+Fq+convQ^

^(Q+U+f) + ^qvqy (215)

where Q is the conjugate of the stress-vector, F the translational force,

and Qf U, and T the rate of waste and the stored eneigies, whatever
they may he.

Comparing with the preceding equation (2 H), we see that we reqoire

+[B.D^.q-^- lO<^^ti+[H-Bv.q-(HB-T)diTq]. (216)

Nowaasame that there isnowaste ofenergy except by conduction; then

g = EC + HK (217a)

Alio aisume that l^^-B^. ?4^=H^ (21W)
oi of 01 ot

These imply that the relation between E and D is, for the same particle

of matter, an invariable one, and that the stored electric energy is

BcflO, (218)

where B is a function of D. Similarly,

r-j'HdB (31«)
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expresses the stored nugnettc Bnergy, and H muflt be ft definite taetioa
of B.

On theee eMomptionB, (216) redoeet to

Z<|V9-[X.DV.q-(3BD- COdiyq]-f[H.B7.q-(HB-T)diTqJ, (880)

from which the stress-vector follows, namely,

P.v = [E.DN-N(ED- {/)] + [H.BN-N(HB-r)3. (221)

Or, P,= (VDVBN+llfO + (VBVHK+llI). (222)

Thus, in case of isotropy, the stress is a tension U parallel to E com-

bined with a lateral pressure (ED - U) ; and * tennon T penllel to H
combined with a lateral pressure (HB - T).

The corresponding translational force is

F-=EdivD-|-BV.B-y(BD- £/)-HHdivB-HBV.H~ V(HB-r), (223)

which it is unnecessary to put in terms of the currents.

Exchange E and D, and H and B, in (221) or (222) to obtain the

conjugate vector ; from which we obtain the flux of energy due to

the stress,

- jQ, = D .Bq - q(ED - [/) + B . Hq - q(HB - T)

-VBVBq + VHVBq + q( £;--{- J), (224)

or -g%=\eE + YEh + q{U+T), (225)

where e find h are the motional electric and magnetic forces, of the same
form as before, (88) and (91) ; so that the complete form of the equation

of activity, showing the fluxes of energy and their convergence, is

Vo +Mo + conv [V(E - eo)(H -h,) + q{U+ T)]

-conv[VeH-h VBli+q(£/-»-r)]-Pq+(g+ l/+Tu (226)

where F has the almve meaning.

There is thus a remarkable preservation of form as compared with
tht' corresponding formulaj when there is proportionality between force

and Hux. For we produce harmony by means of a Poynting flux of

identical expression, and a tiux due to the stress which is aUo of

identical expression, although U and T now have a more general

meaning, of course.*

* As the inveatigation in this Appendix bM some pretensioos to generality, we
should try to settle the amovuit it ! fairly entitled to. No objection is likely to

be raised to the ase of the circuital equations (212), (213), with the restriction of
strict proportionality between £ and H and the fluxes D and B, or 0 and K entirely

removed ; nor to the estimation of Jq and Oo as the " true " currents ; nor tu the
use of the same form of flax of electromagnetic energy when the medium is

stationary. For these things are obviously suggested by the preceding invest!-

gations, and their justitiuation is in their being found to continue to work, which
I the case. But the use in the text of language appropriate to linear functions,

which arose from the notation, etc., being the same as before, is unjustifiable.

We mayi however, remove this misuse of language, and make the equation (228),
•bowing the flux of energy, rest entirely upon the two circuital equations, la
fact, if we substitute in (226) the nktioos (217a)» (2176), it beoomee bmnIj a
particular way of writing (214).

it, therafora, to (317a), (217fr) tint we ahoald look for limitetioos. Ai TC«Hde
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ExampU of the above, and Remarks on Intrinsic Magnetization when
there is Hysteresis,

§ 40. In the Btress-vector itself (for either the electric or the magnetic
stress) the relative magnitude of the tension and the lateral pressure

varies unless the curve connecting the force and the induction be a

straight line. Thus, if the curve be of the type shown in the first

figure, the shaded area will

represent the stored energy
and the tension, and the

remainder of the rectangle

will represent the lateral

pressure. They are equal
when H is small ; later on
the pressure preponderates,

and more and more so the

bigger H becomes.

But if the curve be of the

type shown in the second
figure, then, after initial

equality, the tension pre-

ponderates
;

though, later

on, when H is very big, the

pressure preponderates.

To obtain an idea of the

effect, take the concrete

example of an infinitely

long rod, uniformly axially

inductized by a steady

current in an overlapping

solenoid, and consider the

forcive on the rod. Here
both H and B are axial or longitudinal ; and so, by equation (223), the

translational force would be a normal force on the surface of the rod,

acting outwards, of amount

(HB-D-iHoBo
per unit area ; this being the excess of the lateral pressure in the rod
over J//o/^o» the lateral pressure just outside it

In case of proportionality of force to fiux, the first pressure is J//J5,

and, if there is no intrinsic magnetization, H and are equal. The

(217a), there does not aeem to be any limitation necessary. That is, there is no
kind of relation imposed between B and C, and H and K. This seems to arise

merely from Q meaning energy wasted for good, and having no further entry into

the system. But as regards ('21 7&), the case is different For it seems necessary,

in order to exclude terms corresponding to Eidcfdt)^ and H(^/i/^OH in the linear

theory, when there is rotation, that E and D should be parallel, and likewise H and
B. At any rate, if such terms be allowed, some modification may be retjuired in

the subsequent reckoning of the mechanical force. In other respects, it is merely
implied by (217&) that E and D are definitely connected, likewise H and B, so that
there is no waste of energy other than that expressed by Q.
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outward force is therafore positiye for paramagnetic, and ncgatrre for

diamagnetic substances, and the result would be lateral expuiBioii or
eontraction, since the infinite length would prevent ploncration

But if the curve in the rod be of the type of the first figure, and th-=^

straight line ac be the air-curve to correspond, it is the area abc that nr w
represents the outward force per unit area when the magnetic force has the

vaJue ad. If the straight line can cross the curve ab, we see that by saM-
dentlj increasing H we can make the external air-preamre prepondeiali^

0 that the rod, after initially expanding^ would end by contracting.

If the rod be a ring of large diameter oompared with its thickness, the

forcive would be approximately the same, viz., an outward surface-force

equal to the difference of the lateral pressures in the rod and air. The
result would then be elongation, with final retraction when the external
pressure came to exceed the internal.

Bidwell found a phenomenon of this kind in iron, but it does not seem
poeaible that the ahore suppodtitiona ease Is capable of ozplnining it,

though of conna tha tnia «ipIanation may be in aome reapecta of a
almilar nature. Bat the eircnmstances are not the same as those

supposed. The assumption of a definite connection between H and B,

and elastic storage of tlie energy 7\ is very inadequate to represent (he

facts of magnetization of iron, save within a small range.

Magneticians usually plot the curve connecting H - Jiq aud By not

between H and J?, or which would be the same, between H—h^ and
B-B^ where B^ is the intrinsic magnetifation. Now when an iron

ring ia subjected to a given gaussage (or magnetomotiyo foroeX going
through a sequence of values, there is no definite curve connecting
H—ho and B, on account of the intrinsic magnetization. But, with
proper allowance for Aq, it might be that the resulting curve connecting

H and B in a given specimen would be approximately definite, at any
rate, far more so than that connecting H~\ and B. Granting perfect

definiteness, however, there is still insufficient information to make a

theory. The energy put into iron ia not wholly stored ; that is, in

increasing (he coil-current we increase JB'^ as well as B, and in doing to

dissipate energy ; but althoush we know, by Ewingfs experiments, the

amount of waste in C3'clical cnanges, it is not so clear what the rate of

waste is at a given moment. There is also the further peculiarity that

the energy of the intrinsic magnetization at a given moment, though
apparently locked up, and really locked up temporarily, however loosely

it may be secured, is not wholly irrecoverable, but comes into play

again when H is reTersed. Now it may be that the energy of the

intrinsic magnetization plays, in relation to the stress, an entirely

different part from that of the elastic magnetization. It is easy to maJke
up formulae to express specisl phenomena, but very difficult to make a
comprehensive theory.

But in any case, apart from the obscurities connected with iron, it is

desirable to be apologetic in making any application of Maxwell's

stresses or similar ones to practice when the actual strains produced are

in ouestion, bearinginmina the difficulty ofinteipreting and harmonising
with Mazwell'b theory (ha reanlta of Keir» Quincke^ and others.
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LUI. THE POSITION OF 4jr IN ELECTKOMAGNETIC UNITS.

tyaime, Jufy^ 1W8> p. 29SI]

Thkre i&f I believe, a growing body of opinion ihaL the present system

of electric and magnetic unite ii inoonyenient in pnetice, by reaaon of
the occurrence of 4ir as a fiMtor in the specification of quantities which
have no obvious relation with circles or sphene.

It is felt that the number of lines from a pole should be m rather

than the present 47r;/i, that "ampere turns" is better than ivnCf that

the electromotive intensity outside a charged body might be or instead

of iwa-f and similar changes of that sort ; see, for instance, Mr. Williams's

recent paper to the Physical Society.

Mr. Heaviside, in his artides in The Electrician and elsewhere, has
strongly emphasized the importance of the change and the simplifi-

cation that can thereby be made.
In theoretical investigations there seems some probability that the

simplitied formulae may come to be adopted

—

ft- being written instead of 4s/c, and k instead of

but the question is whether it is or is not too late to incorporate the

practical outcome of such a change into the units employed by electrical

en^eers.
For myself I am impresseil with the extreme ditiiculty of now

making any change in the ohm, the volt, etc., even though it be only a
nmnerical change ; bnt in order to find out what practical proposal the
supporters of the redistribution of had in their mind, I wrote to
Mr. Heaviside to inquire. His reply I enclose ; and would merely say

further that in all probability the general question of units will come
up at Edinburgh for discussion.

Oliver J. Lodgk.

My dear Lodge,— I am glad to hear that the question of rational

electrical units will be noticed at Edinburgh— if not thoroughly dis-

cussed. It is, in my opinion, a very iniix)rtant question, which must,

sooner or later, come to a head and lead to a thoroughgoing reform.

Electricity is becoming not only a master science, but also a yery
practical science. Its units should therefore be settled upon a sound
and philosophical bjisis. I do not refer to practical details, which may
be varied from time to time (Acts of Parliament notwithstanding), but

to the fundamental principles concerned.

If we were to deiine the unit area to be the area of a circle of unit

diameter, or the unit volume to he the volume of a sphere of unit

diameter, we could, on such a basis, construct a consistent system of

units. But the area of a rectangle or the volume of a parallelepiped

would involve the quantity ir, and various derived formulje would
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poMess the fame peculiarity. No one woiOd deny that such a system
was an absurdly irrational one.

I muintnin that tho systom of electrical units in present use is founrlefl

upon a similar irrationality, which pervades it from top to bottom.

How this has happened, and how to cure the evil, I have considered in

my papers—first in 1882-83, when, however, 1 thought it was hopeless

to expect a thorough reform ; and again in 1891, waen I have, in my
" Electromagnetic Theoiy," adopted rational units from the beginning
pointing out their connection with the common irmtional units sepa-

rately, after giving a general outline of electrical theory in terms of the
rational.

Now, presuming provisionally that the first and second stages to

Salvation (the Awakening and Hcpentance) have been safely passed

through, which is, however, not at all oertain at the present time, the
question arises, How proceed to the third stage, Reformation ? Theo-

retically this is quite easy, as it merely means working with rational

formulae instead of irrational ; and theoretical papers and treatises may,
with great advantage, be done in rational fomiulre at once, and irre-

spective of the refoi^m of the practical units. But taking a far-sighted

View of the matter, it is. I think, very desirahle that the practical units

themselves should be rationalised as speedily as may be. This must
involve some temporary inconvenience, the prospect of which, unfortu-

nately, is an encouragement to shirk a duty ; as is, Hkexvisc, the

common feeling of respect for the labours of our j)rc<]eccs.s(ir>:. But
the duty we owe to our followers, to liu'hten their labours j>tTmanently,

should be paramount. This is the main rea^ion why I attach so much
importance to the matter; it is not merely one of abstract sdentifie

interest^ but of practical and enduring signincanee ; for the evils of the

present system will, if it continue, go on multiplying with every
advance in the science and its applic^ations.

Apart from the size of the units of length, mass, and time, and of

the dimensions of the electrical quantities, we have the following

relations between the rational and irrational units of voltage F, electric

eurrent C, resistance inductance £, permittance 5, electric charge Q,

electric fbree E, magnetic force IT, induction B. Let stand for 4ir,

and let the suffixes , and , mean rational and irrational (or ordinary).

Also let the presence of square brackets signify that the "absolute"

unit is referred to. Then we have

—

m w iCr] (Q.y

IK] [i.] [X
The next question is, what multiples of these units wc should take to

make the practiuil units. In accordance with your request 1 give my
ideas on the subject, premising, however, that I think thero is no
finality in things of this sort.

First, we let the rational practical units be the same multiides
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of the ** absolute" rational units as the present practical units arc

of their absolute progenitors, then we would have (if we adopt the

centimetre, gramme, and second, and the convention that /a = 1 in

etlier)

[Br] X 10* snew ohm times old.

[Lr] XW -•new mac

[6V]x 10-9 = new farad — * „

[C,]x 10-1 = new amp

[rj X 108 snew Tolt

lO^ergB c-nev joule oold joule.

lO' ergs iMjr sec. =iiew watt «o1d watt.

I do not, however, think it at all desirable that the new units should
follow on the same rules as the old, and consider that the following

system is preferable

[iZr]xl09 -new ohm

[Lr] X lO' a>new mac

[S^] X IQ-^ = new farad

[CV] x 1 =» new amp

[J\]xW -new volt

10^ ergs» new joule

10^ ergs per sec. —new watt

It will l>e observed that this set of pnictical units makes the ohm. mac,

amp, volt, and the unit of elasUiuce, or reciprocal of permittance, all

larger than the old ones, but not greatly larger, the mmtipUer varying

roughly from 1} to 3|.

What, however, I attach particular importance to is the use of one
power of 10 only, viz., \0^, in passing from the absolute to the practical

units; instead of, as in the common system, no less than four powers,

10', 10', 10**, and 10^. I regard this peculiarity of the common system
as a needless and (in my experience) very vexatious complication. In

the 10" system I have described, this is done away with, and still the
practical electrical units keep pace fairly with the old ones. The
multiplication of the old joule and watt by 10 is, of course, a necessary

accompaniment. I do not see any objection to the change. Though
not important, it seenis rather an improvement. (But transformations

of units are so treacherous, that I should wish the whole of the above
to be narrowly scrutinized.)

H.B.P.~V0L. II. So

— X old ohm.
10

= X old mac

= I? X old ftirad.

= X old amp.

^ X X old volt.

» 10 X old joule.

» 10 X old watt.
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It is suggested to make 10' the multiplier throughoat^ and the
results are :

—

[Br]xlO ' = new ohm =x- x old ohm.

[Lf] X 10'* snew mac x old mac.

[iS'^]xlO-'«inewfarod»fl(-s x old farad.

[6V]x 1 anew amp ^-— x old amp.

[Fr] X 10* »new Tolt ^lOxx old volt

lO'* ergs = new joule = 10- x old joule.

10'' ergs p. sec. s new watt = 10^ x old watt.

But I think this system makes tiie ohm inconveniently hig; and has
some other objections. But I do not want to dogmatize in these
matters of detail. Two things I would emphasize :—First, nitioi

the units. Next» employ a single multiplier, as, for example, 10^.

Oliver Hkaviside.

PAteMTOK, Davoir, July 16» 1602.

CORRECTIONS. VOL. U.

p. 69, equation (516), chauge aign of lost term from - to -H, at in (73), p. 192.

p. 69, equation (526), change sign of last term from + to as in (72). p. 198,

and for )[ read )*'[, to agree with (72), p. 192.

p. 316, equation (iOfj), the lower limit should be Zg.

p. 355, last line, far 361 read 301.

p. 387» seventh line, /or 153 read 888.

p. 4410^ seoond liiie,>br fiiiotioii torsadfesotioii of to.
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Absorption, (1) 428. 432. 479.m
Action at a distance, (2) 4dQ
Activity, equations of, {1} 450, 521 ;

(2) 174. 53o. 547. &I2
mutual, [1} 522

Admittance, (2) 351
Ampere, theory of magnetism, (JJ l&l

electrodynamics, QJ 238^ ^ 482,
559

Analogies, conduction, induction, and
displacement, (1) 472

magnetization ana electrization, (JJ
4X<)

electric and magnetic (various), (1)

509-15
moving isotropic and stationary eolo-

tropic medium, {2} 4flil

induction in core and current in wire,

(2) 30, 51
waves along circuit and waves along

cord, (2) 349» 4Q1
hydraulic, (1) 90
telegraph cable and inductized core,

(Ij 399
liquid in pipe and current in wire,

(2100, im
Anglo-danish cable, unilateral effect,

speeds of working on, {1} 62
Arrival -curves on cables, {1} 50-1. 68,

7'2.4

calculation of, (1) 78-95. 125
in cores and wires, (jj 39ii ; (2] 58

Atomic currents, [1} 490
Attenuation, (2} 120, 129^ Ififi

tables of, (2) 346, 350
Ayrton and Perry, (1] 39, 332 ; (2) 245,

367. 486
Axioms of thermodynamics, {1} iSl

Tlain, (1) 138
Balances, true and false, (2) 100. 115

periodic, (2) llMi

iron against copper, (2) 115
with the Christie, (2) 3,3 38. 256-292.

lk£^—VOL. II. :

Berliner, (JJ IfiS

Bessel functions, {1} 173, 360, 381 ; (2)

48, 176, 445
diSerent forms of, (2} 445
of any order, (2] 467
complementary, (2) 445, 467
in plane waves, (2) ill
in spherical waves, (2) 428

Bidwell, retraction of iron, (2) 574
Blaserna, oscillations, [\} (il

Blyth, arc microphone, (JL) 182
Boascha's corollaries, {1} 21
Bottomley, (2) 42, 113
Boundary functions, connection with

electrical distributions, (jj 552^6
Bridge {see Christie)

system of telephony, (2) 251
across circuit, effect of, (2) 123

Budde, {1} 328

Capacity {nee Permittance)
Cardinal formula. (2) atU.

Carnot, Qi 316^ 486
Cartesian expansions, (2] 16
Cayley, A., (2)382
Characteristic function, {1} 412-15 ; (2)

261, 311
degree of, [Ij 540

Chemical contact force, {1} .337-42.

472
Christie balance, (2) 102, 256

of exact copies, (2) 257
of reduced copies. (2j 104. 258
conjugate conditions of. [2] 263
of self-induction, (2) 263
practical use of, (2j 265
peculiarities of, (2) 270
simple-periodic, [2] 106. 270
disturbance of, by metal, (2) 273
of resistance, permittance, and induct-

ance, (2) 280
of self ana mutual inductance, 107,

2fll

miscellaneous arrangements of, (2) "'^^fi

of thick wires, (2) 116
applied to telegraph circuit, (2) IM
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Circuital, (JQ 279, 344, 435, etc.

distributions, (2)
law, first, m ifia

law, seconaTOJ HI
equations, (JJ 449j [2] 8, 174, 468.

497 . 540. 541. 543. 571.

Clark, Latimer, (1) 2
Clausius, (1) 179, 296, 316, 327, 487 ;

(2) 501
Closure of electric current, QJ 559
Coils with cores, combinations of, (1)

402-416

in parallel, equivalent to one, (2) 292
combinations of, with S.H. voltage,

(1) 114
Comuliancy, (2) 512
Condensers, in sefiuence, [1} 425
theory of signalling w^ith, Qj 47i 53
theory of combination of shunted, (1)

536-42

Condenser, electromagnetic wave on dis-

charge of, (2) 465
Conductance, CU 329 ; (2) 24, 125
Conduction and displacement (simul-

taneous), (1) 494-509
Conductors, aiflFusion of current in

(nature of), (2) 3S5
Conjugacv of conductors (conditions of),

(2) 232
Conjugate property, of normal systems,

(D 8L 128, 390, 396, iOl; (21 53^

178, 202
general, (1) 143. 523
m electrical arrangements, (2) 2)5

Conjugate vector functions, (2) L2
Conservation of energy, (I) 291-303
Contact layers, Q) 342, 3MI
Convection-current, (2) 400-518

produces plane wave, (2^ 493. 511
equatorial concentration, (2j 493, 496.

511
energy of, (2) 493, 505. 514
mutual energy of two point-charges,

(2151)1
general thcorj' of, (2) .5QS

at speed greater than light, (2) 494.

496, 515
at speed less than light, (2) 495
equilibrium surfaces, (2) 514
charged straij^ht line, (2) 516
charged plane, (2) 517
bidimensional solution, (2) 517

Convergence, (il 210, 215
Coulomb, (1) 278
CuUey, R. S., (1) 62
Cumming, (IJ 311
Curl (of a vector), (1) 199, 44^

at a surface. ( 1 ) 200
inverted, ( 1 ) 220
of impressed forcive (source of dis-

turbances), (2j 60. 3fil

Current, a function of magnetic forc«,

11)12S
straight, magnetic force of, (1) I2S
true (Marwell's). (1)433
sheet, (1) 205, 227
elements, (2| 310, 5Q1
in wires, magnetic theory, (2) 58. 181

Cycles in a mesh of conductors, (2) IQS

Daniell's cell, (1) 2
Davies, (2} 41
Deflection of wave, (2} filfl

Deprez, Marcel, (IJ 2M
Determinantal ec{ nation, (IJ 415
and differential e<|uations, (2) 261

Determinateness of distributions, (1)

497-506

Determination of potential from surface
value, (T) 553

Dielectric, (1) 4.33

moving, (2) 422
Diffusion of current in wires, (21 44ifil

Diffusion effect, (2) 2Ii
nature of, (2) 385
conductive, (IJ 3S4

Differentiation of vectors, (2) 531

Displacement, (1) 432. 42^
circuital, (IJ 4M
instantaneous vanishing of, (1) 534
persistence of, (2) iM

Dissipativitv, (1), 431
Distortion, (2) 120. IM

of plane waves, (2) 4S2
abolition of, (2), 512
in telephony, causes of, (21 347

Distortionless circuit, (21 12.3- 155

short theory of, (2j 307
with terminal short-circuit, (2) 131,

312
with terminal resistance, (2) 13Q
with terminal complete absorption,

(2) 127. 311

with terminal partial absorption, (2)

133-5. 312
best arrangement of, (2) 136. 323.

in parallel, (2) 131
with intermediate resistance, (21^ 138,

315
of different types, (21 152
with variable speed of current, (2)

l.')3. 316
with intermediate bridges, (2) 315
approximate, (2) .345

establishment of current in, (21 313
Divergence of a vector, (1) 209. 444

of coefficients in normal systems, (IJ

90 5.30

Dividc^l core, (l) 374
Divided iron equivalent toself-indactioo,

(2) 275
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Division of discharge, {1} IM
Duplex method (electromagnetic), (1)

449, 542; (2} 112
Duplex telegraphy, Ointl's method, {1}

18 ; Frischen'^s, (1) 19i Eden's, Q)
21

;

Steams', (1) 21

by balancing battenes, {1} 22
by Bridge system, theory of sensitive-

ness, (j ) 24
by differential system, theory of

sensitiveness, (1) 311

variations of balance in, {1} 32
with balanced capacity, (1) 25

Earth, as a retnm conductor, (1) 120
magnetic force of current in, (l) 2!M
currenU, (T) 3Sil

EdisoD, T. A., problem, {JJ 34
etheric force, LL) lil ; (2)

Effective resistance and inductance, or
conductance and permittance, (2)

ElasUnce, (1)512; (2} L2a
Elastivity, (2] 125
Elastic solid (generalized), (2) 535 9
Electret, (2}^
Electric energy, (1) 432^ 4fifi

various expressions for, (T) 506
Electrification in a conductor, (JJ 42fi

Electric impulse, {1} all
Electric connexions (summary), (2) 375
Electrization, (JJ 4iii4

Electromagnets, (1)

Electromagnetic force, from stress, (JJ

Electromotive forces, method of com-
paring, yj 1

Electromagnetic field, (2} 251
flux of energy in, (2] 525. 541-3

equations of the, (2) 539
stress in the, (2) 548
force in the, (2r546. 558

Electrostatic time-constant of circuit,mm
induction, (JJ 111

Energy, electric, (JJ 432
maguetic, (2) 434
mutual, of magnetic shells, (IJ 234

of linear currents, (JJ 235
of current systems, (I) 24Q

self, of current system, (JJ 248
magnetic, localization of, (JJ 248
minimum property of, (JJ 251
transfer of, (JJ 282^ 434-41. 450

;

(2)

54 13. 511
Bkjual roots (in normal systems), (JJ

529
Equilibrium surfaces in movingmedium,

(_2lai4

Eolotropic potential function, (2] 439

Eolotropy in Ohm's law, (J) 28f)-«H), 43Q
Equilibrium of stressed medium, (JJ

547

of stress, (2) 534
Ether, [IJ 420, 430. 433 ; (2) 525

gravitational function oTr(2) 528
force in free, (2) 651

Euler, (1) 381

Evaluation of constants in normal sys-

tems, (JJ 523-5. 529
Everett, (1) 179. 321
Ewiug, (1)365; (2) 275, 574
Extra-current, (Ij 53Jil

integral, {1} 121

False electrification, (1) 5Uli

electric current, (JJ 50(). 512
magnetic current, (JJ 509. 512

Faraday, (1) 19iL^ ML etc.

Faults (leakage), theory of effect on
signalling, (JJ 71-95.

Felici's balance, 12) UH
disturbed, theory, (2) 112

Fictitious matter and curreut on bound-
aries, (1) 549 ; (2) 554

Fitzgerald, G. F., (IJifil ; (2) 394. 489.

492. 508. 524
Fleming, J. A., (2) 108, 488-

Fluids (electric), (2) 80, 480.

Forbes. (2) 493
Flux of energy {see Transfer)

Flux (initial) due to impressed force,

cancelled later, (2] 412
Force, electromagnetic, (JJ 545; (2) aliO

magneto-electric, (JJ 545
on intrinsic magnets, (2] 550. 559
on inductively magnetized matter, (2]

55Q
(general) in electromagnetic field, (2)

546, 550. 569. 512
other forms of, got statically, (2)

561-3

between two regions, (2) 554
Forced vibrations of electromagnetic

systems (examples), (2) 233
Foucault currents, (2) IJJj 113
Fourier, QJ 201, 333 ; (2) 381

series, to suit terminal conditions, (JJ

92, 123. 151 ; (2) 391
integrals, (2) 414 ; evaluation of, (2)

478
Fourier's theorem, extension of, (JJ 154

Freedom, degrees of, in electrical com-
binations, (1) 540

Fresncl, (2) L 2, 3, 1_L 12^ 392, 521
Friction and electrification, (JJ 475
Functions, Fourier's, (J) Ihl

Bessel's, {1} 113
Murphy's, {1} U&
Legeudre's, (JJ HI
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Functions

—

spherical zonal harmonic, 229

;

expansion in series, (XI 142-150 ; (2)

201, 233
Function of wires, (2) 4SB

of self-induction, (2] 48fl

Galvanometer, resistance of, for maxi-
mum magnetic force, (1) 12, M

differential, for measuring small re-

sistances, 01 13
differential, resistance of coils for

maximum effect, (Jj Ifi

Generalization of resistiince to pass from
characteristic function to differ-

ential equation, QJ 415
Gibbs, Willard, (1) 212 ; (2) 20, 52M
GUtay, (2) SiS
Glaisher, J . W. L. , [2} 339
Glazebrook, (2] 521
Gtethe, (IJ 335
Granville, W. P., (2)425
Grassmann, (1} 212
Gravitation, (2J S22
Gray, Elisha, (2) 156
Green, [1} 555

Hamilton, Sir W. R., (IJ 207j (2) 5,

528. 557
Hamilton's cubic, (2) 13
Hall effect, yj 29Q
Heat, Joule's law, {\} 4DQ
developed in core, (JJ 364

Heaviside, A. W.
, (2J 83, 145, 185, 251,

323
Hertz, H., (2) 444. 489. 490. 503. 523-4.

550.3

Helmholtz, von, Q) 282, 342, 344, SSI

;

(21 552
Henry, Joseph, (Jl fil

Hindrance, (2) 488
Hockin, C, (21 24fi

Hughes, 1). E.
, (il 3r.5.fi ; (2} 28-30. 35^

38, 101, 111, m
Hydrokinetio analogy, (JQ 275
Hysteresis, in telepnone, [2] 158

outside mathematical theory, (2) 514

Identities, transcendental, (1) SS; (2)

245, 332, 445 H

Impedance, [jj 371 ; (2) 64^ 125. 1&5

equality rule, Li) 22 ; (2) 143. 354
of a wire, (2) 165
of circuits, (2) 64
equivalent, of telegraph circuit, (2)

72,341
reduced by inertia, (2} 65

Impedance

—

reduced by compliancy, (2) 71

magnetic, of short lines, (2) 61
influence of displacement on, (21 7 1 -(>

fluctuations with frequency, (21 73x
345

ultimate form with great frequency,

(2)16
extended meaning of, (2) 321

Impressed forces, effect of, (11 164 ; (2)

413
in dielectrics, {1} 411

Impulsive inductance and permittance,

(2) 359
inductance of telegraph circuit, (2)m
E.M.F. generating spherical wave,mm

Inanity of (2) 511
Index-surface, (2) 2
Inductance. (^ 354 ; 28^ 125

generalized7(2) 357
vanishing of, (21 358
of straight wires, (jJ KIl ; (2) 42
of cylinders, (21 355
coils, (2) 32
of solenoid, (2) 222
(effective) of wires, (2) 64
(effective) of tubes, (2) 69, 122
ultimate form at great frequcncv, (2)

21
of iron and copper wires, (2j 261
of prisms, (2) 243
and permittance of lines, (2) 303
beneficial effect of, (2) 380, 393
increases amplitude, lessens diator-

tion, (2) 164. .308. 35Q
effect of increasing, (2) 121-3

of unclosed conductive circuit, (2) 502
of Hertz oscillator, (21 503

Inductivity, (2) 28, 125
a constant with small forces, (2) 158.

Induction, between parallel wires, (1)

116-141

in cores, (H 35.^416
balances with the Christie, (2) 33-38.

366
Inductize, (2) 40
Inductometer, (2} 110, 112, 167i 262

calibration of, (2) HO^ 262
with efjual coils, (2) 263

Inequalities between wires, (2) 305,
337

Inertia (magnetic), (1) 96; (2) 60
Influence between distant circnita,

telephony by, (2] 232
Intermitter, (21222
Intennittences, not S.H. variaticns,

(2) 270
Iron, divided, (2) 111. 113. 158
Tronic insulators, (2) 123
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Intrinsic magnetic force, (1} 454

magnetization, (\) 4.')1

electric force, {\} 489
electrization, {1} 4S9

Inversion of vector operators, {2) 22
Irrational units, origin of, (JJ UiH

Jenkin, Fleeming, (1) 46, 125. All
Joubert, llli

Joule, (i) 283. 2M
Joule's law, Q) 3QI

Kerr, (2) 524
Kirchhoff, laws, (1) 4

theory of telegraph, (2) 81, 191, 305
Kohlrausch, (2) 221
Kundt, 12]4SfiJ

J^coine, Emile, (I) 2^ 23
Lamb, {1} 3J42

Leakage, effect on propagation, (I) 53^

7L 138i 535j (2) 71, 122
quickening eilect of, [2) 252

Lenz, [1} 28L 4^2
Leroux, (1) 325
Light, (2] 311

electromagnetic theory of, (2} 392
Lightning discharges, (2) 48fi

Limiting distance of telephony, (2) 121.

342
Linear network, property of, (2) 234
Lodge, O. J., 41H-24 ; (21 4L 438^

444. 483. 486. 503. 524. 527. 525
Long-distance telephony, (2} 119. 147,

34a
Loop circuits, {2} 303

as induction balances, (2) 334

Mac, (2) Lfi2

Magnetic induction, Faraday's idea of,

Li) 223
conductivity, (1) 441 ; effect of, (2)

480. 483
current, Q) 44L^ 52Q
energy, (IJ 445-8 ; due to current, (1

)

impulse, (1) 504
retentiveness, (2) 41
force, example of independence of

permeability, [\} 517
disturbances from Sun, (2) Li2
energy of moving charges, (1) 446

Magnetization, molecular, (2) 39
Magnetoclectric force, {1} 545 ; (2) 428
Magnus, Q) 313
Mance, (2) 224
Manganese steel, (2} 113

Maximum heat, (JJ 499
energy, 0) 499

Maxwell, pa^Mtm,

gravitational stress, (1) 544

magnetic stress, (2) 5<>.'{

naturalness of his views, (I ) 478
sketch of his theory, jjj 429-451

Mayer, (1) 294
Mechanical forces on magnets, {1} 452

action between two regions, (JJ 548-

558
force between magnets and currents,

(1) 556
MichelBon, (2] 52Q
Microphone, theory of, (IJ IM
Minimum heat, {1} im d, 422
Momentum, magnetic, (IJ 59^ 120. 480

persistence of, (2) 142, 145, 320^ 481
Morse instrument, (1) 20, 23. 33
Motion of sphere through liquid, (IJ

226
Motional electric force, (JJ 448, 497
magnetic force, (JJ 446, 497

Motion of medium, effect of, (2} 497

Mutual inductance, decrease by in-

creasing inductivity, (2) lJ2i 2S8

Neumann, J., formula, (1) 236. 281;

(2) 501j 503
Newton, (IJ 29L 335, etc.

Nomenclature, (2) 23-28, 165-8. 302, 327
Normal systems, size of, (2) 206

cylindrical, (IJ 385, 323
in heterogeneous telegraph circuits,

(2)223
general electromagnetic, (1) 521 -531

of displacement in conductors, (IJ

633
in shunted condensers, (JJ 539
of current in wires, (2) 46, 5Jj 54

Oersted, (IJ 282
Ohm's law, (1) 282-6. 429

theory of propagation in wires, (JJ

286 : (2) 2L 191
O'Kinealy, QJ 94
Orthogonality of electric and magnetic

forces, (2) 221
Oscillations, condenser and coil, (JJ iQ& ;

on long circuits, (JJ 5L 132 ; (21 85
got by reducing inductance, (JJ 536

Oscillator, permittance and inductance
of, (21503

Oscillatory E.M.F. on a telegraph line,

(2i6L21i
suD^dence of charge of condenser,

(1)532
subsidence in normal systems, (JJ 526
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Peltier effect, (1) 310
Penetration of current into wires, (2]

.SO, 32
Permanent magnetic field of telephone,

Permeability, QJ
Permeance, (1) 512; (2) 24
Permittance of wires overground, (I)

of wires infoop, (2) .^29

Pocgendorff, (1)2. 22
Poisson, (1) 229
Pole, dimensions of magnetic, (1) 112
Polar distributions, suosidence of, (2)

Potential, of scalars, (XI 202
of vectors, (IJ 2lia

characteristic equation of, {1} 218
in relation to curl, [1) 219
in relation to impressed force, [Ij 34fl

not physical, (1) .">02

metaphysical nature of propagation
of. (2) 4S3, 490

of circular magnetic shell, £1) 229
energy of magnets, (1), 457

Poynting, (2) 93-96, 172. 489. 490, 521.

522 52i2 £27 54i.

Preece, (2) 119. 160. 165, 305. 367. 380.

Prossural wave, (2) 485
Prescott, (2^ IM
Prisms, magnetic induction in, [2] 240
Propagation along a wire, (2| 62^ &1

general e<^uations of, [2] 87-91

along a wire with variable constants,

{1} 142j (2) 222
along parallel wires, (1) 130, 136, 140

Pyroelectricity, (1) 423

Quaternions, Q} 20L 221 ; (2) 3, 376.

528. .556

Quincke, (2] 524

Rational units, Q) 199, 2fi3 ; (2) 543
Rational current elements, [2} 500, 508
mutual energy of, (2) 501. 507

Rayleigh, Lord, {1} 299, 333, 3^ ; (2}

63, lOL 274, 277,36L 405« MiL 510
Ray, in direction of flux of energy,

Reaction of core currents on coil, {]) 370
Reciprocity, (1) 62, 12a
Received current on telegraph circuit,

(2](i2

Reis, (1) lai

Reluctance, (2) 125. 1^
Reluctivity, (2) 125, lii8

Reciprocal relation of permittance and
inductance, (2} 221

Resistance of telegraphic lines, (1) 42
insulation, {\} 42
of carljon contacts, {1} IM
of earth, (JJ lfi3

balances, true and false, (2) 37
increased, of wires, (2) 30, »i2

effective, of wires, (2) M
at great frequency, (2) 21
terminal, {1} 67, 155
negative (equivalent to), {1} 91,

of tubes, (2] 69, 1^
at great frequency, (2) 21
and inductance of wires, general

formulip, (2) 97, 278 9
ditto, induction longitudinal, (2) 92
Uble of increased, (2) 9&
observation of increased, [2} HIQ
effective, of wires, balance. (2} 1 15

at front of a wave along a wire, (2) 43H

Resistance operators, general, (2) 205.

Ifil

elementary form of, (2) 35fi

iUL form of, (2) 352
of telegraphic circuit, (2) HiS
ditto, properties of, (2) MS
of infinitely long circuit, (2) 369
of distortionless circuit, (2), .'^70

in normal solutions, (2} 321
irrational, (2) 422
theorem relating to, (2) 373
splicrical, (2] 439
cylindrical, (2) 442

Resistivity, (2) 24, 125
Resonance on telephone circuits, {2} 21,

23i26
Retardation, electrostatic, (JJ (13

and permittance of looped wires, (21

323
Roots, imaginaiy, (1) 89, 153, 159
Rotational property, (1) 289, 431, 451
Rowland, iL A., 434j ^2^ 405

St. Venant, (2) 242
Salvation, (2j 526
Scalar product, (Ij 431
Schwendler, (1)4
Seat of E.M.F.. (1) 421
Seebeck, (T) 311, 314
Self-contained forced vibrations.

Plane, (2) 322
Spherical, (2) .m 408, 419, 442
Cylindrical, (21 365, 450, 454, 455.

458, 4(i2

Self-induction, function of, (2) 396
Sensitiveness of Wheatstone's Bridge,

table of, (1) 11

Shunt, to differential galvanometer, {1}

n
to electromagnet, (1)111
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Siemens-Halske, duplex, Id
Similar electrical systems, (2) 29fl

Slope of a scalar, (1) 212
Smith, Willoughby, (1)41; (2)28
Solutions, of electromaguetic equations,

(2J469
distortionless, (2) HQ
for plane waves in conducting di-

electric, (2) iia
Source of magnetic disturbances, {1}

Specific heat of electricity, Q) 213
Speculations, Li) 3317
Speciric capacity of conductors, [V[ 4115

Speed of current, (2) 121. 12^
Spherical functions in plane waves, [2)

475
Stationary wave, (1) 548
Stokes, (2) 405j.

formula for J„, (2) 467
Stresses (I) 542-558 ; (2) 533-.')74.

Stress vector, (1) 543 ; (2) 533, 512
force due to, (l) 544
torque due to, [1)^ 5 (2) 533
electric, (Jj 545
Maxwellian, O) 546 ; (2) 5fi3

in plane waves, (1) 547
over surface, {1} 551, 554
rotational and irrotational, (2) 523
actiWty of, (2) 535
electromagnetic, ^2) 549, 551
various kinds of, (2) 561-3

distortional and rotational activity,

(21535
statical indeterminateness of, (2) 55S

Submarine cables, signalling on, Q) 47.

61, 71

Sumpner, (2) SSI
Sun, long waves from, (2) 122, 392
Subsidence of induction in a core, (JJ

39S
of displacement in a conductor, (1) 533
of current in wires, (2) 49
of current in rectangular rods, (2} 243

Surface condition, (2) 170, 487
.Surface conduction, Q) 440
Surface divergence, (J) 216
Sylvester, (2) 201

Tait, P. G., {1} 27L 324-5; (2) 3, 12^

9L52S
Tail of wave, (2) 124
growth of, (2) 315
positive, due to resistance, (2} 141.

318
negative, due to leakage, (2) 145, 3211

general, due to both, (2) L5Q
Tangential continuity, (_1) 505
Telegraphy, duplex, {1} l.S-IU

multiplex, [Ij 24

Telegraph lines, test for, ( 1 ) 41
circuits, classification oT7(2) .340. 402

of low resistance, simplified theory,

(2) 343
nearly distortionless, (2) 345
periodic impressed force on, (2) 245
amplitude of received current on,

(2) 24{>. 4QQ
with terminal apparatus, (2) 250.

401
Telephone, theory of, (2) 155

in induction balances, (2) 33
differential, (2) 33^ 43

Telephony, conditions of good, (2) 121
improvement of, (2) 322

Temperature, absolute, (1) 317
Terminal conditions, theory of, (1), 144

conditions, treatment of, (2] 297
conditions, transcendentaI7( 1 ) 169-72
arbitrary functions, (2) 208, 300
apparatus, effect of, (2) 353, 390, 400
condenser, [1) 85, 15fi

condenser anid coil, (J) 152
induction coil and condenser, (1) 161

Thermodynamics, {\} 31 5 3 18, 4HI.4M8

Thermoelectric force, yj 305-3.'^ 1. 44K
484

inversion, Q) ."^M

diagram, (1) 321
Theorem of divergence, (1) 209

of version, (1) 211
of slope, (1) 212
of normal systems, (2) 226
of electric and magnetic energy, (2)

360
of dependence of disturbances on

rotation, [2) 361
Time-constants, (I) 52
Thompson, S. P.

, (1) l&l ; (2) 348. 492
Thomson, J. J., (2) 93, 396^ 403, 405,

434, 443, 493^ 495, 497, 505-7. 524.
558

Thomson, Sir \V. (Lord Kelvin), passim
theory of telegraph, (1) 48, 74, 122,

^432; (2)78, im
thermodynamics, [1} iSl
thermoelectricity, (J) 812^ 319
magnetic energy, (JJ 238
rotational effect, (1) 220
Volta force, (1) 417
sparking distance, (!) 293

Thomson effect, (1) 314
Transferability of impressed forces, (2)61
Transfer of energy, (1) 282, 378, 420;

(2)124
in general, (2) 525-7

in stationary medium, (2) 541-2

in moving medium, (2) 546-7, 551. 572
along wires, (2) 05
circuital indeterminateness of, (2] 93
auxiliary inactive, (2) 94
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Transformer with conducting core, (2)m
Traiiaformation from ascending to

descending series, (2) 446
True current, Maxwell's, (1) 433

extended form, (2} 492^ 4iil

criterion of, (2) 541, 547
expression for, m moving medium,

12)/1M
Tube and wire coaxial, current longi-

tudinal, (2) iW).5f>

Tubes, coaxial, theory of, (2} 186^ 208 15
Tumlirz, (2) 41
Tyndall, (1)435

Units, rational and irrational, (JJ 199.

262^432; (2) 543. 576
names of, {2} 2U
practical, multiplier for, (2) 522

Van Rysselberghe, (2) 25Q
Varley, C. F., condenser patent, Q)42

wave-bisector, Qj fi3

gas resistance, (JJ 280
Vectors, type for, (1} 123

scalar pro<luct ofTll] 431 ; (2) 5
circuital and polar, QJ

Vector, curl of a, (JJ 1119

potential of a, (TJ 2Q3
divergence of a, ID 209^ 215 ; (21 a
function, division into circuital and

divergent parts, (JJ 233
product, {1} 431 ; (2) 4

potential of magnetic current, (1)

467
Vector algebra, outline, (2)

fuller outline, {2} r)2H-H3

to harmonize witli Cartesian, (2) 3
Vector operators, {1} 430; (2)^ 19,

532
conjugate property, (21 5.33

differentiation of, (2] 544^ 547 9. 562
Vector and scalar potential, insufficient

to specify state of field, (2] 113
Version, theorem of, (1) 21 1, 444 ; (2) a
Velocity of electricity, {1} 435, 432 ; (2)

310. 323
of propagation of potential, (21 484

of |)lanc waves in eolotropic medium,

121L2,3
Viscous fluid motion and conductive

diffusion, (jj 334
dissipation, (Ij .382

Volta-forco, [1] 337 42. 416-28

Voltage, transverse, (21 189

Vortices (Maxwell's), (U 333
Vorticity, (2) 3(j3

Vortex line, circular, source of waves,

t2i41ii

*

Waves of magnetic indaction into cores,

(1) 361. 384
propagation of along wires, (1) 439 ;

(2162
Wave-surface, duplex electromagnetic,

{2Ii5
features of, (2J 2
ellipsoidal, (21

3

Fresnel's, (2) L 2
Waves, electromagnetic, (21 375-520

generation and propagation, (2) 377,
385

in conductors, with distortion re>

moved, (21 328
in the P.O., (21 4SS
spherical, from moving charge, (21

42
convective deflection of, (21 512
infinite concentration of, (21 465
reflected (solutions), (2) 381

Waves, plane, dist()rted7~in conducting
medium, (21 381

with distortion removed, (21 379

feneral solution for, (21 424
'onrier integrals for, (21 474. 478

integration of differential equations
for, (21 42G

resulting from arbitrary initial states,

(2) 477
interpretation of distorted waves, (2^

479
Waves, spherical, in dielectric, (21 402«

443
general, (21 403
condensational, (21 403
simplest type of, (21 404
with conical boundaries, (21 404-5

zonal harmonic, (21 406
differential equation of, (2) 407
of first order

; generation of shell

wave, (21 402
reflection at centre, (21 410
magnetic energy constant, (21 41Q

second order. (2] 413
from spherical sheet of radial force,

(21414
simply periodic, (2) 418, 443

Waves, spherical, in conductors, (2)

421
in conducting dielectrics, (21 422
undistorte<l. (2) 423
general case. (21 426
special solutions, (2) 427-436
effect of metal screens, (21 440
effect of reflecting barriers, (21 438

Waves, cylindrical, (21 443-67

due to longitudinal impressed force

in thin tube, (21 442
with two coaxial conducting tubes, {2}

442
effect of barrier on, (2] 4al
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Waves

—

separate action of two surface sources
of, (2)453

from a vortex filament, [2] 456
from a filament of impressed force

(2) 460
from a hnite cylinder of impre88e<l

force, 12) 4fil

Webb, F. H.. (2) 83. 32a
Weber's hypothesis, (1)296. 435; (2) 1111

Weber, H.. (2) 2ii

Wheatstone's bridge, (1) 3; (2) 25fi

automatic, [1) 52, 62, 63
velocity of electricity, (2} 3flS

alphabetical indicator (oscillutious),

0159
WUliams, W., (2) 575
Winter, G. K., 0)53
Wires, propagation along, (2)^ 190
approximate equations, (2)^ 333

Wires^
SxiL waves along, (2) liJa

resonance on, (2) t95

impedance fluctuations, (2) IM
practical working system of treating

propagation in terms of transverse

voltage and current, (2) l\9
parallel, (2) 220
of varying resistance, etc., (2)

homogeneous, (2) 231
Wires and tubes, general equations, (2)

differential equations, (2) 179
normal systems, (2) 178, 180
magnetic theory of, (2) Ifil

voltage, solution, [2) 183
resistance operators of, (2) litti

Work done by impressed forces, {1}

462-5, 424
(double) of impre88e<l force, QJ 456
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